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PREFACE. 


The present volume is devoted mainly to an investiga¬ 
tion of the properties of the remarkable expressions which 
were first introduced to the notice of mathematicians hy 
Legendre, and are now known as Laplace’s Coefficients and 
Functions. Some account of these expressions is given in 
various works, but their importance in modern researches 
suggests the advantage of a more complete and systematic 
development of them than has hitherto appeared in England. 
I'he work now published will it is hoped be found suffi¬ 
ciently elementary for those who are commencing the 
subject, and at the same time adequate in extent to the 
wants of the advanced student. 

The book is composed of four parts. The first part 
consists of twelve Chapters, in which the expressions are con¬ 
sidered as functions of only a single variable; in this form 
they were first introduced by Legendre, and it is convenient 
to denote them, thus restricted, by his name. The second 
part consists of eight Chapters, in which the expressions are 
considered as functions of two variables; this is the form in 
which they present themselves in the writings of Laplace.. 
The third part consists of nine Chapters which treat of 
Lamd’s Functions; these may be regarded as an extension 
of Laplace^s Functions. The fourth part consists of seven 
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Chapters which treat of Bessel’s Functions; these are not 
connected with the main subject of the book, but as they 
are becoming very prominent in the applications of mathe¬ 
matics to physics it may be convenient to find an exposition 
of them here. 

The demonstrations which are adopted have been care¬ 
fully chosen so as to bring under the attention of students 
some of the most instructive processes of modern analysis. 
Thus the work may be regarded both as an account of the 
Functions to which it is specially devoted, and also as a 
continuation of the two volumes already published on the 
Dififerential and Integral Calculus respectively; the three 
together form a connected treatise on the higher department 
of pure mathematics. 

In conducting the work through the press, I have had 
the valuable assistance of the Rev. J. Sephton, M.A., Head 
Master of the Liverpool Institute, formerly Fellow of St 
John’s College, Cambridge. 


St John’s College, 
November, 1875. 


I TODHUNTER. 
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CHAPTEE I. 


INTEODUCriON^. 

1 . The matleniatical expressions to which, the present 
volume is mainly devoted were first introduced by Legendre 
in some researches relating to the Figure of the Earth, and 
were much cultivated by himself and by Laplace in their in¬ 
vestigations of this important problem of Physical Astronomy. 
In the History of the Mathemdtical Theories of Attraction 
and of the Figure of the Earth will he found an account of 
the origin and early progress of the branch of analysis which 
we are now about to expound. ■ 

2 . Suppose that the expression (1 — is ex¬ 

panded in a series of ascending powers of a ; the coefficient 
of dH' will be a function of x which we shall denote by JP^ {x)^ 
and shall call LegenS^re^s Ooeffoient of the n^^* order. The 
term Ea]}lace*s Coeficient is generally used when for x we 
substitute the value cos 9 cos 6^ + sin 9 sin 6^ cos (^cj> — 
where we regard & and <56 as variables, and 9^ and (p^ as con¬ 
stants ; so that Laplace’s Coefficient is a function of two 
indej)endent variables. But tbo term Laplace’s Coefficient 
is sometimes employed even for what we propose to call 
Legendre’s Coefficient. 

3 . Other names have also heen suggested for tbe cele¬ 
brated expressions which we are about to discuss: thus the 
Crermans call them Kugelfunotionen, and in France the 
corresponding name fonctions sphiriqwes has been, used ; Sir 
William Thomson and Professor Tait call them spherical 
harmonics. The name Eaplaois Functions appears to have 
been first introduced by the late Dr Whewelf, aud has been 
generally adopted in England. In analogy with this, other 
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functions which, we shall hereafter notice are associated with 
the names of eminent mathematicians, as Lamp's Functions, 
and Bessel's Functions. 

The relation between Laplace’s Coefficients and Laplace’s 
Functions will be explained hereafter. 

4. The researches of Legendre and Laplace were ori¬ 
ginally published in the volumes of the Paris Academy of 
Sciences; those of Legendre are reproduced with extended 
generality in his Exercices de Calcul Integral, and those of 
Laplace are reproduced in his Mecanique Celeste. In more 
recent times other mathematicians have in various memoirs 
contributed improvements and extensions; and moreover 
the following separate works on the subject have appeared: 

Recherches sur les Fonctions de Legendre par N. C. Schmit. 
...Bruxelles, 1858. This consists of 80 octavo pages, besides 
the Title and Preface; on pages 72...75 is a list of memoirs 
on the subject. 

Die Theorie der Kugelfunldionen. Von Georg Sidler. 
Bern, 1861. This consists of 7l quarto pages, and forms a 
good elementary treatise on the subject; it contains several 
references to the original memoirs. 

Handhuch der Kugelfunctionen von D". E. Heine,... Berlin, 
1861. This consists of 382 large octavo pages, besides the 
Title and Preface ; it is a very elaborate work with abundant 
references to the original memoirs, and should be studied by 
those who wish to devote special attention to this branch of 
analysis. It discusses very fully the results which follow 
from the substitution of imaginary values for the variables 
in the expressions; but this development is somewhat 
abstruse, and belongs rather to the pure analyst, than to the 
cultivator of naathematical physics, for whom the subject in 
its simpler form is specially valuable. 

5. Although I do not profess to have made that close 
investigation into the history of this subject, beyond its 
earlier stages, which I have prosecuted with respect to some 
other parts of mathematical science, yet I have incidentally 
paid some attention to it. One important memoir has been 
overlooked by the three writers mentioned in Art. 4; it is 
that by Eodrigues to which 1 drew attention in the Sistory 
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of the Mathematical Theories of Attraction^ Arts. 1176. ..1193. 
Three expansions which I shall give in iurts. 19, 21, and 23 
are ascribed by Heine in his pages 8 and 15 to Dirichlet; 
they had however previously appeared in Murphy's Treatise 
on Electricity, Cambridge, 1833, in the more general forms 
from which I have deduced them. 

6. As we have said in Art. 2, if (1 — 2ax + be ex¬ 
panded in a series of ascending powers of a, the coefficient of 
a”" is a function of x which is called Legendrds Coeffioient of 
the n'* order: we may call it briefly Legendre's n*^ Coefficient 
We shall denote it by {x), but for the sake of sim;pHcity 
we shall often omit the x, and thus use merely P^. French 
writers very commonly use for the same thing. We pro¬ 
ceed to develope P^ explicitly. 


7. We have (1 — ^ax + a^) ^ = {1 — a(2a; — a)}“^; 
expand by the Binomial Theorem ; thus we obtain 

1 +1 «(2x - a) + - ay + a=(2^-ay 


+ 


1.3...(2n-l) 

2.4...2U, 


a”(2^-a)"+.... 


Suppose the various powers of 2^7 — a to be expanded; and 
then pick out of each term the part which involves a"", be¬ 
ginning with the last term which is here expressed. Thus 
we obtain 


P - 


1.3.5...(2^t- 


\n 


■I)^. 1.3.5...(2.- 




2 \n—‘‘Z 

^3.5...(2n-5) 

2.4|m-4 


If n be even, tbe last term is (— 1)^ ^ ' ^ ^ 

be-odd it is (—1) ^ 

^ ^ 2.4...(n~ 1) 


and if n 


Thus (x) is a rational integral function of x of the 
degree n, and it involves only even powers of x, or only odd 
powers of x, according as % is even or odd. 

We see that P„ (— x) = (— I)"" P^ (rr). 


1 _ 9 
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8. We may also pat P, in tin* furiii 

\u I 

n (m — Ilf« — 2l — Ti ^ ^ 

^.4.;:l'/<- t, l‘/i ..’! ■' . ■■■ 

9. If w<^ rniriovo, hy rafirrili!i'.f, ll** ihI/i ’/M" t\l,' 

oectir in tlm i!i‘iimiiiaaton4 *4' liis' iniiin-^ral v 

o!)tain tie results, in wliirfi lu* fak** fn ,f. fi;rja|4 

of Lf'i^omclriiS C ^iMffiieioiitii tif eri'ii oriin.-, ainl lira,’? # 

of tlaaso of mid orders: 

i>l, 

** t %}* 

stmt am 0 

,, r,.7 , .■1.3., ,, i,:i 

;i.4.{J* ^2. LiS '-.i «:' 

and gfiiomUy 

2 ,4...in,, , 

wlicn) 2 tlcnntoH a8iHiimati««i witit ri'fjMi to* ffr.iH t* in « 
both iuclusivt*; and x («.») *itanci« fur " ^ •'' “ * ^ 


l\~x, 


r, , n 

- ox. 


i> 7.f» , 5,7.. 

' 2.4.0 ■*' ‘» *.«*« + .. . ^ 


2.4.0 


2.4.t^"'‘ 2,4.0 
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^yhicli 
s wo 
Rples 
nples 


and generally 

- S (- i).-.2£±ai!L+Mi±j!i±i) ^ ,) 

where 2 and % (n, s) have the same meaning as before. 

It will* be observed that x is an integer, being in fact 
equal to the number of the combinations of n things taken 5 
at a time. 

10. The numerical factors which occur in the preceding 
Article admit in some cases of further reduction; and they 
can be put in such forms that the denominators of the 
fractions consist entirely of powers of 2. Thus for example 

^ 231 s 315 4 105 , 5 

-^•=T6‘'-T6*+T6‘'-l6' 

It is easily seen that this must be the case. For in 
the first expansion which we have given in Art. 7, we 

obtain as the general term ^ 

|2m 

brpr- is an integer, and hence the coefficient of a” will not 

|mlm 

have any number in the denominator except 2^ We may 

|2m |2m — l 

go a step further: for -^^- = 2,—r-z-jand is therefore 

® ^ ’ \m\m m m—• 


necessarily an even integer; and thus the numerical factors 
of Pn{^) "will not involve in the denominators any power of 2 
higher than 2''"\ 

11. The expression for P^(jv) may be put in a veiy 
compact form first given by Rodrigues, namely 
^ 1 (x^ ~ 1 )" 


For let (aj® — 1)** be expanded by the Binomial Theorem, 
and let the result be differentiated n times with respect to x, 
then it will be found that the term which involves 


G 


IXTKODUCTtOX- 


, , . (-«(» - 1) ... 0;--*•* I 

= tho product of -—- 

^ Z ;?l K 

(2?i-2s) (2/t-2«-l)...(«-2s+l) 

(-l)*£c”"“'’(2/t-2«) (2;t- 2.f- !). {n - 2.i ! I , 


Apnin, in tlic fonniila oGfaiiti-d fur /'„ V) •“ 
tliat tho term wfiicli jiivuIvc.h ;r'‘ -* 


^ . 2.4... 2.v,«-2« 


1) 


i; II % SI li 


^ — 1(2« — 2/j f— 2*1 -* 1),. * Til — 2^*: f f ^ 

2" Vi ^ f 

h .. 

ThiB agrc*c*s with the ?iii4 thnii th^' i 

of tho two foritts of expresHiiiii f«ir /^C^} hi ri4;il<hriir4, 

12, Atiothor iwkIo of lli*- rKpirr/hiti o| 

procediiig Article for iiiaj ho «i 

AHsumo V(1 ^ 

therefore J * i • 

Hence we rcffiiiro the cfiefficieiit nf in llir^ 

m a sericm prcK^eoclitig acconliiig tu iiitcriitiiiig |»:i%%'irf if. 

Now 1 — 2 ax + a* « (1 — ayf I - I- i 


therefore 


f/«I 


Tho general term of tin* ex|iitiiw«iii t4 y m 
limy novY bo ohiaitieil by thii niil of *fi *l1i» ei 

ft* fl"^ ^ r* “ 

tico Differential Calculm, muis in. It is „ ’. 

'i O Jl»;„ f/x ' 


aud therefore tho general temi in the t-sjaij i»>M of ^ 
a« 
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CHAPTER 11. 

OTHER FORMS OF LEGENDRE’S COEFFICIENTS. 


13. In the preceding Chapter we have given the most 
important expressions for Legendre’s Coef&cients; in the 
present Chapter we shall investigate some other forms which 
are frequently useful. 

In applications of the theory x is very often equal to the 
cosine of an angle; we shall denote it by cos and shall 
proceed to develope P„ (cos &) in cosines of multiples of d. 

14. We have, putting liorc — 1, 

(1 - 2a cos Q + = {1 - a -f 

= (1 — (1 — 

Expand each factor by the Binomial Theorem; thus we 
obtain 

Multiply the two series together, and pick out the term 
which involves a”; it will be found that the coefficient of this 
term is 


l. S...{2n-l) „ 1 1.3-(2n-3) 

■^2'2.4...(2«-2) 


Q(n-2)iB 


"^2.4* 2.4... (2n — 4) 


g(a-4)*fl ... 4 . 


1 .3 ... {2n- 1 ) 
2.4... 2w 
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Kmv |i!it fur iMfli f*xpf»iiiiifiitl itn valiii* tli-rivril from thc^ 
ffiriiiiila S3 -f I mill/’/I; fhi'ii flip iruu^inarv p»trt cliH- 

aiiil wi! liaVi! tli** fuliuwiii'X rr.Hiilt : 




nO *1* - cdH (n *»- 2) ^ 

2/1 I I . (2ii - 1) '' ^ 


I . *1. n hi “« !) 


I .2 


1, 


llif* M-rii-.H ttifhiit t\iv lirafki tn h to vanihitit* iiiilil it 
frif if:-'.* It liv ill** orriiiI'riin* f*f z-vra uh a mci 

fli'il llis'ri' » 4* 1 in tip* niitl tin* lust nf ilieiii 

IS r?fs (» — 2«^ 0^ m'liic'li is pf|iiii! t« **«h idh 


ITi. Wn iiMiy ,fifiit«* tlt« ri*i4iili witli n^Hpnr! ti* ilu* iinriisH 
wifliiii flit? linirlrlM Ilf till* Artif’Ii* in nnutliiT 

if II 111* ciilii amt i I ill** flit* si*rirH to ^ li riii,% ami 


fliiiililii ifVimy tii'iii; if ii Im' i*vt*u emitiiniu tlm satrifg to 
4-1 tnriii.^, iiii4 ilfiiilile tmnrj t«*riii tin! Iiaf, 


Ifi. Ilif* fnriiiiilii iff Art. 14 !rri<lf4 tn lltn iiiipiirfant rnsiilt 

flia! mm iff huM ipTfitmt rnliip ir/ira# Up* valllt? 

ili tills ri4»* li'iiiy lip fiiiiini iiPisI siiiijily liy rpfiirriiii^ In tlw* 
♦Infiriitifiii; is f*t44}irif''iif «»! a” in tin* pKjiasiNinii <if 

’"I K tiiai itt tJm Pipjiiisiriii cif (i — aj iiiifl m» 

lliw vnliici h iiiiily. 


17. Ill Art, 14 wr^ ptif mmO fnr tli*^ i^Pimnil ar*, so 

ilial tta» ,p Iff hr lint. fJiiirt tiiiity; litti a 

Inriiiiilii In tliat iiltfitiiial in Art II will IpiIiI iflieii 

j: is greater lli-aii iiiiiiy. 


lAir 1”*^ finil | \ 

tlull f ^ 4 — I), iiiifl f"* s* at — “* 1), 

rui r “^ 14211 -ip 


11mfi P, (4 ■: 


1,2.iin-l)C2n-^)^ it 
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The series withia the brackets is to continue until it 
terminates of itself by the occurrence of zero as a factor; so 
that there are n-\-l terms in the series, and the last of them 
is T". 

To demonstrate this formula we observe that the right- 
hand member when developed will become a rational integral 
function of x, and the left-hand member is always such by 
Art. 7. Moreover, we know by Art. 14 that the two members 
are identically equivalent when x has any value less than 
unity. Hence they are always identically equivalent. 


18. By Art. 11 we have 
2’‘[u dx" 


1 d” 
2“ \n dx" 


(x-iyix + l)" 


1 


2” \n dx’ 




Let (2 -}- X- 1)” be expanded in ascending powers of a; — 1; 
thus 




n(n — l) 

"“172“ 


2”‘^(a;-l) 


n+i 


+ ■ 


1 


_ (n-\-l)nx — l (n+2')(n + l) n(n — l) (x — iy 


(n + 3) (n + 2) (n -h 1) n (9^ — 1) {n — 2) (it? — lY 

^ . _____ 


19. For a particular case of the preceding Article put 

0 

X = cos 0, then ic — 1 == — 2 sin^^; thus 

P„ (cos 0) =1 - sia’I 

^ (w + 2)(w + 1)w(to-1 ) ^ 

i jT-ga sm g ... 

This maj also he obtained in the following way: 
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(l-2acos0 + a*)~^=]l-2afl-2sm“2) + a' 


. . ,1-i 


= ■! (1 — a)^ + 4a sin® 


Expand by the Binomial Theorem; thus we obtain for 
1 1 


the general term 

/ 6\‘^ ( Q\^ 

^ |m [m[m 

Expand (1 — in ascending powers of a, and pick 

out the term which involves d!" \ in this way we obtain finally 
as before 


P„ (cos ff) 


_ (n-i-l)n . ^0 
= l-i—Sin's 


(n+2) (n + l) n(n — l)^0 

r.2' sm--... 


20. Again, we have 

2''\n daS' ^ 2^\n 

Let (2—aj—l)’'be expanded in ascending powers of (^+1)^'; 
thus 

+ 2"~^ (x +1)"-^ -.. .| 

1 \nf-f (n + 1) n a^-hl (n + 2) (n + 1) n(n--l) (x-h 

M r 2 r.2" 2^' 

(w + 3) (n 4- 2) (7^ +1) n (n — 1) (n — 2) {x 4* 1)* 
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21. For a particular case of the preceding Article put 

0 

X = cos 6, then cc -f 1 = 2 cos^ ^; thus 

(cos e) = (-1)’*! 1 - cos= I 

(w4-2)(n + l)n(n-l) 4(9 | 

+ p-ga COS g- ...J . 

This may also he obtained by putting (1 — 2a cos0 + 

f -i 

in the form •( (1 + a)^— 4a cos^^ >• and proceeding as in Art. 19; 

or it may be deduced from the result of that Article by 
changing 6 into tt—6, and a into — a. 

22. By the theorem of Leibnitz, given in the Differential 
CalculuSj Art. 80, we have 

(»+!)•— 
n djx^iy 

"^1 dx dx''~^ 


n [n -1) t? (a +1)“ J""’’ {x - 1)“ 

1.2 dx^ dxf^-^ 

Hence P„ = ^^(* + l)”(a.-l)“ 

==^[(i»+l)”+(i) («+!)’'■'(a;-1) 

23. For a particular. case of the preceding Article put 

0 B 

X = COB 9 \ then x^l = 2 cos* ^, and — 1 = — 2 sin* ^; thus 
P„(cos0)=cos*”|j^l-|Ytan||. tan® || - ... ' 


12 OTHER I-OIIMS OP LEaENDRKS COEPHCTEUTS. 

24 W« have (1 - 2aje + a=)-^ = {(I - ott’)“ + a= (1 - .r-)} • I 

Expaii<l by tbi) llinoriiial Tlieorein; thii.s wc obtain fur 
the general tenu 

^ ^ 2 "‘ m {l-xr/ . 


lliat Ih 


(-I)™ '■ 

2“V.« m e ■ 


KxikuhI (1 ■“ aj')"'*'"'' in iiHcondin^ of a.r, nu*J pick 

out till) torin wliifli involvim a* ; wi; tiuii after reduffion tlmt. 

(-1)" ]// a“ f 1 - ^. . . 1 - 

lids is i, • Hence, put ting for , 

2 rw m tt — 

wo obtain filially 

p r.'i-,^li ^ 

—X & -r ^yg ^ * 

25. Fc^r a paTtiriikr eiwe of the preeeiliiig Artii*lu put 

I — 

X =s coH 0. / s-K tun® 0 : tliiifi 

(cos 0) = COH^ 1 — biif^ 0 

^3 . * .J . 


20, In all thiise cxfiiinrariiw wc* may if we mifqmm-* 

a to Im Hfiiall as to i,*ti«iiri3 iJio eiifivc'rgoiicte cif tla^ w:'*rie.s. 
We kiiow, Iiy Art HI, tiiiit critiii*4 irnity ; 

mid thus file M*ric»s of wlilrli the g^uienil teriti in (xam #)«« 
is convergent if a i« Ihaii unity. 
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CHAPTEE III. 


PEOPERTIES OP LEGENDKE’S COEEFXClElfTS. 


27. We have from Art. 7, 

1 =P„, 

£C =Pi, 

2 2^,1 

3 2 „ 3 2 „ , 3 „ 


X 


—= —P (-JP 4-i^ 


S5 


’35‘ 


Proceeding in this way we see that any positive integral 
power of X may be expressed in terms of Legendre’s Coeffi¬ 
cients. The expression for will be of the form 

"1* d" ^91-4,^n-4 d"* • * > 


where a^_^, ... are certain numerical coefficients. 

The expression terminates with or with a^Pj, according 
as 71 is even or odd. The practical determination of the 
values of a„, a^_ 2 , ...is facilitated by some propositions in 
the Integral Calculus to which we now proceed. 

28. To shew that f PJP^dx = 0, if m and n are un- 
-1 

/ I 2 

PJP^dx = ^7—I . 


Consider the 


integral -== 
J a — 


dx 


6a? Va — b'L 


that is 


/: 


dx 


4 /[ad — (a6' + dh) x + 66 V} ‘ 




14 PROPERTIES OF LEGENDRE’s COEFFICIENTS. 
We stall find by the Integral Calculus, Art. 14, that 


log 

^'s! a--hx’^ a —hx ^Ihh 1 


— hT^s I 


(a — hx) 


y 


Thus 


/. 


dx 


Vl - Ixx + aVl - + /3" 

= log |V2a (l ~2/3;r-f ^ - V 2/S(l-2aa?+a=';|. 

Then, by taking the integral between the limits - 1 
and 1, we have 


r\ 

J 


dx 


log 


1 4-Va/3 


1V i — 2233 + Vl — 2^x + /S'* VflyS ° 1 — Va^ 

a/3 , ^ 

5 7 


= 2 jl + -^ + 


+ ... 


Now the expression under the integral sign in the left- 
hand member of this equation is, by Art. 6, equal to 

(1+«P,+...) (1+/3P,+/3^P,+...+ 

Hence, by equating the coeflScients of like terms, we see that 


/: 


P^PJx = 0, 


if m and n are unequal; and that 


/; 


P^P^dx = 


2n + l‘ 


29. We have shewn in Art. 27 that 

X — a^Pn + ^n-2-^n-2 "h ^n-4.^n~-i + • • • • 

Let a,y, denote any one of the jQumerical factors; multiply 
by P^ and integrate between the limits — 1 and 1: thus, by 
the aid of Art. 28, we have 


/: 


P,y,aldx - 




2m + 1’ 
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therefore P^x^dos, 

Thus the nninerical factors can be expressed as definite 
integrals. 

30. It follows from Arts. 28 and 29 that if m and n are 
positive integers^ and m greater than n, then 

f P^x^ dx = 0. 

j -1 

This is one of the most important properties of Legendre’s 
Coefficients. It will be convenient to change the notation, 
and express the result thus: if m and n are positive integers, 
and m less than n, then 

r P^x^^dx = 0. 

J _i 

31. The result of the preceding Article may also be 
obtained in another way. 

Let y be any function of x. By integration by parts we 
have 

\PrJjdx = ^^y-^^i^dx, 


where stands for j PJix, 

By Art. 11, we hare ^ {x +1)” {x -1)"; and 

this vanishes both when ^ — 1 and when ^ = 1. 'Thus 

In the same way we find that 



where stands for 


•t Jn-2 

tliat is for 2 .V + 1)" " I)"- 



IG 
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Proceeding in tliis way, we have finally 

where (x +1)“ {x -1)”. 

Hence if y be a rational integral function of ^ of a lower 
dimension than the we have 

J P„ydx=0. 

S2. We shall now shew that no other rational integral 
function of x of the degree except the product of a con¬ 
stant into (ir) has the important property noticed in 
Art. 30; that is if ^ (x) be a rational integral function of x 

of the degree, such that J €j> (x) x^dx = 0, when m is any 

positive integer less than n, then j>{x) must be of the form 
CPJx), where G is some constant. 

Let ^^{x), denote a series of functions of 

X formed in succession according to these laws; 

(x) = f ^ (x) dx, 


M^)=J 


and so on. 

By integration by parts, we have 
f ^(x) oS^dx = 0?*" — 7n<f>J^x) + m(m — 1) (f)^(x) x"” 


Now if m have any positive integral value between 0 and 

71 — 1, both inclusive, J* ^[x) o^dx is by supposition zero when 

x=l. Put for m in succession the values 0, — 1 in the 

preceding equation; thus we see that 
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vanish when w=l: that is, and its successive differential 
coefficients down to the all vanish when cc=l. 

Moreover by the laws of formation and its successive 

differential coefficients down to the (n— 1 )^^' all vanish when 
= — 1 . And (l>n(p) hs of the degree 2n in terms of w. Hence, 
by the Theory of Equationsj Art. 75, it follows that is 
of the form A{x ^-Vf {x — iy\ where M is a constant. 
Therefore 

Thus, by Art. 11 , it follows that j>(x) = GPfx), where G is 
some constant. 


33. If m is a positive integer less than and n — m is 
an even number, then 

fx^FJx = 0 . 

J 0 

For by Art. 7, we have (— x)'^P^{—x) = (— l)'^'^”’x^Pfx) 

= x'^Pfx) when — m is even. 

Therefore in this case 

J ^ J' = 0 . 

34 We shall now determine the value of f x^P^fx, wherc^. 

0 

h is any positive number, whole or fractional. 

We know that 

P^= ax^ 4* -f + . -., 
where a, y9„ 7 ,.... are certain numerical factors,. 

Hence 


J 0 


” , ^ I /V'. . 

k + n + l^ k + n-l^ k + n-S " 


I. Suppose n eTen. Then the number of the fraetions 
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in tlie expression just given will be 2 + 1 - If brine 
fractions to a common denominator, we obtain for tbe re 

K 

{h^n^\){k + n-l)(h + n-2,)...{h + l)’ 
where K is some rational integral function of h of the de 

^. Now we know by Art. 33 that K will vanish when 1 

2 _ 

any of the following values, w — 2, w — 4,... 2, 0 : hence K i 
be of the form \k (k —'i){k — 4i)...{Jc — n + 2), where X is i 

pendent of h, since K is of tlie degree ^ • Moreover by 

way in wliicli K was obtained, since X is tbe coefficient o: 
highest power of h, we must have 

X = a + /3 + 7+ 

that is, X = P^^(1) = 1, by Art. 16. 

Therefore when n is even 

k(k-2)(k-4)...(k-n + 2 ) 

Jo ^ ik + n + lXk + n-l)...(k + l)- 

It will be seen that the investigation and the result 
also hold in this case when k is negative, provided that i 
numerically less than unity. 

II. Suppose n odd. 

By proceeding as in the former case we find that the 
of the fractions is 

_ K _ 

ije 71 X^ije n — 1) — 3}... (^ + 2) 

where K is some rational integral function of k of the dej 

71 , — 1 

—, Then K must be of the form 

- 1)(^ - 3)(^ - 5)..+ 2), 
and as before we find that X = 1 . 
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Therefore when n is odi 

Jo “ {k-\-n+l){kn~l)...{Jc+2) 

It will be seen that the investigation and the result will 
also hold in this case when h is negative, provided that it be 
numerically less than 2. 

Hence J x^P^dx can be immediately found; supposing 

that if he a fraction the denominator is an odd number 
when the fraction is in its lo\Yest terms, so that the expression 
may be real throughout the range of integration. For if 
x^P^ changes sign with x the definite integral is zero, and if 
x^P^ does not change sign with x the value of the definite 
integral is twice the value corresponding to the limits 0 
and 1. 


35. For a particular case of the preceding Article let h 
bo a positive integer not less than n, and let h — n ho, even. 

First suppose h even, and therefore n even. Take the 
result in I; multiply both numerator and denominator by 
1 .3... (/r — 1), and also by 2.4...(/c — n) : thus we obtain 

_i_ 

2 ,4...(/c — 1.3.5... (/<; + n H-1) 


Next suppose h odd, and therefore n odd. Take the result 
in II; multiply both numerator and denominator by 1.3.,./^;, 
and also by 2.4...(^ — ^) ; thus we again obtain 

\h 

2.4i...(/c-n) 1.3.5...(/« + w + l)‘ 


As an example we have 





36. We can now definitely express aP in terms of Le¬ 
gendre’s coefficients, n being a positive integer. 


2—2 
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By Art. 29 we have 

X = Ct/n^n "h "f • * • ^ 

where any nuinerical factor is determined by the equation 

X'TJCC, 

Therefore, as in this case n — m is even, we have, by 
the method of Art. So, 

— (2m + 1)J x'^PJix ; 

and therefore, by Art. 35, 

___ . (2m -f 1) 1^ 

2.4... (n — m) 1.3.5... (n + m +1) 

Hence, finally, 

(2" +1) f. + (2» - 3) -P„ 

37. As an example we will express the function 

y[ X 

by the aid of Legendre’s coefficients, under two conditions 
which will appear in the course of the process. 

The first condition is that y be greater than a;; then wc 
have 

, 1 -i, ^ 

y—x y ^ ’ 

where the infinite series is convergent. 

l^ow express each power of £C in a series of Legendre’s 
coefficients by Art. 36, and then collect all the terms which 
involve the same coefficient. Thus F.(x) will arise from 
x' x"'^* 

^; and for the multiplier of it, 

H If if 
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P ^ (2n + l)\n 1 

irom —, we get-1-_=_—,, . 

y ^ 1.3.5...[2n+l) f" 

(2w-+l)|n,+ 2 1 

y 2.1.S...(2n + 3) y 

. ^ (2n + l)\n + 4> 1 

y ^ 2 . 4 . 1 . 3 ...( 2 « + 5 ) y^ 

and so on. 

Thus let (2a+ 1) Q,^ {y) = 

13 L-n-i , (^ + 1) (w-f 2) 3 

1.3...(2a-l)f 2(2a-f8) ^ 

, (a 4-1) (a + 2) (n -f 3) [n -f 4) I _ 

2.4.(2?r + 3,) (2n-f 5) -*■ - J . 

then ,-r^ = S (2« +1) QM 

y — jb 

■where 2 denotes summation •wdtli respect to n from 0 to 
infinity. 

As the second condition we require that y should he 
greater than unity, in order that the series denoted by 
QSjj) may be convergent. See Algebra, Art, 775, 

dP 

38. To express in terms of Legendre's coefficients. 

dP 

The powers of x which involves are the following, 
^n-3^ ^n-5^ ^ ^ therefore assume that 

where a^_^, a ^_^,... are numerical factors to bo determined. 

Let denote any one of them; then, by Art, 28, 

2mH-ir^ p dPnj n\ 

•.--2-1 .(1). 


-1 
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Now, by Art. 30, we see that for all tbe values of m with 
which we are here concerned 

.'">• 

^ffn — 1 — "I 

Multiply (2) by —^— and add to (1); thus 




and as ^ —m is here an odd number we have P^P„= 1 when 
co = l, and = — 1 when a; = — 1. 

Therefore a = 2m +1. 

fn 

Thus = {2n - 1) P„_, + (2« - 5) P„^ + (2« - 9) P, ; 
the last term is SP^ if n is even, and P^ if ?z is odd. 


39. In Art. 14 we have expressed (cos 6) in terms of 
cosines of multiples of 0. Now if f{0) denote any function 
of 9 we can expand / {0) in a series of the form 

sin 6 + sin 20 + sin 30 + ..., 

where a^, are numerical factors : see Integral Calcu¬ 

lus^ Chapter xiii. The expansion will hold for values of 0 
between 0 and tt, excluding however these limiting values 
unless/(0) vanishes when 0=0 and when 0 = 7r. All the 
numerical factors are determined by the general formula 

a^ = — f / (0) sin m0 d0, 

'TTl/ 0 

We shall now apply this process to the case in which 
/(0)=P.(COS0). 

We shall first shew that a„ is zero if m is less than « +1. 
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We know that sin m9 =Mx sin 6, where M denotes a 
rational integral function of cos 6, of the degree m — 1: see 
Plane Trigonometry, Art. 288. Thus 

/* P^ (cos 6) sin m6dd= f P^ (cos 6) Mmi6 dd 
J 0 J 0 

= f (cc) Mdx, 

•^-1 

where M is now supposed to be expressed as a function of x, 
by putting x for cos 9. 

Hence by Art. 30 it follows that is zero if m is less 
than n + 1. 

We shall next shew that is zero if m — is equal to 
any even number. 

For M being expressed'as a function of x as before, the 
product P,,{x)M will involve only odd powers of x, and there¬ 
fore the integral of it between the limits —1 and 1 will 
vanish. 


Thus we have to find only for the cases in which m 
has the following values, + 1, -f- 3, n + 5,... 

Now, by Art. 15, we may put P^(cos 6) in the form 

cos 7i9 + cos [n — 2) 0 -h cos ('?^ — 4) 0 -f-..., 

observing that if n is odd the last term will be 26^ cos 6, and 
if n is even the last term will be 

Hence P,t(cos 6) sin m6 = i^{sin (m+ rh)9 + sin(m — n)9] 

4- {sin (m + - 2) 0+sin (m—n+2) 0} 

4 {sin (m 4 — 4) 0 4 si n (m—7^ 4 4) 4 . .. . 

Integrate between the limits 0 and tt for 9 ; thus since 
m — n is odd we obtain 


+ 2h 


-1— 

,m + n — 2 m 

1 




Vw 4 n — 4 m • 


^ 4 )+-’ 
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the last term being 25. (—H-if n is odd^ and — 

* ^ V^Ti -1- 1 w — 1/ on 

if n is even. 

Let m = 7 ^ + 2/i; 4-1; then the expression becomes 

(2^i:T2¥+I IFTi) ( 2 ^ + 2/7^1 2 F+ 3 ) 

(2^ + 27 j - 3 2/; + 5) ■*■ ■ ■ ■ ■ 

Bring all these fractions to a common denominator; thus 
we obtain 

K 

(2^;4-l)(2A; + 3)...(2i;+2/2+l) ^ 

where K denotes a rational integral function of h of the 
degree n. Now K must vanish when k has any of the values 
— 1,—2,... — for in all these cases siarn^ becomes nu¬ 
merically equal to sin where fi has some positive integral 
value which is less than ^4-1, and therefore; by what has 

been already shewn, [ FJeo^ 6) sin m9 d9 vanishes. Hence K 
J ft 

must be of the form X,(A;4-1)(^4-2)... (Jc 4-w), where X is 
independent of k. 

Also from the way in which K was obtained we see that, 
according as n is odd or even, 

X = 2’-«(26„ + 25„_,+ ... + 2&J, 

or X = 2"«(2&„ + 26„., +...+ 2h, + h,); 

SO that in both cases X = 

Hence [ F^(cos9)sm(n-i-2k+l)9d9 
Jo 

* = + 1 )(*±?) ••• 

(2jfc+lX2F+^^3^ ...\2k+2n + l) ’ 

2 

and ®<li^al to the product of this into -. 
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Thus finally P,,(cos 6) 
4 2.4...2n 




sin (m +1) 0 + sin [n + S) 6 


4 . 1-3-(w+1)(w + 2) I 5^a 
■^1.2.(2w+3)(2m+5) ^ ^ 

1.3.5(w+l)(w-+2)(w+3) „j;^/ I mg., I 

■^1.2.3(2?2.+3)(2«+5)(2ra+7) sm(«+ 7j£'+...j - 


tlie form 


The value of [ P,,(cos 0) sin (n + 2/c+l)0 dd can be put in 
Jo 

+1)(^ ■*■ ft)(* + a) - (^ + '"ir) 


thus, we see that it is less than 


, and is therefore 


h-\- 


2 


indefinitely small when h is indefinitely large. 


40. In the general formula of the preceding Article for 
(cos 9) put n=0 ; thus 

1 = “ jsin 0-i-^ sin 89 + sin 50 -h ... 

TT I 3 0 ) 

Again, in the same formula put = 1; thus 


cos C7 = - 


2 f4 . 


8 


12 . 


;t sin 20 + V. sin 40 + .w sin G0 4-.. . 
3 L) do 


These results are well known: see Integral Calculus, 
Arts. 311 and 312. 


41. We shall now shew that the roots of the equation 
= 0 are all real and unequal, and comprised between 
the limits — 1 and + 1. 
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I. Suppose n even. By Art. 30 we have I PJix = 0 . 

-1 

Hence must change sign once at least between x=z—l 
and £C = 1 . 

Let a denote a value of x at which a change of sign 
takes place. Then since P„(— oc) = PJx) it follows that 
P (x) = (x^ - a^) F where is a rational integral func¬ 

tion of X of the degree n — 2. 

Again, by Art. 30, we have f (x^ — a^) P^dx = 0 ; there- 

fore J (x^ — ayT^_^dx=^0. Hence F ^_2 must change sign 

once at least between a; = “ 1 and x = l. Then, as before, 
we see that (x^—lf)Z^^_^ where is a rational 

integral function of x of the degree n — 4. 

Proceeding in this way we obtain finally 

P, = A (x^ - a^) (x^ - PXx’^ - c^).. 

where the number of the factors — a®, cc® — P, a;® — cV •• is 

2 , and A is some numerical coefficient, since P^ is of the 

degree n. 

Thus we see that the equation P,,(^) = 0 has n roots lying 
between — 1 and +1. 


We have still to shew that the factors of P^ are all dif¬ 
ferent. If possible suppose that two of them are alike, so 

that P^=(p(?—ayZ^_^, By Art. 30 we have f PnZ^^^dx== 0 , 

*'-1 


so that 


r 

i-xK-' 




dx = 0; but this is obviously impossible. 


Hence the factors of P^ must be all different 


II. Suppose n odd. In this case P^ (0) = 0. By Art. 30 
we have J xP^dx — O; and since P,,(-aj) = ~P,^(a:) it follows 
that xP^ix) must change sign once at least between x^—1 
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and x = l. Let a denote a value of x at v^hicli a change 

P (x) 

of sign takes place. Then since involves only even 

X 

powers of x, it follows that P^{x) =x{x^— where 

l^_g is a rational integral function of x of the degree — 3. 

Again, by Art. 30, we have f x (x^--a^)P^dx = 0; there- 
1 -1 

fore 1 x^(x^ — ayY^_^dx = 0. Hence Y^^ must change sign 

j -1 

once at least between a? = —1 and £c = l. Then, as before, 
we see that = (x^ — b^) where is a rational in¬ 
tegral function of x of the degree n — 5. 

Proceeding in this way we obtain finally 

P^ = Ax — b^) (pd— d) ... , 

where the number of the factors —a^, — —... is 

t]fi _ 

——, and A is some numerical coefficient, since P^ is of the 
degree n. 

Thus we see that the equation P^ (x) = 0 has n roots lying 
between — 1 and +1. 

In the same manner as in I we may shew that the factors 
of P^ are all different. 


42. Since the roots of the equation P^ (pc) = 0 are all com¬ 
prised between — 1 and +1, it is obvious that P^ {x) can never 
vanish when x is numerically greater than unity. This can 
also be readily inferred from some of the expressions pre¬ 
viously given for P„ (pc). 

Thus in Art. 17 if ^ be expressed in terms of x, and re¬ 
ductions effected, we obtain only powers and products of x 
and — 1 with positive numerical factors; so that the whole 
is necessarily positive when x is positive and greater than 
unity. And as P^ (—x) = (— 1)”P„ (x) it follows that Pn(^x) 
will not vanish when x is negative and numerically greater 
than unity. 

The same conclusion may also be deduced from Art. 24. 
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43. Take the equation 2a”P„ = (1 — 2aa:+a®)“4, Tvhero 
S denotes a summation with respect to n from 0 to oo; put 

- '^.2 av suppose p numerically less than unit}'-, 

Y J. “f" A? ^ J 

no as to ensure -a convergent series. Thus 

■e . f. / H 


Assume 


=y; then a;' 




V(l + yfcW) 






Hence 2 ..-= (i - 2py (1 - F f)}-^ 

(1 +Fx^)i 

^ _ k _ 

~{l+F+jp'^r-(l+y)//yyji’ ■ 

, , dx 

»d 

therefore 

^ 'p^Fy.dx ___ 

^ ”* {1 + ^ ~ 2/)f * 

By integration we have 

2 - = — sin"^_.= ± 

Take the integral with respect to x between the limits 
— 1 and 1; the corresponding limits with respect to y are 

1 1 

~V(i+V)’ WTiFy 

In order to simplify the expression on the right-hand side 


of the equation let tan A = /c, and tan B 


- 


/^(l -f 


yr. There- 


^ V (1 +" vir+'F+ 2^“ ^ ’ 
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therefore 
1 + 


pl<? 


T^=cos A cos j 5 (1 ± tan-4 tan B) = cos {A + B), 


V(1 + 


Thus the value of ^ at the upper limit is — — A-}- B, 
and at the lower limit — — -4 — Hence 


Sp-f 


P„ dx 






= ■’1 

p* pA; V(l + *'0' 


Expand tan*"^ 

sW' 

J -1 


pic 


4{l + ¥) 
JP^dx 


^ in powers of 


ph 

[1+ 

ph 


/\/(l + h 


j ; thus 


2 n + I ; 

(271 + 1) (1 + P) 


\1+Jdx^) 

where both summations extend from n = 0 to 72 / = 00 . 

Hence equating the coefficients of the powers of p we 

P dx : 

see that I - - -is zero if n he odd, and is. equal to 

2(~1)”f .. , 

-- - -if n he even, 

(n + 1) (1 + li)~ 




CHAPTEE ly. 


THE COEFFICIENTS EXPRESSED BY DEFINITE INTEGRALS. 


44. Let a and h denote real quantities of •which a is 
positive and greater than b; then will 

r_^^ m 

a + 6cos^ //(«“ —6'“).'' 

For we may assume ^ , where c is less than unity; 


g a + h cos ^ 




l + cV' 


I rir 

Jol+^ 


a Jol + d‘+2ccos(j> a — 
by Integral Calculus, Art. 296. 

Ar.^ _ "Z- __ Z _yJl + c^) 


a . 

Thus (1) is established. 


\ a- 


^ a(l-cy 


Now in (1) put a = 1 - ax, and & = a -1). Wo may 

suppose a; positive and greater than unity, and a negative, so 
that a and b are both real and a is positive; moreover 
— 6^ = 1 — 22 x + a\ which is positive. 
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Therefore from (1) we get 

1 ^_^ 1 

7rj, 1 —£3ccc + a cos<)^ (l-2aa; + a‘"/^‘ • 

Hence expanding both sides in ascending powers of a, and 
equating the coefficients of a’', we have, by the definition of 
Art. G, 

P„ (x) = - r{x-V(‘^-l)cos<p}"d<^ .(2). 

WJ Q 

Thus P^(^) is expressed as a definite integral. This formula 
is due to Laplace, M^canique Celeste, Livre xi, Chapitre II. 

45. In obtaining equation (2) of the preceding Article 
we found it convenient to suppose x positive and greater 
than unity; but it is obvious from the nature of the result 
that it is true for all values of x. For if {cc — a/ {x^ — 1) cos 
is expanded, and the terms integrated between the limits 
0 and TT, then all the terms which involve, odd powers of 
^/{cc^ — 1) will vanish. Hence we obtain finally a rational 
integral function of x, and as this is identical with JP,,{x) when 
X is positive and greater than unity, it must be identical with 
P^^{x) for all values of x. 


46. Idle definite integral in Art- 44 can easily be made 
to reproduce some of our former expansions. 

1 

For example ^ {x--a/(x^-^1) cos d<p 

"TT j 0 

= - J — nx^’“^ V1) ^ 

As wo have said in Art. 45 the odd powers of a/( aj® — 1) 
will disappear from this expression, so that it reduces to 



1 rU , 


{x^ — 1) cos® <f> 


+... }<J^. 
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Thus hy the Integral Calculus, Art. 35, we obtain 

Zi 

This coincides with Art. 24. 

47. It is obvious from the preceding Article that we 
may also take 

= - [ {a? + — 1) cos-^Y 

for this is really identical with equation (2) of Art. 44 when 
the expansion and integration are elfected, 

48. We will BOW give another example of the use of the 

definite integral. We have a? + — 1) cos <p 



where i is put for // — 1. Thus if r = p hiSiYe 

{ic + -1) cos = (^)\l + Te^)” (1 + re-^O" 


By expanding and multiplying out we can arrange the 
product (1 + (14- fcrm 

4-<^3-cos (jJ) 4- 0^2 cos 2^ 4-..., 

and thus when we integrate with respect to <p from 0 to tt 
every term vanishes except the first; therefore 


[ 2 ) 


and 14- 






T his coincides with Art. 22. 

MMM RESEMOH INSTITUTE 1 /Vc^.-no 
I tANSALOKE 6 I I US' 
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49. We will now shew that the definite integral obtained 
in Art. 44 may be transformed when x is positive and greater 
than unity so as to give the formula 

p 1 r 

“ -n-J, {* + - 1) cos ' 

For assume a new variatle t/c connected with <f) by the 
relation 

eos 6 = + 

^ x + — 1) cos ’ 

which leads to 

. , sin yp' 

sin 9 = —;—77-2—- - , 

cc -f- a/(x — 1) cos 'yp 


X A^(x 1 ) cos <p ^ ^ ^ , 

^ 

^ x-i" \/[per — 1 ) cos 'yp 

Since x is supposed greater than unity a; + — 1 ) cos 

can never vanish, and it is always positive, as x is supposed 
positive: thus as 'yp continually increases from 0 to tt we 
have <jf> also continually increasing from 0 to tt. Hence 

/'(«- V(*- - 1) cos «• - J^■ 


50 . Suppose ir = cos then by equation (2) of Art. 44 
we have 

(cos 0) = i r (cos 0 — 4 sin 0 cos <pY d(p; 

this expression for F^ (cos 0) involves the imaginary symbol i: 

Dirichlet however has expressed (cos 0 ) by means of 
definito integrals in which the imaginary symbol does not 
occur; and we now proceed to his investigation. 


We have -77=— tt ——= Xa”P„ (cos 0 ), 
V(l- 2 acos. 0 +a") 

where 2 denotes a summation from n = 0 to n * 00, 
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Let a = cos ^ 4* 4 sin ^; then (cos 6) takes the form 

H 4- iKy where 

ji?=2cos7i^P„ (cos 6)y K=X sin (cos 0) .(1). 

We must now separate -77:;— ^ ^ into its real 

and imaginary parts. We have 1 — cos 0 4- 

= 4- — 2e'^ cos 9 = (cos j> ~ cos ^). 

We suppose both 6 and ^ to lie between 0 and tt. 

If 6 is greater than then v'(cos ^ — cos ff) is real; thus 

T cosf — isin^ 

___ e ^ _ 2 _^ 

y' (1 — cos ^ 4* J2 (cos ^ — cos 6) J2 (cos ^—cos 9) 

If 0 is less than (f> then V(cos 9 — cos is real; and if 
we multiply the numerator and the denominator of the 

«r 

fraction already obtained by that is by e ^, we obtain 


e « 


• 4 > 4 > 

sm I +1 cos ^ 


VCl - 2&<t> cos e + e'^) V 2 (cos 0 -cos^) ~ VS^'^-cos^) 
Hence ■we deduce that 


/ 2 (cos ^ — cos 0 ) 


when 6 is greater than 


and = 7 -' " when 6 is less than 6 ; 

\/2{cosd-cos^) ^ 


K=- . when 6 is greater than 6, 

V 2 (cos<^-cos 0 ) 


and =■ 


V 2 (cos 0 -cos^) 


when 6 is less than <f>. 
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Now from tte eq^uation H—'Z cos w^P„(cos 0) we obtaia 
(cos 0)=- jET cos TKp d(j), 

TTJ Q 

for every positive integral value of n, except when n is zero, 
and then we have 

Again, from the equation A! = S sin n<b (cos O') we obtain in 
like manner 

2 

P^ (cos 0) == - JTsm ncj^ d<p 
TT J 0 

for every positive integral value of n, excluding zero. 

Hence with the values which have heen already obtained 
for H and K we have 


K (cos 6) = 

.y COS n<j> COS ^ ^ cos n<f> sin ^ 

- _ 

0 V2 (cos <p’-cos 0) irJ e (cos 0 — cos <p) 

this holds for every positive integral value of n, except when 
71 = 0, and then only half the expression on the right-hand 
side must be taken: 
and P^ (cos 0) = 

sin n(ff sin ^ ^ sin n(f> cos ^ 

— . . . 

\/2 (cos (f? — cos 0) ^ V2 (cos 0 — cos <)E>) 

this holds for every positive integral value of n, excluding 
zero. 

The formulae (2) and (3) are Dirichlet’s expressions for 
P^^ (cos 0) by means of definite integrals. 

51. Multiply the first of equations (1) of the pre¬ 
ceding Article by sin -, and the second by cosg, and add, 
using the values obtained for R and K: thus we get 

9_9 
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2 sin 


1 

■"T” 


0 (cos 0) = 0 when 6 is greater than c/>, 


and = . - -. when 6 is less than (p. 

V2 (cos 0 —cos (p) 

Again, .multiply the first of equations (1) hy cos - , and tin* 
second hy — and add, using the values obtained fur 11 

u 

and K\ thus we get 

% cos ^ 

= 0 when 6 is less than cp, 

and = - __= when 9 is greater than <p. 

V2 (cos (p — cos 9) 


52. From equations (2) and (3) of Art. 50 we have hy 
addition and subtraction respectively: 

P„(cosO = 


■I 


2n-hl j 
cos — 2 — 9 

ttJ 0 ^2 (cos — cos 


d(p 4" 


1 


. 2)1 "h I Y 

sm ^ - (P 


V2 (cos 9 — CUH 




fg 2ra-l , . 2/1- I ^ 

I cos—g—^ I sm - „ - <f> 

0=1 -7—,.—-.cZA- 

J 0 2 (cos cf> — cos 0) ^ 2 (cos 0 — cos <^} 

these hold for all positive integral values of iin'Iinling 
zero in the first formula, but excluding it in the necotui 

53. The investigation of Art. 50 is not quite* satinfactury 
owing to the substitution of an imaginary sytnhul fur a; heiin* 
it is advisable to verify the equations (2) and (3) of that 
Article. We begin with equation (2). 

Let the first integral which occurs in (2) he denoted ly 
and the second by ; we shall shew tliat X a” (A ^ + BJ 

is equal to (1 - 2a cos 0 + which amounts to shewing 
that A^-f-^^ = P„(cos0>. 
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la the first place is finite; for 






COS ncf) cos “ 


V 2 (cos (p — cos 6 ^) 


dp 


_if‘ 

~Vo 


, p 

cos np cos 


2 ' 


2j 


dp. 


Now as cos - retains the same S-ign within the range of the 
2 

integration ve know by the Integral Calculus, Art. 40, that 


A =- 


cos 




y(sm’>|-sin^|) 




d4>, 


■where 7 is some value assumed by cos within the range of 
integration. Hence the value of A„ is less than 

’^Joy(sin^|-sin“|) 

that is, less than unity; so that is finite. 

Since is less than unity the series of which a"A„ is 
the general term is convergent if a is numerically less than 
unity. This series, putting for its value, is 


1 

TT 


I 


COS : 




^ + a cos (f> A cos 2<f> 


+ or cos 


3^...|- d<f>. 


How the sum of the infinite series between the brackets 
is known by Plane Trigonometry, Art. 333, to be 

1 _ 

11 — 2 a cos ^ + a® ■ 


Thus 2 


27r 


cos 






1 — 2 acos^ + a“' 
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Assume sin ^ = sin | sin 'sjr ; then 
cos i d<j> 

y 2 . V 

Q 

and 1-2ol cos <j>+ = (1 — a)^ 4- 4a sin^ g sin^ 

= (1 — ay cos^ |(1 — af + 4a siir sm^^jr 
= (1 — ay cos^ 4- (1 — 2a cos ^ 4* a“) sin^ yjr. 

IT 

Hence S a.’'A„ = [' ^. ■ , -f.. ■ - . , 

TT Jq (1—a) cos'\/ r4 (1—2acos^?4-a jsin^T/r 

14-a 

-TT ' V(l-ay{l-2acos9+d:^ ‘^'^2 V|l ~la^'cos 9 +>") ' 
Next consider 2 We have 

^ cos n(j) sin ^ 

= . deb: 

^ ^2 (cos 0 — cos <^) 

hy changing (j> into tt — <p' -we obtain 

o I cos n<j> cos ^ 

^jo V2(^f - cos(7r~e) ■ 

Hence (—1)“ is the same function of ir — ff as J is of 
6; and thus can be obtained from by chanij- 

mg ^ into TT - 61 and a into - a. Hence 

_ 1 — ot 

Therefore 2a” (-4 + B^) - - ^ _l-_ 

^ ”) V (1 -2acosdy + a”J’ 

which was to be shewn. 
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We shall next verify the equation ( 3 ) of Art. 50. 

Let the first integral which occurs in ( 3 ) be denoted by 
and the'second by then as the equation is asserted 
to hold for all positive integral values of n except zero,, and 
that = 1 , we naust shew that 

+ j&J = (1 - 2 a cos 6 + - 1 ; 

the summation extending from n^l to n= oo, 

We can shew as before that the series of which the 
general term is is convergent when a is less than unity. 
This series, putting for its value, is 


1 

TT 



(a sin ^ 4 * sin 2 <56 4 - a® sin 3<)E) -f-...} 


Now the sum of the infinite series between the brackets 
is known by Plane Trigonometry^ Art. 333, to be 

OL sin^ 

1 — 2 a cos ^ 4 " * 


Thus 


_ 2 _ sin (]f) dcf) 


. <f> . ^ , 

Assume sm “ = sm ^ sin ; thus 


4a f' 

2a”C'„ = --| ,— 

TT j 0 1 — 2a cos 4- 

But 4a sin" ^ = 1 — 2a cos <^ + a® — (1 — a)“; so that 




(i-«r 

2acos^4-a’ 
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and thus, by the aid of -what has already been given, wo have 




1 — a 

2 V(1 — 2a cos 0 4- a^) ’ 


We may deduce the value of from that of 

in the same way as we deduced the value of 
of namely by changing 0 into tt — O and a into — a. 

Thus 



1 + a 

2^/(1 — 2a cos 0 + a®) * 


Therefore Sa’*((7^ +jE'J 
which was to be shewn. 


■1 + 


V(1 — 2a cos 6* 4- a^) ^ 



( 41 ) 


CHAPTEE V. 

DIFFERENTIAL EQUATION WEICH IS SATISFIED BY 
LEGENDRE’S COEFFICIENTS. 


64. Let 


VCl — Seta; + «“) ’ 


hence 


(l-2aa; + a“)® 

7». 

(l-2aa; + a=)® 

3a 7“^^= 3a'7®, 




Therefore 

(l-a,')^+a'^=7®{3a'(l-x')P-a' + 3a'(;r-a)» 
and 3a'(l -®') + 3a'(a; -a)' = 3a'(l - 2aa: + a') = -p : 

^3 pr 72 pr 

thus 


^ c dV 
'' dx 5 a " 


'2a’F. 
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Therefore, by subtraction, 


( 1 - 




dx’‘ 


dx 


(Id^ dx 




this may also be written thus : 

din ^^dV\^d{Jr\ 


(I;- 


By definition wc have F=Sa”P„_; subslifufo the valiio id 
Fin (1), and ei^uate to zero the cooniciuiit of a’: tluw 

. (-4 




This sli6ws tlitXt LogGHclro’s iiiu’'**! llw* 

differential equation (2), which may alno he writlt’U lints: 


(1 _ 2a; + 1) /I -- h... (:i). 

55. We have shewn in Art. 41 that tlir* rrarlH 
equation PJee) =0 are all real and nniainal, tml riiiii|iriHi*d 
between the values ■— 1 and + L Fart of thin |fro|iosiii<iii 
may he deduced immediately from the forum ht 





For the roots of the equation (a?® — 1)** = C) itn* all r«*al ; iiitniolf, 
n of them equal to — 1, and n of them in 4- I * li«iir#% 
by the Theory of Equations, Art 105, tin* rootn of tliff etjiiii- 
tion P^[x) == 0 are all real, and comprised ilio viiliiiii 

— 1 and +1. 


Thus to complete the proposition we liave cnily to uliow 
that the roots of the equation (:»)«*() are nil miequui; mid 
this will follow from (3) of Art. 54. For we kticiw by the 
Theory of Equations, Art 79, that if the eijiiaiioii J\ {x) »II 

has two roots equal to a, then (x) and “ mtmh 
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d^T (x) 

when ic = a ; hence from ( 3 ) it follows that —^2 eIso 

vanish when cc = a. And proceeding in this way, and using 
the results obtained by successive differentiation of (3), we 
should find that all the differential coefficients of P^(x) 
d^JP 

down to — — I vanish when cc = a. But this is impossible; 

for we know by Art. 8 that = 1.3.5... (2n — 1); 

and so it does not vanish. 


56. The following relation holds between three succes¬ 
sive Coefficients of Legendre: 

{n +1) - (2w + 1) xF^ + = 0. 

For it appears from the process of Art. 54 that 

(1 - 2a£c + a=) (a - a) F= 0. 

Put for V its value and then equate to zero the co¬ 

efficient of ; thus we obtain 

(71 +1) P,,, - 2nxP^ + (^ -1) P,_, + P„_, - xF„ = 0, 

that is, (n +1) P„^i - (2n +1) xP^ -f nP„_j = 0.(4). 

57. From equation (4) by changing n into n — 1 •we 
obtain 

nP^ - {2n - 1) a^P,., + (n -1) P„., = 0, 
and then we may again change n into n—1, and so on. 

From the equations thus obtained we see that 
constitute a series of terms which possess the same essential 
properties as Sturm^s Functions; see Theory of Equations, 
Chapter xiv. These properties are that no two consecutive 
terms of the series can simultaneously vanish, and that when 
one term vanishes the preceding and succeeding terms have 
contrary signs. Moreover when a; = l all the terms are 
positive, and when ic == — 1 the signs are determined by 
Py (— 1) = (— 1)^, so that they are alternatively positive and 
negative. Hence by the application of Sturm’s method we ob¬ 
tain another demonstration of the whole theorem of Art. 41. 
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Also we see th.at between two consecutive roots of tbo 
equation (x) = 0 there is one, and only one, root of the equa¬ 
tion (x)=0. Por let h and h denote two consecutive 
roots of the equation P^ [x) = 0, and suppose h the less. 
Then if there were no root of the equation (x) = 0 be¬ 
tween h and h the number of permanences of sign exhibited 
by the series when ^ is a little greater than h would be the 
same as the number when a? is a little less than 7^: but this 
is impossible, for the former number exceeds the latter by 2. 
Hence there must be one root of the equation P,^„j {x) = 0 
between h and h And there cannot be more tluiu one ; for 
otherwise the whole number of roots of the etjnation 
(^) ~ ^ would be greater than n — 1; which is impossible. 


58. Prom equation (3) of Art. 44 we have 
= ^J {cc—l)cos^ —1] 

- ~X 1- 1)»»♦ r {i - 

_ — 1 C? p 




Again from Art. 49 we have 



{x -f cos <)!>}- 1 . 

0 — i) cos ^^ 
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i 


The formula in Art. 49 hy the aid of which (6) has been 
obtained was demonstrated only for the case in which x is 
positive and greater than unity; but as (6) expresses an 
identity between certain rational integral functions of x, it is 
manifest that since it holds when x is positive and greater 
than unity it holds for all values of x. 

By adding (5) and (6) we obtain 

- nP^ + (2^- 1) xP^, -(n- 1)0 ^ 
this agrees substantially with (4)* 


59. Other relations resembling those of the preceding 
Article may be obtained. Thus, take the fundamental equa¬ 
tion 


_ 1 _ 

— 2CCX + 0^) 




differentiate with respect to x, and then divide by a; w^e 
obtain 


_ 1 a®^5_L 

(1 — 2ax -f dx dx 




Also from the fundamental equation, by differentiating 
with respect to a, we get 


x—a 


(1 — 2ax +• oc 
From (7) and (8) we get 
. .{dP dP ^dP. 


= P, + 2P,a+3P3a^ + . 


( 8 ). 


:P,+ 2P,a + 3P3a^+... 


Hence, by equating the coef&cicnts of we get 


X 


dP^ dP„ 


dx dx 
Again from- (7) we have 


■ ^P« 


(9). 


V'(l-2aa! + a®) 


= (1 - 2aa: + a“) ® + a + a* . 


dP- 


.dP. 


(dx 


dx 


dx 
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Substitute for the left-hand member its value from tlio 
fundamental equation, and then equate the coefficients of a”; 
thus 


P =^?2±s. 

" doG 


dP^ , * 
dx dx 


From (9) and (10) we have 
” “ dx di 


-' = (2« + l)P„ 


60. In equation (11) change n snccessivelj into n — 2, 
n —4,... and add the results; thus we have a new demon¬ 
stration of the result obtained in Art. 38. 


61. By integrating (11) we obtain 

(2n-l-l) = .(12), 

for the right-hand member vanishes when a; = — 1, so that no 
constant term is required. 

Sinularly (2n + 1) f P^dx = P^_^-P^^ .(13). 


62. The differential equation (2) of Art. 54 serves as 
the foundation of an instructive demonstration of part of the 
theorem of Art. 28. 

For by virtue of the differential equation we have 

integrate the right-hand member by parts, and take -1 and 
-t-1 as the limits of the integration: thus we obtain 

« (j^-l-1) f_P„PJx=^ 
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In precisely the same way we may shew that 

Therefore + PJPJx=n(n + l)J ^P^PJx. 
Hence if m and n are different we must have 
J PJPJ-X = 0 . 

If we consider the indefinite integral we obtain by the 
method of this Article 

+ —71 (^+1)} I P^{x)P^{x)dx 



this may be immediately verified by differentiation. 

From this formula we can find the value of JPjn(x)Pn [x)dx 
between any assigned limits; for example 

{m (m 4 -1) — 71 (n + 1) ] (a?) [x) dx 

= the value when a? = 0 of |p„ {x) — P^ * 

By Art. 7 the right-hand member vanishes if m and 
71 are both odd, or both even. Put 2m for m and — l 

for n ; thus {2 ot (2m + 1) - (2ra - 1) 2n] P^„,(x) P^^.^ix) dx 

= the value when x = 0 of — | 

-( iN»>4n l-3.5...(2m-l) 1.3.5...(2w-l) 

2.4...2m • 2.4...(2»i-2) ' 

As an example we may shew from this formula that 

(gdjdx — f P^{pdj Ppm^yi^ dxti 
; 0 •'0 
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63. The differential equation (2) of Art. 54 will he 
modified in various ways by the transformation of the inde¬ 
pendent variable : we will notice some of these. 


1. Put a; = cos 0 ; then (2) becomes 

§d ^ W) + ^ (^ + ^) = 0’ 

(PP dP 

+cot 6 + w (w + 1) = 0. 


II. Let a;'“ + p“ = 1; then (2) becomes 

V(p^ -1) I { p V(p“ -1) ^ +1) p-p„ = 0, 

iJP 

or p(p^_l)^.+ (2p*-l)^”-^^(n+l)pP„=0. 


III. Let 2a; = ; then (2) becomes 


2r d \e-ldP„ 


+ ?i(w + l)P„ = 0, 






64, The differential equation maybe employed to deduc(‘ 
various expansions of ; we will take one example and thus 
verify the expression for (cos 6) in a series of sines of multi¬ 
ples of 6 which was obtained in Art. 39. 

Assume then that 

P,^ (cos 6) = sin 6 sin 2^ -f sin 30 +...; 

and*put this value in the differential equation I of Art. 63, 
which may be expressed thus; 
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Tiie term sinm0 gives rise to 

j^sin 6 sin m6 |m (n +1) - + m cos 6 cos m6 

tliat is to 

cos (w - 1) 0 - cos (m 4-1) 4 \n (n + 1) - m' 


+ |cos {m — Vj 9 + cos (m +1) 


J- 

The sum of all such expressions is zero by virtue of the 
differential equation; hence multiplying by 2, and rearrang¬ 
ing, the following sum. is zero : 

aji (n + 1 ) 

4- |n {n 4-1) — 2® 4 2| cos 9 

4- cr^ |n (n 4-1) — S'”* + sj — jw (w 4-1) — —1| cos 29 

4 -. 

4 
4 


(;24l) - (m~2) (m--2) 


cos ni9 


As this must vanish for all values of we find in suc¬ 
cession = 0, ^2 = 0, ag = 0,.., = 0. Then when m — n+1, 

we see that the cocfBcient of cos (n41) 0 vanishes, whatever 
finite value may have. Also ... = 0. And 

^»+i> connected by the law 


___ (m —^1 — 2) (m 4^ — 1) 
(m — n — 1) {ra 4 n) 


Thus obtain P„ (cos 9) 

= {sill in + l)e + sin (n + 5)e 

^ l.3.(n + l){n + 2) ■ , ^ ^ ] 

+ j “27(2»T 3) (2n + 6) (” + 5) " j • 
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This agrees with Art. 39 as to the terms between the 
brackets, but leaves the value of as yet undetermined. 
The differential equation will not enable us to determine 
; for that equation will not be changed in form if instead 
of we substitute the product of P^ into any constant 
factor. We may use the formula 

(cos 6) sin 4-1) 6d6 ; 

aiid since = 0, we have 

0 = - f P^ (cos ff) sin {n — 1) 0(16 ; 

J 0 

therefore; by subtraction; 

4 

- P^ (cos 6) cos nd sin Odd, 

Now 2 cos9?0 = 2”'cos’^^ + terms involving lower powci'S of 
cos 6; hence, by Art. 30, 

«»+. = ( f ) 2 Vt/a; 

= -f(l-aiyJx, by Art. 32, 

-1 

= ^J = 1 

— ^ 2w ( 2n — 2)... 2 

TT ■ (2» + i7(2n-’1)7773 ■ 

This agrees with Art. 39. 


( 51 ) 


CHAPTER yi. 

THE COEFEICIEHTS OF THE SECOND KIND, 


65. We have seen in Axt. 54 that P^oo) satisfies a certain 
differential equation of the second order: according to the 
known theory of differential equations we infer that there 
must also be another solution, and this we proceed to in- 
■ vestigate. 

66 . Take the differential equation 

and find a solution in the form of a series proceeding accord¬ 
ing to ascending powers of x. 

Assume ^ d-..., 

substitute in the differential equation, and equate to zero 
the coefficient of Thus we find that 

<^ 2 r+ 2 (^+ 2 r+2) (m-f 2r-f 1) 

— |(w + 2r) (m 4- 2r — 1) 4- 2 (m + 2r) — ti 4 1)| = 0, 

(2r 4-m 4 w 4 1) (2r 4-w — 72 ) 
therefore (2r + m + 5!) (2r + m +1) 

This holds for every positive integral value of r. 

But in the differential eq^uation there -will stiU remain 
the term m (m — 1) a;™"*, and to make this vanish "vre must 
have either m = 0 or m » 1. 


4—2 
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Take w = 0; tken the series becomes 

n{n+l) 2 (w — 2) n {n + 1) (w + 3) 

1 -^ ^ 

Take m = 1; then the series ‘becomes 

(n — 1 ) (n + 2 ) 3 , h ■— 1) + 2 ) (n + 4) ^5 

^-^^ rr 

Now if n be even the first series consists of a finite 
number of terms, and the second of an infinite number; if 
n be odd the first series consists of an infinite number of 
terms, and the second of a finite number. 

The series are of the kind called hyper geometrical. The 
general form of such series is 

, . a./ 3 _ «(cx + l)y3(/3+l) ,, 

.■^ 1.7 1 . 2 . 7 ( 7 + 1 ) 

l)(a + 2) m + l)(i3 + 2) ,3 . 

+ l."2.3:7(7 + l)(f+ 2 ) 

aad this is conveniently denoted by F{ol, 7, €). 


F 


Thus the first and second series are denoted respectively by 
n n + 1 1 i 5 \ ...j..•El/' n — l n + 2 3 

2 ~ ’ 2 ’ 

■ 0 . 


iindxF^-- 




2 > 2 > 2’ { 2 

In both series a, j3, y are such that a + /3 — 7 

The series which is infinite is convergent if x is less than 
unity, but divergent if x is greater than unity or equal to 
unity ; see Algebra^ Art. 775. 


67. We infer that of the two series obtained in the pre¬ 
ceding Article that which is finite = GP^{x), where G is 
some constant. The other series furnishes, at least when 
X is less than unity, a second solution of the differential 
equation. 


68 . As another example we may proceed to find a 
solution of the differential equation of -Art. 66 , in a series 
proceeding according to descending powers of x. 
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Assume z = x'^ + + ..., 

suT)stitute in the differential equation and equate to zero tlio 
coefficient of Thus we find that 

Oj, (m - 2 }-) (m - 2 r- - 1) - 

- 2r - 2) (m - 2r- 3)+ 2 (m - 2r -. 2 ) - n (n+1)1 = 0 . 

Tills holds for every positive integral value of r. 

!Biit in the differential eq^uation there will still remain 
the term 

4-1) - m (m + 1)|, 

and to make this vanish we must have 

92(71 +1) — m(?7i -f 1) == 0, 

so that either m = 72 orm = — n — 1 . 

Take m = 72; then the series becomes 



^(rr-l)(n-2)(n-3 ) 
2.(2>i-l) ^2.4.(2%-l)(2n-3) 



so that it is finite, and of the form CPJx), where (7 is a 
constant. 


Tahe m = —n — 1; then the series becomes 
1 {n+l)[n + 2) 1 

2,(2n + 3) 

(n + l)(w+2)(n + 3)(w+4) 1 

2.4.(2ra + 3)(2w + 5) 

and in the notation of Art. 66 this will he denoted by 

1 71 + 2 2 ?i + 3 

\ 2 ^ 2 ^ 2 > ^ 

this Is an infinite series, convergent if a; is greater than 1 , 
but divergent in other cases. 

If Q^{x) have the meaning assigned in Art S7 i3hs in¬ 
finite series —GQJx)^ where (? is a constant* 
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69. We knoiv from Art. 63 that by assuming’ 

the differential equation of Art. 66 may he transformed into 

r (1-r) J - 2r % - +i)(i - =o. 

Assume ^ ^ 

then, by the same method as before, we shall find that 

(n +1+ 2r - m) (7^ + m — 2r) 

^r+i = + 2 + 2r - «z)(reT^'2r -1) 

and moreover that m (m + 1) — (w + 1) = 0. 

Thus either m = n orm== — n—1; and we obtain two 
series which, expressed in the usual notation, are 


and 



2^?-l 


. r), 


2914 - 3 ^2 

, n+1, — P 


The former series will be found to be the product of a 
constant into PJicc)^ by comparing it with the formula given 
in Art. 17. Hence we infer that the product of the latter 
series into some constant will be equal to the QJ^oo) of 
Art. 68 ; or, which is the same thing, that 

^+ 1 . r), 

where X is some constant. 


To determine this constant we observe that according to 
Art. 37 we have ^ when x is in¬ 

finite. But when x is infinite 
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xr-- r-‘ + 1 , . r)=24; 


therefore 


1.3.5...(2?i + l)' 


70. Hence besides the solation of the differential equa¬ 
tion of Art. 66, wbicK is furnished hj (jx), yre liave always 
another solution when x is either less than unity or greater 
than unity : namely in the former case the solution found in 
Art. 66; and in the latter case that found in Art. 68 or 
Art. 69. The second solution is presented in the form of an 
infinite series. 

71. We may however express the second solution in a 
finite form. Take the differential eq^natioii 

We tnow that PJx) is a solution, so that 

Let f denote the other solution, so that 


(l-x‘ 


-2a! r=0- 


Multiply the former eq[uatioa by and the latter hy 
and subtract: thus 

Hence hy integration, we obtain 

or = constant — log (1 — , 

according as x is greater than unity or less than unity. 
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Hence, in both cases, C being a constant, y/c have 

c?r (7 . 

'^dx ^ dx — 1^ 


therefore 


therefore 


^ / _ C 

dx[Fj (Pj^p-1)’ 


?=CF, 


, r dx 


“ 1 )’ 


Thus we have the second solution expressed in a finite 
form; and by properly determining the constant 0, and keep¬ 
ing to the former meaning of (x), we shall have 




72. The integration denoted in the formula of the pre¬ 
ceding Article may he effected. 

Let a,/?, 7 ,... denote the roots of the equation P^(rr) = 0, 
which we know are all real and unequal. Then by the 
theory of the decomposition of rational fractions explained 
in the Integral Calculus, Chapter ir, we have 

{PJ 1) x-1^ x + 1'^ "" {x-oLf^ x-a’ 

where Ji, h, A, A' are constants; and S denotes a summation 
to be made by considering all the roots a, 13,%..., wliich will 
give rise to other constants like A and A'. 

We proceed to determine these constants. 

We have h = ^hen a; = 1, so that A = , 

^'= when a: = -l, so that ^ = -1 . 
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Also A = ^ 

We shall now shew that A'=0. 

Let = (x — a) H, so that 

Substitute (a? — a) P for P^ in the equation (3) of Art. 54; 
thus 

(l-P){(.-a)^ + 2f}-2.{(»-a)g+p} 

+ n(n-{- 1) (x — a) P = 0, 

so that when = a we have (1 — cc^) — — Bx = 0; therefore 
A' = 0. Hence we have 

«. W - OP. (.) ^ + X ^.} 

Therefore if x is greater than unity we may write 

e. (-)=- OP. w {i + s (?.} ■ -m. 

and if x is less than unity 

C.»—CP.Wjl l«g^* + X^^+C.} ....(2). 

where C, denotes a constant. 
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We do not mean to assert that G and must have the 
same values 'when tc is less than unity as 'when x is greater 
than unity; hut only that G and do not change in (J) 
so long as x is greater than unity, and do not change in (2) so 
long as X is less than unity. 

73. Let us suppose for example that x is greater than 
unity; then the right-hand member of (1) is an expression 
with two arbitrary constants, which satisfies the difibrential 
equation of Art. 66; hence it is the complete solution of that 
equation, and by giving suitable values to the constants will 
coincide with any special solution which may liave been 
obtained. Take for example the series at the end of Art. 08. 
This vanishes when x is infinite. But the part between the 
brackets in (1) reduces to G^ when x is infinite; hence the 
whole expression will not vanish unless G^ = 0. Take 6^ = C); 
then by properly determining G this expression (1) must 
coincide with the series at the end of Art. 68. 


74 Suppose for a particular case that ^<=1* Take 
Gj^ = 0; and put 




Also in this case a= 0, and A = — 1. 
Thus we obtain from (1) 


Q„(x) -+ 

and this agrees with the result at the end of Art. 68. 


75. In like manner if x is less than unity the formtila 
(2) of Art. 72, by giving suitable values to the two arbitmry 
constants, will coincide with any special solution. For in¬ 
stance, take 71 = 1; then we get 


-Cbjl log 


^^1 


1 -f a? 

1 — OJ 
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This will coincide with the first series of Art. 66, if we put 
= 0 and expand log in ascending powers of x, 

76. We have seen that if (1) of Art. 72 is to coincide 
with the result of Art. 68 we must have Cj = 0: it will he 
convenient to determine the connection between 0 and other 
constants which present themselves in our process. 

Let ^ be a constant, and suppose that we put 




1 (n+l)(^+2) 1 

-n-t-l “• £> I €)\ • 


^ 2 . (271 + 3) ‘ a?"-"® J ’ 
so that reduces to when x is very great. 
We know that = kx"" -f terms in ...; 

where k = ^ 


ByArt.71w,havei>.f-0.g.^. 

so that when x is very great 

M (271 + 1) C 


and therefore 


C7=~M (2n+l). 


For instance, if we put (7= — l, so as to give to (1) of 
Art. 72 its simplest form, we have hk {2n +1) = 1; so that 

h = - . This value of h makes the of the present 

Article exactly coincident with the of Art. 37. 

77* Taking then for simplicity (7^ = 0 and (7 = — 1 in (1) 
of Art. 72, we have, when x is greater than unity, 
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this agrees with Art. 37, and we shall use this as the value 
of (cc) when x is greater than unity. 

When X is less than unity we shall take 

-n f \ ri T 1 “k X — A. 1 

78. We have then hj the preceding Article, for the case 
in which x is greater than unity, 

c,. log 

where B denotes a certain rational integral function of x of 
the degree n—1. We shall now express li in terms of 
Legendre’s Coefficients. 

Substitute this value of Q^(x) in the differential equation 
of Art. 66, which we know it satisfies; thus we obtain 

1, x+1 r,, ^ dP^ , 

1 |(1 - a :) ^ 

By Art. 54 this reduces to 

..d^B ^ dR , > ^ 

and therefore, by Art. 38, 

ox d^B „ dB . ~ 

= 2 |(2« - 1) + (2« - 5) P^,+ (2n-9)P..., +...|...(3). 

Assume now R = a,P„,j^ +where 
<^v ^ 2 ’ ••• constants to be determined. 
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Wlien is put for It in tlie left-hand side of (3) ifc 

reduces to + 1) — (n — r) (ti — r + 1)| that is to 

r (2^2 +1 — r) P^. Hence by comparison with the right- 
hand side of (3) we see that if r be even vanishes^ and 

that if T be odd , Thus finally 

r (2^141 — r) ^ 


P — ^ p 4. ^ P 4. ^ - P 4- (A) 

—rT“ ^ ^ 3 (/2 -1) ^ 5 (^ - 2) 

The series in (4) ends with the term involving P^ if n be 
even, and with the term involving P^ if n be odd. 


79. In obtaining (4) we began by supposing x greater 
than unity; but it is obvious from the form of the result 
tliat it is universally true; for the rational integral function 




A 

x — ol' 


being equal to the rational integral function 


which forms the right-hand member of (4) when x is greater 
than unity, must always be equal to it. 

In future we shall cease to distinguish between the forms 
(1) and (2); that is, we shall use (1) and leave to the student 
the task of examining if necessary how far the investigations 
apply also to (2). 


80. We may shew in another way that 

Q„(x) = ip„(^)log|4-J-iZ, 


where P denotes a rational integral function of the degree 
■\i — 1. For by Art. 37 we have 

=2(2« + l)a(^)P„(y); 

X"- If 

therefore by Art. 28, 
this may be written 

iO r^\ — ^ r -L ^ T> f 
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The expression ig obviously a rational 

QC y 

integral function of x and y of the degree n — \, and after 
integration with respect to y between the limits will be a 
ratimial integral function of x of the degree n-\. Also 

f = loo- —, Thus the required result is obtained. 

J_^x-y 

81. It is found convenient to use tlie symbol D to stand 

for —, for abbreviation; thus ^ is often denoted by iTu. 
dx 

In like manner the symbol I may be used for integration; 
so that ^vdx may be denoted by Iv] and if ^vdjc is to In* 

integrated again we may denote the operation by Pv: and 
generally if the operation of integration is to be performed 
01 times in succession we may denote this by Pv. 

These abbreviations will enable us to present some re¬ 
sults in a compact form. 

In the next five Articles we shall use C to denote a con¬ 
stant without assuming that the same constant is always Up 
be understood: we shall also use 0 with various suffixes for 
constants under the same liberty of interpretation. 


We know that P^(^) = 


: (j _ winch we niav 

W AT* ‘ •' »' 


write thus, 

P^ix) = CD’^{x'‘-ir .(5). 

Now we saw in Art. 68 that a series for Qn(x) can be 
derived from one for (x) by changing n into — n — 1 ; atid 
thus we are led to conjecture that an equation of the follow¬ 
ing form will hold: 

But according to an interpretation of symbols suggested by 
the fact that integration is the reverse of differentiation, we 
may presume that is equivalent to so that we 
should have 


0.W- 


( 0 ). 
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or, -wliicli is the same thing, 

= .(7). 

We have then to establish (6), or its equivalent (7), to -which 
we have been led by analogy. 

83. Take the expression for given at the beginning 
of Art. 78, namely 


and differentiate n +1 times. 

The + differential coefficient of E is zero. Apply 
the theorem of Leibnitz with respect to the first term in 
The {n + 1)*^^ differential coefficient of is zero. The first 

diff’erential coefficient of log is —• ——~; and every 

CC ““ i ilO X 

succeeding differential coefficient will introduce another 
power of c^ — 1 into the denominator. Thus the (72,4-!)*^^ 
differential coefficient of Q^, when all the terms are brought 

T 

to a common denominator, will be of the form . 

{(L xj 

Moreover T must be a constant. For if the highest power 
of cc ia T were then when x is very large would 

be of the same order as whereas we know from 

Art. 68 that it must be of the same order as Hence 

T is constant, and thus (7) is established. 

Or we might verify (7) by differentiating n + 1 times the 
expression found for in Jb*t. 68. 

84. We shall now obtain the result of the preceding 
Article in another way. 

Take the differential equation 




■2x^ + n(n + l)z = 0 .( 8 ). 


Dififerentiate; then after reduction we obtain 


( 1-^0 ‘ 


; + («-!) (n+2) -^ = 
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Differentiate again; then after reduction we obtain 

/I T\ ^ ^ ^ ^ t f o\ / t c\\ ^ ^ r\ 

(• + 5) J,, - 0- 

Proceeding in this way we find after m differentiations 


Now the general solution of (8) is 

z=C,P^(x)+0,Q,^i.:c), 

- 7 m„ 

and hence we see that the general value of ^ „ in (9) is 

(A/iJy 

^ dc”‘ 

Let m^u] then (9) becomes 

This can be obviously solved; put u for : thus 

CLJO 


therefore i ^ (^ + l) a; . 

udx 05^—1 ^ 

therefore log m = - log {x^ - + a constant ; 

C 


therefore 
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ITencii it f(41(n¥K that by giving suitable values to and 


we UiUHt have 


dHl _ f 


f7x 


j«/> 

But , ,r i‘S a constant; anil thus 
ux 

0 . 

» (x“- !)“■"»’ 

this agrees witii the result of Art 83. 


85. We may observe that CKiuatiou (11) may bo put in 
tlie form 

(n - m) (n + m+1) (I- x’)”' ^ |( I - = 0; 

thin will bf* s:iti4i«*d wlimi for z wv. put This ecfuailou 

with rrHp<*i*i to PJr) has bemi cmlled Iporj/H Equation; it 
was givi*it by Ivory in \ \m l%ihm(fphmil Trnnmiciiom fat 1812, 
page oil. 

8(L Again, miiipmd a f[iiaiitity ^ to be (h!termiuod by the 
dilTereiilia! i*f|iiatioti 

(1 -X*) d> 2 (m- I)x (/i-m + T) (m+ w) S'-»Ih..(lO). 
If we ililTeriiitiiile r tltiins in nutaiesHimi, we obtain 

' iU" 

dX 

•I* (ii — f/i + r '+ 1) (a d- m — r) m {)* 
Tliiii if r Ks M w« Iii4%a.i 

t' - *•* -".(») ■ 

wltidi if* of th(3 mm« form m (H). 
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Now if m = n equation (10) i)ecomes 

(l-=»-)g+2(»-l).f+2< = 0; 

<mo Bellition of this is f I)"", as may be immediately 

Viirifiecl. Then, by the process of Art. 71, we can find the 
either solution; and thus the general solution will be found 

to he 

whore a second arbitrary constant may be supposed to be in¬ 
volved in the integral. Or if we prefer to denote this con- 
Htaiit explicitly, we may take for the general solution 

Honce the solution of (11) if m = 'n is obtained by taking 
tlii« value of ^ and differentiating times. But we know that 
tlia sohition of (11) is of the form G^P^{x) + G^Q^icc). Hence 
hy proper adjustments of the constants we must have 

O. «.(*)- 

As we know that does not contain any positive 

power of X, at least when x is greater than unity, we infer 

that 

. 

This gives another form for {x). By comparing it with 
f !iat furnished by equation (6), we infer that for some value 
«f the constant C we must have 


<7J"" 


1 d" 
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The constant G may he determined by supposino* x inde¬ 
finitely great; for then the equation becomes 


this gives 


J»+1 ^ ^Ls* f 

1 / 1 \ 

271-f 1 dx*" \xj ’ 

C-1&. 


87. Since the general solution of (11) is 

-^=0,F^{x)+G,QM, 

it follows that the general solution of (10) is 

^^G,rP,{x) + GJ-Q„{x), 

and we may use for Qn{x) either of the forms (6) and (12). 


I 


5—2 
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CHAPTEE VII. 


APPEOXIMATE VALUES OE COEFFICIENTS OF 
HIGH OEDEKS. 


88 . Suppose x positive and greater than unity. Ve 
have by Art. 17, 

1 .3 ■ n ( w - 1) ] 

■^1.2.(2 w-l) (2/1-3) ^ 

7 1.3...(2,1-1) 

wiiGr© Jc stSiiiQS lor * 

When n is indefinitely increased the series between the 
brackets becomes ultimately 

that is (1 — 

Thus jPJx)=Jcr{(l-n~^+e], 

where e denotes a quantity which diminishes indefinitely as 
n increases indefinitely. 

\2n 

Now h = ^ formula given in 

the Integral Calculus^ Axt. 282, we see that when n is very 

great we have approximately Jc = -rJ™. 

Nnir 

Thus finally when x is positive and greater than unity, 
and n very large, we have approximately 


that is 
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v»r^v(i-n’ 

We suppose x positive and greater than unity in order 
that ^ may be greater than unity, and so the series between 
the brackets convergent when % is very large. 

The case in which ^ is negative and numerically greater 
than unity may be made to depend on that in which x is 
positive by the relation (— x) = (— I)"" {x). 

89. ISTow suppose x numerically less than unity. Put 
cos 6 for X. In Art. 39 we have shewn that 

(cos G) = + ^+ + 

1. S . (w + 1) (n + 2) . , ^ 1 

+ lT2p;r + ' ^(2n +4 + 5) ^ ■ I> 

where k has the same value as in Art. 88. 

If we suppose n to increase indefinitely the series between • 
the brackets takes ultimately the form 

sin (w 4-1) ^ -f I sin (ti + 3) d + sin (n-h 5) 9 + 


that is sin nd jcos 0 4- ^ cos 30 cos 50 + .. .| 

+ cos nd jsin 0 4- ^ sin 30 + sin 50 + . 

We have then to find equivalents for the two infinite series 
just indicated. 

Let ^ be a quantity less than unity; 
put ^ cos 04-| t*cos30 4-g^f cos 50 + ... « (7, 

and tsin0 4-^^sin30 4“4^f ••• 

Thus both C and J3 denote convergent series. 
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Then 


C + 18 = + + • •• 






V(1 — V(1 — cos 2d — ft sin 20) ' 

Assume 1—f cos 20 = p cos and f sin 29 = p sin <)[>; 

o ^ T X . f sin 20 

that p" = 1 - 2f cos 20 + 2 ?", and tan ^ - 


so 


so 


Then C + iS == 

Vp e ^ ^ 

that (7=~ cos^0 + ^^, and >?=^-sin^0 + ^^ . 


These results may he admitted to hold so long as t is Icsb 
than unity. Assume them to hold even 'when t is equal to 
unity. We have then 

p®=2 (1 —cos20), so that Vp = V2sin0; 

, . sin20 COS0 ^ /TT A .r r » 

tan ^ = rj-^ = -r—T, = tan hr — ^ > so that 6 = ^- 

^ 1-COS20 sm0 \2 J* ^2 

Hence when n is very great we have approximately 


-0. 


P„ (cos 0) = 


2 sin 710 COS ^0 + “) 4- cos nd sin 
TrJcn 


i^-t) 


2 

7rA?n 


V2 sin 0 

sin(»g + g + |) 2 sm(n0 + | + r) 


V 2 sin 0 


7r/m V2 sin 0 


and as A = approximately we have finally as an approxi¬ 


mation when n is very great 

P.(cosO= 


-,—^ cos , 

ynir sin 0 \ 




( 1 )- 





COEFFICIENTS OF HIGH ORDEBS, 


71 


90. The result obtained in the preceding Article is duo 
to Laplace; it cannot be accepted with great confidence: it 
does not lead in any obvious way to the value unity when 
6 = 0, which we know ought to hold for all values of n, 

Laplace himself gave two investigations, both in the 
cmique Celeste, one in Livre xi. § 3, and the other in the 
Supplement au 5® Volume; they differ from that of Art. 89, 
but do not seem more satisfactory. We will reproduce the 
latter of them. 

By Art. 63 we know that 

^2 p jp 

cot + ?^(?^ + l)Pn=0. 

Assume that 

Fn = u cos a6 H- u sin a9, . (2), 


where u and vl are functions of 6 to be determined, and 
a = ^/n{n + \). Substitute in the differential equation, and 
equate to zero the coefficients of sin a6 and cos ad* Thus 


‘ . ^ 1 /dV , du , ^ 


2 H- %(! cot 9 : 
dd 


1 du , ^ 


If we neglect the terms divided by a, which is large since 
n is supposed large, these equations become 

2^ + wcot 9—0, 2+ w cot 0 = 0; 

au cLu 

and hence we obtain 

s/ sin 9^ Vein 0’ 

where II and B! are arbitrary constants. 

These may be regarded as first approximations to ttie 
true values of u and v!\ we may then assume 

II X , IT , X' 

Vsin 0 ^ Vsmd 
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and substitute these values in the differential equations (3) 
and proceed to find, at least approximately, X and X'- 

But we shall confine ourselves to the first approximation, 
so that we have from ( 2 ) 

1— (i?cos ad + II' sin ad) 
vsin d 

Q 

cos (ad + y), 

Vsin 6 

where G and y denote certain constants. 


And as a = Mjn{n + 1 ) we have approximately a = , 

C f d \ 

so that P„ = - — —- cos ( 7^0 + X- ■+ 7 ). 

Vsin 0 \ ^ / 

To determine the constant y we observe that if n bo odd 
P, = 0 when ^ ; this leads to 7 = — , so that 

To determine the constant C we observe that if n be even 
and denoted by 2 m we have by Art. 7, when ^ , 

12 m 

p =_• 


IP ^1 

therefore C=s^==-r-; 

2^^ [mjm 

and by approximating as in Art. 88 , we have 

(7= -- 

V mir V nrr 

Thus our result agrees with ( 1 ). 
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91. Laplace’s other mvestigation of (1) starts with the 
expression of P^icc) by means of a definite integral given in 
Art. 44; we shall not reproduce this. It is however easy to 
shew that when n is very large P^ipc) is very small if x is 
numerically less than unity. 

1 

For we have P„(x)=- (x — £> a /(1 — cos <^}'‘ d(f>. 
ttJo 

Assume x = p cos and V(1 "" 

1 

thus p"" [cos n^/r-h i smn^J!^} d^- 

The imaginary part vanishes and we get 
1 f”" 

p^ (ic) = -j p'" cos 7iy}r d<^. 

Now when n is very largo the value of this expression is 
very small on two accounts; p” is very sniall except when 
x = l\ and cos n'xjr fluctuates very rapidly in sign. 


92. Another investigation of the value of (x) when n 
is very large is given by M. Ossian Bonnet in Jfiouvillc’B 
Journal de MatM7natiques, Vol. xvil. pages 270...277. 

.72 p 7P 

We have ■ +• cot 6 + n(n + l) P« = 0. 

Assume P^ — u (sin thus wo obtain 


d^a 


putting m for 71 + ^ we have + rrJu s 


4 siu^ 6' 


Multiply by sin md and integrate; thus 


sin m6 - 


• mu COB mO ■ 


^ u sin md 


where 0^ is an arbitrary constant, and a a fixed quantity 
which may however be as small as we please. 
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In precisely the same manner, by multiplying ( 4 ) by 
cos md and integrating, we obtain 

, . n n ^ f^ucosmd 

cos me^ + musmm 0 =c^—^j^ . ( 6 ) ■ 

Eliminate between (5) and (G); thus 


mu = Cg sin md — (7^ cos m9 

1 . a f^u cos md , 1 . r^usin md 

-Bin'e + 

This may be expressed more concisely; for let u denote 
the same function of d' that u denotes of 6: then 


■ sin md 


^ u cos md 7 ^ , ^ f^usm md 

^0 4 . cos md dd 

a sm Bix/d 


— sm d0 + oo» 

= [ ^ u'sinm (e '-e) 

Ja sirfd' 

Thus expressing the constants and 0^ in terms of two 
new constants b and ^3, we have 

-- ^cos (m g + yg) . 1 f^u'ainm(d'-e) J 


siii=‘ 


Denote this for abbreviation thus :. 

m 4ot ‘ ’ 

then, hy substituting the corresponding value of u' ill (7), 
we get 

_1> cos [m6 + fi) , h {^coa{m9' + ^) Bmm(d' — d) 

m + sln*^- 

+ J_ f ^WBin^nCg--^) 

sin'' 6 ^ 
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Tlie last term on the right-hand side involves u\ for u 
occurs in process of substitution may then be 

performed again if we please; and so on. 

Finally it will be necessary to determine the values of h 
and ^: we observe that they are constant with respect to 9, 
but M. Bonnet assumes that they are constant with respect 
to Uy and this appears to me a serious fault in the rest of 
his process; in fact, quantities are retained which are of the 
same order as those which are neglected. 


93. "We will briefly advert to the value of Q^{x) when n 
is very large, supposing x positive and greater than unity. 

We have by Art. 69, 

n + l, r): 

this becomes approximately when n is very great 


Cn(«) = 




v(i-r)’ 


and X = 77r— 

(2n-hl)7c 

approximately 


where h is the same as in Art. 88 : thus 




TT 

n ‘ 



CHAPTIE Tin 


ASSOCIATED FTOCTIONS. 


S4 Theue are certain functions analogous to 
yLich^ present tliemselv^es naturall7 in the course of our 
investigations, and we now propose to consider them. TIi<y 
may be called Associated Ftmclicns oj tfie First Kind. 


95. We bav'e seen in Art. 47 tliat 


costlyd(p .. ( 1 ). 

J 0 

No\v we maj expand {a;+-v/(a:®-1) eos^}" in a sf‘ri*M 
proceeding- according to powers of cos <f>, and tlion the po-wow 
of eos(f> may be transformed into cosines of multiples of 
thus finally {»+V(a:“— l)cos^}"may be arranged in tlio furxii 

«o+ cos (f> + a^ cos 2^ + ... -I- a, cos 
■where a^^', a^, a,,... a^are functions of a, but do not contain 
Hence it follows from (1) that 


■P. (*) = f = apr ; 

J 0 


therefore 




^0 dja* 


We shall no-w determine the value of cr„, where a 
denotes any one of the series a^, ... a^. * 
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96. We have 

4 . p-t-ffi 

X + ^/(x‘—l) COS <fl=X + ^/{x^ — 1 )- -^- 

_2a;e‘^+V(a;^-1) (e^^+ 1) _ 2x^{x^- 1) + {x^- 1) +1) 

2e‘'^ • “ 2>J{x^ — l)e^ 

_(x + z)’‘-l 

22 

where z is put for V(®®— l)e‘^. 


Now we may expand {(x + zy — lY in powers of z, by 
Taylor’s Theorem; and thus if u stand for (ar* — 1)“ we get 

2’‘{x+^{x‘-l) cos^J- 

_ 1 ]■ dw z’ d^u 2 *" d^^u] 

z’'[ ^ dx \2d3? \2n dod"]' 

The series ends with the last term which is here ex¬ 
pressed, because u is of the degree 2n in x. 

Re-arranging the terms we obtain 
2”{a; + V(^t''*-l) cos^]" 

_JL _^ I _fl_ 

I a dx" \n + l dsd'’*^ '^ \n+2 dx"*'^ "*'[^ 5a?”' 

Z“‘ Z”“ 

. |ro— 1 dx'‘~^ \n — 2 dx''~'‘ ■*■•••+* “• 

Now put e'^>J[x^ — l) for z; then the scries resolves itself 
into two parts, a real and an imaginary part. From Art. 9-5 
we know that the result is entirely real, so that the imaginary 
part must disappear. This imaginary part consists of-w 
terms, of which the m*** is 

m • m 

1 ) d^u\ . 

' \n + m \n — m 


Thus 2’' {x + — 1) cos (pY = 
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Hence 'we see that these terms must separately vanish; 
so that we obtain the formula 

m ^ 

in + m . dx'‘*'^ \n-m dx'^'”' 


this holds for positive integral values of m from 1 to n in- 
elusive. 

Hence finally we have 
2” + cos 

m 


^S¥S~^costo^....(3); 


where 2 denotes a summation with respect to m from 1 to n 
inclusive. Moreover by (2) we may if we please change m 
to - m in (3). 

97. Now the functions which we propose to consider are 
the coefficients of the cosines in (3). 

We see that the coefficient'of eosm^ is 

m 

In+m dx"'^" 


It will be found that 
~\n-mr 


«■, 1± . L«-m_ {n-m){n~m-T) 
dx"^”' \n-m Y 2.(2w-l) 

(w-m)(w-OT-l)(w-OT-2) fa-ro-31 ) 

2.4-.(2n-l) (2n-3) ^ -...j. 

We shall denote the series between the brackets by 

m. -wV Gn +Tiof ^ 


C3- (tw, n)\ so that 

therefore w (»«, w) = -- ^ r 

‘ 1.3.6...(2n-l) <&•» .( 
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Tlius -we may express (3) in tlie form 
2 ^ [x -\‘cos 

_ ^ .+ 221 -L,-=--- 1 )^ «r (m, n) cos 

\n dx \n+m\n—7ii 


We may if we please replace the first term 


2*^ f 

so that 


+ “ 1) cos <j>^ 


* I ] *1 ^ I I 

kH^ \n-\-7ii \n—m 


{m, n) cos m(f>. 


In cases where it is convenient to (3Xpress the variable 
we might use 'aT(m, n, x) instead of the short(3r 'ccr(m, n). 

98. It will be seen that wo arrived indirectly at erjnatioii 
( 2 ) of Art. 9G ; but it may be cstablislKid in a direct manner* 
The result may be put in this slightly generalistjcl form: 

\n-^m doT^^ . “ fn-m * 

To demonstrate this, develop the two members by the 
aid of the theorem of Leibnitz; use D for , for abbrcjviatiom 

Then in the development of + aY(x + hy, the first 

In-fm 

term which docs not vanish is i/* (:«+«)'*77^ + 


\n-\-m \n 

that is(x and in like manner the 

U L |7?, —m ^ 

term of the dcvelopinont, couatiug tliia as the first term, 
•will be found to be 


- (x -f o)-i7"*'~‘ (« + b)% 


n —r+i m+r- 
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that is 


71+ m 




n—rH-1 m+r—1 ^— 1 


{x + aY 


n — w — r H- 1 


c^+ 6 r 


we will denote this by A. 

Similarly we find that the term in the development 
of + is 


\n--m 


that is 


— m — r + l |r — 1 
s 

\n--07i [ti 

u — ^ —1 Ir— 1 \ m+r—l 


jjn-m-r+l ^ {x + h)\ 


{x + a)’' 


In—r+ 1 


{x + h) 


n-r-hi . 


we will denote this by J?. 

Then we see that 

{x+a rix^hr ^ ^ ^. 


n-tm 


n^m 


and this establishes the required result. 

, m 

99. The functions which we denote by n) 

are called Associated Functions of the First Kind: Heine 
denotes them by {x). 


100 . We have seen that the differential equation (9) of 
Art. 84 is satisfied when F^^x) is put for z. Hence from 
equation (4) of Art. 97 it follows that 

+ (n — w) (^ + 771 +1) 137 (m, n) = 0.(5). 

Now the expression which we have denoted by 

—1)'* i!r(m,7i) is equivalent to (a;’—l)"^ ®-(—m/w), as 
■we see by Art. 96. Hence "we have 

tjr(TO,n) = (a?*— m, n), 
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aad substituting in (5) we find that 


( 1 -a.^) 


d‘‘ 




dx' 


+ (n + 7n) (n — m -i-1) -GT (— u) = 0.(G). 

It will be seen that (6) differs from (5) only as to the 
sign of m. 

We have deduced (6) from (5) without assuming anything 
relating to 'sr(m, ??.) except that it satisfies (5). If then we 
get the general solutions of (5) and (0) we may equate the 
latter to the product of 1)”' into the former. 

Now we know from Art. 84 that the general solution of 
(5) is 

and we know from Art. 87 that the general solution of (G) 
may be expressed thus : 

= C.D-'-PM + 

Hence by proper adjustment of the constants we shall 
have 

- !)"• {(^) + C, IT (x)} 

= C,D-J^,,(x} + C,J)--QJx). 


By considering the integral and the fractional functions 
of X which occur in this relation, we see that it must break 
up into the two 

(x^-irO,irF^(x) = 0,D-’’T,,{x) .(7), 

aud (x^ - 1)”> G,D^ Q,Xx) = G.IX’^Q^ (x) .(8): 

these hold for positive integral values of m not exceeding n. 


lOL Equation (7) coincides with a result already ob¬ 
tained in Arts. 96 and 98. 

Equation (8) takes various forms, according to the 
expression we use for Q„(x): see equations (6) and (12) of 
T. 6 
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Chapter vi. Thus we have the following results, in which 
C denotes some constant : 

1 1 

/ 2 1 Tn-m+1 __ prTn+jn+l__ 


= 00 " 


.{(^-.I).J„^.V„}, 


The constant C may be determined by special exaniiruition 
in. each case, as in Art. 86. 

We shall find in the first and fourth cases 

\n + m 


in the second case C = 


1 1^1 + m 
2n\n — m' 


and in the third case C=^n 


\n + m 


Of the first and second cases one will follow from iho 
other by the aid of the result obtained in Art. Hf!, if \v(; in¬ 
tegrate that result m times; in like manner of the third and 
fourth cases one will follow from the other. 

A""*- ^ K n) satl.sries the 

differential equation (5), namely ■ 

(1 - - 2 (m +1) ^ 

+ (n — m) (n + m +1) tjT (m, n) « 0. 




associated eunctions. 


m 

Put y = (x^ -1)% ^ n), so that CT (m, n) = y (y? _ j)~ 1. 

substitute iu (5), and we thus obtain 

+ {n{n + l)-m^-n{n + l)a>^}y^O .(9) 

Converaoly m.y d«lucc (5) from (9) by puttmg 

y—(« — 1)-TO-(mi, «). As the general solution of ^’>) it? 

known we know that of (9), namSy 

7n 

y=(a?- 1)2 {x) + (7,(a;)]. 

By Art. 100 this is equivalent to 

m 

y={y?-X)-%[ GJT"P^{x) + Cjr^‘ (*)}. 

from ^(5) 5 thus we have 

~ 2 (»« + 1) « + {n~ m) {n + m+l)^ = 0. 

We shall transform this by a substitution of whicli wo have 
already made use; namely 2x = ^+^~\ ^ ° 

so that 2 -/(*^ - 1) = I - p. 

Now ■ ® ^ dtvA l + f-n 

di dx = d^ 

_ n dta- 


czf r-T’ 

dM d^\d^^^-\)dx ci!|‘‘~(P-l)*c^^- 

therefore (1 —a;’') 2P dvr 

dvcr 4 \ I y ~djd ^ "d^* "t" \ > 


b^ f/w 
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Hence by substitution and reduction we jSnally obtain 

rcr-i) J+ 2 n’^+(m+i)r} J 

— ( 7 ?/ — m) (9^ + m + 1) — 1) i3r = 0.(10). 

From this differential equation we shall obtain a series 
for 'sj proceeding according to descending powers of 

Assume -sr = p -f 4- + ..., 

substitute in (10) and equate to zero the coefficient of 
thus 

«' 2 r +2 (« - 2r - 2) (5 - 2r - 3) - (s - 2?-) (s - 2r -1) 

4- 277r (;? — 2?^) 4- 2 (m 4 1) ^.^^+2 — 2r — 2) 

■ - (w - m) (n + m +1) - a,.) = 0.(11). 

Moreover in order that the coefficient of may vanisli, 
we must have 5 (,9 - 1) 4- 2 {m 4- l)s- {ii+ m + = 0, 

that is, 5 (5 4 2m 4-1) ~ (72 — m) (72 -f m +1) = 0 ; so that 

^ = 72. — 771 is a solution. 

From (11) we have by reduction 

^£r+21(^ “ - 2) (5 - 2r 4- 2772 -1) - (71 - m) (?2 + m 4-1)| 

= a2r|(^“-0(^~2^~2m~l) - {n-m) (72 4-w + l)j. 

Substitute n — m for s, and we obtain finally 

__ (2r4- 2m +1) ( 72 -—m ~ 7 ') 

«2r+2 qy -'27^ 1) 

Thus we get 

^ f tn-n,,^n X2m+l) 

+ i.(2^rriy~? 

4. (‘n-m ) (n-m -l)(2m + l) (2m + 3) ) 

j.2.(2/i-i)(2«-3) ^ +•••;' 
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tlie series between the brackets is to be continued until it 
terminates of itself. 

The value of may be found by comparing the first 
term of this expansion with the first term of the expansion 
of 'VT in powers of x, which is given in Art. 97, and supposing 
X indefinitely great: thus we get 

If we put cos 6 for x we have f then the imaginary 
part must disappear from the expression for 'cr, and wo 
obtain 

■GT = jcos [n — m) d + cos [n — w — 2) 9 


(n — w?) (^ — m — 1) (2w -f 1) (2 w -f 3) . 

+ 1.2.(27i-l)(2?i-3) ' 


■ m - 


+ ; 


the series between the brackets is to be continued until it 
terminates of itself. 


104. The last formula shews that if x is not greater 
than unity then ^ is greatest when x is equal to unity. This 
value of 'SO- may be found most readily in the following 
manner. 

By (4) we have 

\n-m 

^(^^’^)==r:3.^5...(2n:::T) ^ 

and, by Art. 18, when = 1 we have 

d^P [x) + wz — 1)... (tz. — m + 1) \m 

2’^‘|m‘j n-^ni ’ 

so that when a? = 1 we have 

w {m, = 2™ [w 173'^.^^ ■ 
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105. If in the process of Art. 103 we change the t 
m, we shall obtain, an expansion for zr (—m, n); and tl 
deduce another formula for zr (m, n) bj aid of the t< 
ZT {pi, n) = — 1)'"^^ (~ m, n) given in Art. 100. 


106. We know from Art. 97 that zr {m, n, cos 9) 

= cos-^ - cos"-”- ^ 

2.4.(2ra-l)(2?i-3) 

It is obvious that by virtue of the relation 
sin^ 6 + cos^ ^ = 1, 
this scries may be put in the form 

cos'*"”*' 0 + cos”-”*”^ 9 sin'"^ ^ sin'^ 9 + • 

It will bo found that we shall thus obtain zr {m, n, c 


= zT (m, n, 1) -1008”"”*^ 9 




’ ’ 4.(m + l) 

4 . (m + 1) (m + 2) 


sin"^ 6 — ... 


To establish this, lot us suppose that the original 
is denoted by 


cos”-”* 9 +a, cos”-”*-" e + a^ cos”"”^”" <9 4-; 

divide by cos”””* 9 , and put 35 for tan^ 6 : then we must 1 
1 4* (1 4* 3f) + ^2 4* 4- ^3 (1 4“ i5)^ 4" • • • 

= 4- if 4~ 4-..., 

and from this identity we are to find 5o> h’ 

Equate the terms independent of t; thus we have 
= 1 4“ 4- 4-..., 

\=:ZT(m,n,l). 


that is 
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Equate the coefficients of f; thus we have 

(r+3)(r + 2) (r+1) 


= ar\l + (r + 1) &l±?K!l±i) 

(r+3)(r + 2) (r + l) <7,^ [ 

+-g »;+ -j 

_ _ {n — m — 2r) (n — m —2r— 1) 

“ t .2 ; (2n - 2r -1) 

(n — m ~ 2r) ... (n —m— 2r — ] 

2,4. (2'}i — 2r — 1) (2n — 'tr — I]) *' ‘ j 

= a^'GT(m + r, — r, 1). 

Similarly {in+ r + 1, n-r-1, 1). 

Therefore ^ = 

Ur dr 'OT [on + r,n — o\ 1) 

_ (n — m — 2'r) (-n — m - 2r - 1) zr (in + r1, n-r - 1, 1) 
2 (2/i-2r~l) ; 

by Art. 104 wc find that this reduces to 

^^’+1 _ — m — 2r) {n — in — 2r — 1) 

br 4 (?}^ + r +1) ’ 

and by this law we obtain the series given in (12). 

107. According to Arts. 97 and 99 the associated func¬ 
tions of the first kind are defined to be the product of a 

(x) 

certain constant into I)*-" In like manner the 

associated functions of the second kind arc defined to be the 

m (x) 

product of a certain constant into {x^ — 1)“^' —* 
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Now 

“Jx"- = ^ r ^-27(2 m ^ 8) ^ ^ •• V 


where 


^T¥:57:(2n+ ij 


Sec Art. 87. 


Hence wo may conveniently take for 
functions of the second kind the expression 


1 

X 


. 1 ) 


dx" 




the assoc^iated 


108. The associated functions of the scc<»nd kind may hn 
put in various forms by the use of the various cxpressiims 
which have been found for [x). 

For example, we have by Art. 37 

Differentiate m times with respect to i/; thus 


(-ly 


\m 




. — V 


( 2 « + l)P„(-«) 


(//'! 

df 


and therefore by Art. 28 

(?/) ^ ep)" 'm ri /I(x)dx 
d/"^^ .. j . 

Hence, changing the notation, we have 




109. We shall not find it necessary to diHCUss tlii* asso- 
ciated functions of the second kind beyontl one more fciriiiiila, 
wdiich wo will now give. Put 




for (7, and for O'(^- 
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■where 0^ and are constants; then we know that y and z 
both satisfy equation (9) of Art. 102, so that 

(1 — 2£c(1— £c^)^+ |m(w+l) —JM®—n(n+l)a:'“|y = 0, 

(1 — ^2 — 2a7(l-^°) ^ + |w(w+l) —«(n+l)®^| « = 0 . 

Multiply the former by z and the latter by y, and sub¬ 
tract; thus 

r . d [ dz dy] ^ ( dz dy 


dx 1*^ dx dx 
Hence by integration 


dx dij G 
/== 


dx dx XT — 1 


(13), 


where (7 is a constant. 

Then by integrating again, 

z ^ dx 

y~"^ Jo; 1)2/'* 

No additional constant is now required, because each side 
vanishes when x is infinite. 

Now let G^ and G^ have such values that y and z repre¬ 
sent exactly the associated functions of the first and second 
kind respectively. Then when x is very great we have ulti¬ 
mately y = a;” and z-=x '’^~^: see Arts. 99 and 107. 

Hence by (13) we have G = — (2?i + 1), and thus finally 

r dx 
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CONTINUED FEACTIONS. 

110. It is shewn in the Art. 801, tliat tlio quo¬ 

tient obtained by dividing a certain hypcrgeoinotrical serif.s 

by another, namely, ^ o ^ , can be developed 

i' {a., P, j,x)’ 

into a continued fraction. 

Eor a special case wo may suppose /9 = 0 ; and then 
T) ic) becomes unity, so that we obtain a continued 
fraction equal to /'’(a, 1 , 7 + 1 , cc), that is equal to tin; 
scries 

1 4. _ a(a+l) , 

^ + 7 + 1®+(7 + 1)(7 + 2 )“= 

1 1 

As an example, suppose = and 7 = ;;; and put 
\ for X: then wo have a continued fraction for 

y 

i+|2/"+Jy‘+..-, 

i + - 

tliat is for ‘|log-that is for 

-j J- JL 


^ Hence, dividing by y, wo obtain a continued fraction ibr 
- log ^ i-j; and the form of it is 


1 - 3AL. 


1 
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tliat is, 


Moreover «._j. „. = gr', ». = ^, ... 

All this can be easily verified from the Article in the 
Algebra already cited. 

111 . Bnt we now propose to find a continued fraction 
1 ^ 1 

for ^ log—^ without the use of the general theory, merely 

by the aid of Legendre’s Coefficients; and this process \ve 
give, not for the sake of the result which may be obtained in 
tlie way already noticed, but for the exemplification of the 
use of Legendre’s Coefficients. 

112. Consider the continued fraction 


Let denote the numerator and the denominator of 
the convergent to this continued fraction. Then 

= U^ = x^-a^, ... I n V 

= E.^ = x‘ — a^, = — {a^ + a.^ X,... ] ^ 

And wo liayc in tlic UHual way 

= . 1 , 0 , 


E.=ool^ 


, A’, 


^’hus V, is of the degree n — 1 'with respect to x, and is of 
the degree n with respect to x. 

From (2) we obtain 
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and from repeated applications of this formula we find wit 
the aid of ( 1 ) that 

= . 

From (3) we obtain — -w = . 


x:. 




— ^ . 


Proceeding thus, adding the results^ and denoting hy > 
the limit of when r is infinite, on the assmnption thai 
there is such a limit w'e get 


JE. 


■a, a„ 


KK 


■ 4 - .+ . 


] 


Thus w^e see that \E^ — is such that if it he ex|)a,ndi‘d in 
descending powers of x there will be no term with an ex¬ 
ponent, algebraically greater than ~ (n + 1). 


IIS. We can now arrive at some results respecting th(j 
forms of and It will bo found that 

Un is of the form -f 4 - -.., 

and E^^ is of the form a?” + a;''"® + 

that is, contains only x^~^ and powers of x in which flie 
exponent is diminished by some even nmnlH*r, wliiht 

contains only a;” and powers of x in which the expement 
is n diminished by some even number. These laws foliow 
immediately from ( 1 ) and ( 2 ). 


114 We must now distinguish two cases. 
L Suppose n even; then E^ is of the form 
+ ......+ 0 ,. 

II Suppose n odd; then E^ is of the form 
a7(a;"-^ + c,a;”-'' +. 
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In both cases the product is to be free from the terms 

/y* 

Moreover we propose to take 

^ = = +-y+-g+.-. 

115. In case I. we find that no even power of x will 
occur in the product XE ^; and in order that 
may disappear, we must have the following ecpiations 
satisfied: 

^ J_ JL J_ 1 — 0 

1+3 +. ^n+1 

+V+.+ -^ = 0, 

3 0 n + 3 

- + _£2rJ_ +. ^ -pI— = 0. 

n-l^n+1 ^ 2u-l 

Thus wc have - equations to determine tlie (piantities 

Instead of solving these equations directly, we may pro¬ 
ceed indirectly. 

It is obvious that these ^ equations amount to the follow¬ 
ing: 

rE,dx = 0, I"E,,x^(Ix = 0,..J 
-1 -1 -1 

and since E^ involves only even powers of x, we know that 

rE^xdx = Q, f= ... = 

1-1 1-1 1-1 

Hence it follows, by Art. 32, that E^ must be of the form 
d”- (cd‘ — 

k —^ where h is some constant. 
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13 6. In case II, by proceeding in the same way as for 
case I, we shall again arrive at the result that is ot the 

117. Since we know that the first term of JE^ is x"", it 
follows that 7c = , 7 ^ . Thus 


2^\n\n 

118. We have next to find V^. 
U„ 


it follows that 


Since A — -jf involves only a; ” 

Un is equal to the integral part of the product 'XE^, that is, 
to the integral part of 


1, cr + l 2’^\n\n 


But by Art. 78 we have 


\p^{x)\og^=Il + Q^{x), 


where B is integral, and [x) is fractional. 

T'\n\n 

Hence it follows that C4== —where 77 has the value 
found in Art. 78. ~™ 

119. Thus if ~ log J can he developed into a con¬ 
tinued fraction of the form given at the heginning of Art. 112, 
we have determined the convergent. It remains to shew 

that ^ log-:p really can he developed in this form; and also 

ju X — JL 

to find 


We know that ~ log 

z x—1 
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Now suppose, as we do throughout this process, that x is 
greater than unity; then (a;) vanishes when n is inde- 
1 +1 iJ 

finitely great. Hence log-- = the limit of when 

^ 2 ^ ^ - 1 Pn{^) 

n is indefinitely great. 

We know hy Art. 56 that 

nP„ {(c) - (2n -1) xP^_^ {x) + (n - 1) P^_^ (a?) = 0 ; 

2’^ \n \n 

let Yn stand for — y P that is for 
yin ^ ^ ^ 


tlms T,^{x) -xY,^_^{x^ 


1.3.5... (2%-l) ” 

V (r^\ 1 


P,, {(c ); 


__ Y (k) - 0 

{2ti - 3) {2ti -1) • 


HO tliat r„ {x) =xY^_, {so) - a„_, (.*) ; . (4), 

whore a„_, ^2.^1 _ 3) - 1) ‘ 

1 x -^1 

Multiply both sides of (4) hy w log ~ ; then each term 

gives I'ise to .an ititegr.al and a fractional part, and denoting 
■ by Y„{x) the integral part of ^ r„log , wc get 

{x) =xZ,^_^ {x)-a„_,Z„_^ {x) . (5). 

z 

From (4) and (5) wo sec that y- can be put in a con- 
tiruiccl fraction of the rc(|uiro(l form, extending as far as tho 
component . And ccpial to . 

11 2 2 

Also = j’ 3 > a, = 3' - , and generally 


(2ot —l) (2?n. + l)' 
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CHAPTEE X. 

APPEOXIMATE QXJADBATUPE. 

120. Suppose that we require the value of a certaii 

integral between definite limitS; say J f{x) dx ; if the in 

definite integral is known, we can at once by taking th< 
values at the limits determine the definite integral. But i 
the indefinite integral is not known, we are in general com 
pelled to use processes of approximation, and such processe; 
may also be advantageous in some cases where the indefinite 
integral is known, but is of a very complex form. One o. 
the most obvious applications of the result is to find the 
area of a figure bounded by a given curve, certain fixec 
ordinates, and the axis of abscissae; and thus it is frequcntl} 
described as the approximate determination of the areas o: 
curves, or in old language as the approximate quadrature o; 
curves. 

121. The matter is discussed in the Integral Calculiis^ 
Chapter vil, and various rules concerning it are there given: 
these rules all imply that we draw equidistant ordinates 
between the two fixed ordinates. The method of Gauss, 
which we are about to explain, implies also that intermediate 
ordinates are drawn, but not at equal distances, and in fact 
proposes to determine the law of succession of these ordinates 
in such a manner as to ensure the most advantageous result. 

122. Let/(^r) denote any function of x, which is sup¬ 
posed to remain continuous between the limits — 1 and -f 1 
for X, Now a function of x can always be found, which is 
rational and integral and of the degree n — 1, and which is 
equal in value to f{x) when x has any one of n specified 
values. 
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For let denote these specified values; put 

f(co) = (a?-aj {oB- .(a?-aj, 


4>(x) = f {x) \ j ^^4v7~^ + 7 —^ 7 -^ + 




then. <f> (x) is such a function as is required. 


For (f> (x) is obviously rational and integral 
decree n — 1. Also the value of when cc = 


and of the 
is ir'{ar); 


and thus the value of <j^) (x) when cc = a^ is /(a^). Moreover 
there is only one such function. For if there could be another 


denote it by % (ju). Then <p {x) and x (^) equal when x 
has any of the values thus <^{x) — x W vanishes 

for n different values of x, which is impossible, since 
^ (ic) —% (^) is of the degree n~ 1 at the highest. 


123. We may suppose that the n values a^, all 

fall between — 1 and +1; thus, using geometrical language, 
the curves y=(^(x) and y=^f{x) have n points in com¬ 
mon, corresponding to abscissa) between — 1 and +1: and 

I ^ {x) dx may bo taken as an approximate value of 

I f(x) dx, subject of course to some examination of the 
amount of the error thus introduced. 


124. Let ^ dx be denoted by Ar; then 

[ (;6(^)da: = A,/(aJ+A/K)d-.+A/K).(1> 

j-1 

Now hero it will be observed that Ar is quit© independent 

of the form of the function / (cc); so that when A^, A,,, . A^ 

have once been calculated, we can use them in (1) whatever 
/(x) may bo. 
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125 . The older methods of approximate quadrature used, 
as we have said, equidistant ordinates. According to this 
method we should have 


_ 1 —2r — 92 — 1 


SO that = — 1 + 


2 (ti — r) _ n — 2r 4-1 


92—1 




Thus i/r {x) = (ir - {x 4 ~ ^ 2 ) (^ + <^ 2 ) . 5 

so that if n be even -x/r {x) involves only factors of the form 
— a\ but if n be odd one factor is x. 


Hence 

and therefore 
so that 




Now 


— 1 r (ofi) dx 
“ ■f' (a^J 

— 1 r ipd) dx 


_ 1 ■^(—x)dx 

^ 1 r (-1)” ^ M- dx 

_ 1 ^lr(x) dx . 

Thus the quantities A^, A^, . A^ are such that those 

which are equidistant from the first and the last are equal. 


126 . The CTTOT which arises from taking the approximate 
quadrature instead of the real quadrature is 

[ f(pd)dx-“% A^f {a^ ; 

-1 

here and throughout the Chapter 2 denotes a summation 
with respect to t from r* = 1 to T = n, both inclusive. 

Now if f{x) be a rational integral function of a; of a 
degree not exceeding n —1 this will vanish, for then fix) is 
identical with ^ (a:), and there is no error at aU. This holds 
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tTien. for the ordinary process of approximate cj^Tiadrature:, since 

it liolds whatever may be the law by which a^, .are 

determined. 

Gauss proposed to take .in such a manner 

that the error should also vanish when f (x) is any rational 
integral function of £c of a degree not exceeding 2rb — l, To 
this we now proceed. 

Suppose then that f[x) is of the degree 2ti —1. Since 
(x) vanishes when x has any of the values 
it follows that /(^)—<^ (a?) is divisible bj '\}r(x). Assunae 

then that .. . 4 CgO;® +.4 x ”'~\' 

T W 

so that f(x) — <j> [x) {oci) {oQ-h Cj^x + + .4 

By ascribing suitable values to c^, we may obtain 

every possible form of f (x) of the degree 2ii — 1, under the 
condition that/(aj) — ^ (x) vanishes for the n specified values 
of iC. 

In order then that J /(^) - / (f) (x) dx may vanish 

for every possible form of / (a?) of the assigned degree, we 

must have j x"" [x) dx = 0 for all positive integral values 

•of r between 0 and rv — 1 inclusive. Hence it follows hy 
Art. 32 that \}r {x) must he of the form GP„(a?), where 
Gis a constant; and therefore the roots of i/r (x) == 0 must he 
those of (x) = 0. This determines the law of succession 
of the quantities a^, 

Since the coefficient of in \lr(x) is supposed to be unity 
we must have 

rf 

127. Since by Art. 7 we have — and = — 

it follows by Art. 125 that “When n is odd the 

middle term of the set is zero. 

128. Thus we see that if/H be rational and integral 
and of the degree 2?i -1 at the highest then [ / (x) dx is 
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exactly equal to j (f>(x)dx, when ... are the roots 

of {x) = 0; or, to use geometrical language, the area of the 
figure bounded by a portion of the curve y=f{oc), two fixed 
ordinates, and the axis of ahscissse, can be determined exactly 
when besides the two fixed ordinates we know n intermediate 
ordinates at suitably selected intervals. 

We proceed to consider the amount of error which the 
method of Gauss involves when f{x) is no longer restricted 
to be of the degree 2?^ — 1 at the highest. 

IS 9 . Suppose that f{x) can be expanded in a convergent 
series so that 

/ (a?) = 5o + +... -f +.(2). 

The whole error is J / (x) dx — X A^f(a^. Put for f(x) 

and for/(aj their expansions from (2); then the error will 
consist of a series of terms of which the type is 

we will denote this by 

Now we know from Art. 126 that vanishes if m be 
not greater than 27^ — 1, so that the whole error reduces to 

"b ^2 m+ 1 “®2n+l "h ^2n+2 ^2n-lr^ "b. 

ISO. We have first to observe that all the terms with 
odd suflSxes will disappear from the preceding series; that is, 
2p + l being any odd number, we shall have 

J' = 

For J dx is obviously zero; and is zero 

by reason of the facts mentioned in Art. 127. 

131. Consider then that is f da; - 
2 

that IS ~ it is obvious that this is equal to the 
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coefficient of in the development of log ^ -j ^ - 7 ^ 
in descending powers of z, 

let X (^) =1 ^ - 7 " ^ .(3)> 

then xM=f forP„(ar) = 0 ; . 


4 - 


But X {z) is a rational integral function of z of the degree 
n — 1, and therefore by Art. 122 we have 


. 

Thus from (4) and (5) -we get 

X{Z)=PM^^. 

z — Oj^ 

But by Art. 127 we can also write this 
and therefore, by addition, 

X_{z)=zPM^^.- 

Hence z % ^ , and therefore is equal to 

the coefficient of in the development of log-^^ ^ 

^ -1 ^« (^) 

in descending powers of z. 

But by (3) we have 

= P» («) log - 2Q„ (z), by Art. 80. 
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Hence finally is equal to the coefficient of z 

20 (£] 

the development of descending powers of 2 ;. 


.-2JP-1 


in 


Let = 






2?x+l [l.3.5...(2?i-13 


; then we have 


JL (^+1) (^ + 2) 3 

2Q„ (z) + 2(2n + 3) 




=fi- 




2(2n-l)' 

If this be developed in descending powers of z we obtain 


ftZ 

thus we have 


I H' { {n + l){n-fr2) to(w-1) ] 

■^21 2a+3 2n-l J 






li{ {n+\){n + 2) n(«,-l)l 

2 I 2w + 3 2%-lJ’ 

132. We may investigate somewhat more closely the 
extent of the error to which the new method of approxima¬ 
tion is exposed. 

By Arts. 72 and 77 we have 

-P. (^) z — 1 z~a 


where 


so that 




a= 




Thus 

(A , 


= log^ + 2S 


1 


P„ (^) 2 -1 ■ {P; -1) (^ - a,) ’ 

But since a^j = - a, we may write this thus: 

_ io„ *±1 , 2 _y_1_ 

P. (z) + {F:(a;)Y {a; - 1) (P - V) • 
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Let this he developed in descending powers of 2 , then we 
find that the coefficient of that is is 


•~2S 


2 ^ + 1 


By comparing this with the value 

Art. 131, we see that A=- -s 

1 - a. 


of at the beginning of 

■ 1 r 




This furnishes 


a new expression for A^, and shews- that it is necessarily 
positive. 


Let stand for so that 8^^. 

Let /3 denote the numerically greatest of the quantities 
a^, ... then since A^, A^, ... A^ are positive it is ob¬ 
vious that /? 2 p +2 is less than But we know that E^^_^ 

. 2 

IS zero, so that 5 l^^^ce it follows that">S2,^^.22^2 is 

2 / 3^2 

less than ^ , and therefore jE^ 2 u+ 23-2 cannot differ from 


by so much as 


2 / 3 ^< 


.. 2^ 

each of the quantities A^ ^ 

E^ is zero when p is zero, we have 


-j. We may observe that 
A„ is less than 2. For since 


-^1 d " -^2 + • • • + A ^ = 2 . 


Moreover when n is even each of the quantities is less than 
unity, since any two equidistant from the first and the last 
are equal. 


133. Let us now make some comparison between Gauss’'s 
method and the old method of equidistant ordinates. We 
suppose that n ordinates are used besides the extreme ordi¬ 
nates. Suppose as before that/(ir) can be put in the form (2). 
Then according to the old method the error may be de- 
noted by by the principles 

of Art. 130 this reduces to + + +... if 

n be even, and to K+l^r^l + +... if « be odd. 
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According to Gauss’s metliod the error may he denoted by 
A E., + A ^„E„ ^ + A ^E„ But it must be remem- 

bered that such a symbol as does not denote the same 
thing in the two methods; for this reason, and because 
••• ^ot known until f(x) is specially assigned, 
we cannot make any close arithmetical comparison between 
the two methods. 

If the expansion of f{x) is extremely convergent, so that 
the quantities 6^^^, &n+ 2 ’*“ ^ rapidly diminishing 

series, we may draw two general inferences. 

I. In the application of the old method if n be an odd 
number, then n ordinates are as advantageous as n +1. 

II. The new method by using n ordinates is about as 
advantageous as the old method would be by the use of 
ordinates. 


134. There is another mode of investigating the results 
of Art. 131 which may be noticed. We propose in fact, using 
the notation of Art. 122, to find the value of 

J 

TSTow since /(x) — (f> (x) vanishes when yjr (x) vanishes, we 
will assume that/(a;)-~^(aj) is divisible by ^(x); this would 
certainly be true if the expansion oif{x) consisted of a finite 
number of terms, and on the supposition that the expansion 
of f{x) is highly convergent, we may admit that f{x) may 
be treated practically as if there were only a finite number 
of terms. 


Let then fifi) —<j^ {x) = (^r) % (x), 

so that X (x) may be considered to be equal to the expansion 

(a?) . j. ^ 

Qf in ascending powers or x. 

Now <p (x) is of one dimension lower than (a;), and so 
the expansion of will consist only of negative powers 
of X; hence these negative powers will cancel those arising 
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from the expansion of leave % {x) equal to the 

"fide) 

aggregate of the terms in the expansion of which in¬ 
volve 'positive powers of x. 

Suppose then = § + ^ + + .(6), 

for it is obvious that the other powers of x will not occur in 
the expansion, since (x) involves only and other terms in 
which the exponent differs from n by an even number. Since 

^ f.'j _ _ nj n-l) r>(n-l)(n-2)(n-3) _ 

rW-^ 2.(2n-l) ^ 2.4!.{2n-l){-2n-3) 

the values of /3^, ... are found in succession from the 

equations 

l=/3o, 

0 = 3 3 

^ 2. (2w -1) ^0’ 

n _ /Q _ JLI^LzIL ff j. n(n -l)(n-2)(n-3) „ 

" “ 2. (2w -1) 2.4. (2n - 1) {2n - 3) 


Now the error = J |/(«) — <f> (a:)| dx=j (x) dx; 

•P ^ 

and X (a?)=that part of which involves powers of x 

=^ A++Vs 

+ + ^ 4 ) + • • •) 

by (2) and (6): and thus the error becomes 
hJB^ + + i^n+2-^2 + • • •> 

where stands for f {x) dx, 

J -1 
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Now J af'i]r{a)')dx vanishes if m is less than n ; and thns the 
error lednces to +-... 


Also ^lr [oo) = CF^ [x), -wliere C stands for 
and thus the error 


I n 

I.3.5.r(2%-1) 


+ j Pn («) • 


The integratioDS may be effected by Art. 35, and thus 
giving to jjb tbe same value as in Art. 131, wo find that the 
error 


d" f^'^in+2 


' (71-f 1)(^ -1-2) 

2.(2^ + 3j 




[n 4- l)...(n4- 4 ) ^ (u+'l ) {ni-2) ^ 

2.4.(2yi+-3)(27i+5)'^^^ 2,[2n + 3) 


+ . 


135. We have supposed throughout that the limits of 
the integration are — 1 and *+ 1; but by an easy transforma¬ 
tion we can adapt the process to the case of any other limits. 
Suppose, for example, that we put a? =2^-1; then f = 0 
when a; = — 1, and | = 1 when so = 1,’ so that 

f /(x)dz=^2l'/(2i-l]di. 

•' -1 -^0 

Let/(2^ — 1) he called ^ (|) j thea 

^ (f) = ly /(x) dx, 

or .••••( 7 ). 
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and thus we shall have approximately by Gauss’s method 

.( 8 ) 

Let ^== (7^, and ~ — = 7 ^: tlieii approximately 

.(9). 

•J 0 


Gauss has calculated the quantities of which and 7 ^ 
are the types, for all values of n from 1 to 7 inclusive; we 
will give his results in an abridged form at the end of the 
Chapter. 

It will he observed that 7 ^, 7 ^, ... 7 ^ are the roots of the 
equation —- , = when for x we put — 1 ; so that 


they are the roots of 
roots of 


dT (?-!)” 


= 0 ; that is they are the 


f«_11_ f 4. fc»-2 , _ A 

The roots of (x) = 0 can be obtained from the values 
which we shall give for 7 ^, 7 ^^,... 7 ^^, by the relation ay= 27 ^- 1 . 

Again, to estimate the error produced by using (9), sup¬ 
pose that 

<fg+|)-i.+i.|+A(|)'+-. 

then as this is the expansion of ,f(x) the former notation 
and the present are connected by the relations 


Jy J 

f *^2En+a ggw-Mt J ' 


Moreover from (7) and (8) we see that the expression for 
the error will be half th&t formerly obtained; so that it will be 
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fi, fi ( (7i4-l)(ra + 2) ?^(w-l) ] , 

2 ""‘^41 2?i+:3 2^^-l j 


that is 

T u. ( (^+1) (w + 2) ?i(n-1)] j- 

-f- I 2W + 3 2n,-lj 

186. We will now give the numerical values required 
in the formula (9) for the values of % from 1 to 7 inclusive. 

01 = 1 n = 2 


7, = *2113248654 
7^ = 7886751346 


7i = 'o 

( 7 , = 1 

n = S ■ 

7, = 1127016654 
% = -o 

73 = -8872983346 


w = 6 

7, = -0469100770 
73 = -2307653449 
% = '5 

7, = -7692346551 
73 = -9530899230 
e;= (73 = 1184634425 
(7^ =-2393143352 
<7. = -2844444444 


0,= Ci = -5 

n. = 4 

7, = -0694318442 
73 = -3300094782 
73=-6699905218 
73 = -9305681558 
0, = 1739274226 
C4= (7. = -3260725774 

= 6 

7. = -0337652429 
73 = 1693953068 
73 = -3806904070 
7, = -6193095930 
73=-8306046932 
73 = -9662347571 
(7^ = (73=-0856622462 
(7, = (7, = -1803807865 
(73= (7^ =-2339569673 
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n = 7 

= -0254460438286202 
7^ = -1292344072003028 
7 , = -2970774243113013 
% = -5 

7^ =-7029225756886985 
% = -8707655927996972 
7, = -9745539561713798 
G, = Gj = -0647424830844348 
G„=G= -1398526957446384 
G,= G, = -1909150252525595 
-2089795918367347 
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CHAPTER XI. 

EXPAITSIOIT OF FTJlSrCTIOlSrS IX TERMS OF LEGEXDRE'S 
COEFFICIENTS. 

187. We have seen in Art. 27 that any positive integral 
power of X can he expressed in terms of Legendre's Coeffi¬ 
cients; and hence also any rational integral function of x 
can be so expressed. We have next to determine whether 
any fwnction whatever of x can he so expressed; this matter 
however is somewhat difficult, and we shall treat it very 
briefly here, as it will come before us again when we consider 
the more general Coefficients which we call Laplace’s, and 
which include Legendre's as a particular case. 

138. Let/(^) denote any function of a;; if possible 
suppose that 

f(x) = a, + a-A («) + [x) +.(1), 

where a^, a^y are constants at present undetermined. 

Let n he any positive integer; multiply both sides of (1) 
(x)y and integrate between the limits — 1 and +1; 
thus % Art. 28 

therefore ^ - J P^{x)f(x)dx .(2). 

Thus if f (x) can be expressed in the form (1) the constants 
a^y a^y... must have the values assigned by (2). 

The formula (2) implies that/(a;) remains finite between 
the limits — 1 and -f 1 of a?: this condition then must be 
understood in all which follows. 
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189. Since the constants in (1) are thus determined it 
follows implicitly that there can be only one form for the 
expression of a function in terms of Legendre’s Coefficients; 
this may be shewn more explicitly in the following manner. 

If possible suppose that 

/ ip) = «» + ip) + («)+.--, 

and also [x) + (^) +_ 

By subtraction, 

0 = ^0 ““ &o + (^1 “ ^ i ) -^1 (^) d " K ^ 2 ) -^2 ' 

Let n be any positive integer; multiply by {x) and 

integrate between the limits 1 and +1: thus by Art. 28 

2 ? 2 .+ 1 • 

Therefore and thus the two expressions coincide. 


140. We have shewn that if f(x) can be expressed in 
terms of Legendre’s Coefficients the expression takes a single 
definite form; but we have still to shew that such a mode 
of expression is always possible. This we shall do, at least 
partially and indirectly, by finding the value of 

where X denotes summation with respect to n from zero to 
infinity. We shall require an auxiliary proposition that 
will now be given. 

141. If (f> (x) be such that it is always finite and that 
I x*" <f> \pc) dx vanishes, where p and q are fixed, and n takes 

p 

successively every positive integral value, then ^ [oc) must be 
always zero between the limits p and q. 

For if ^ {x) be not always zero between these limits it 
must change sign once or oftener. Suppose <f> (x) to change 
its sign m times, and let ... x^ denote the values of x 

at which the changes take place. I4et 

(«) =-{x-x;)(x-iv,)...(x-icJ; 
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then hy multiplying out we have 

where A^, A^, ... A^ are constants. 

Now we have hy supposition 

f x'^cf) (x) dx = 0 .(3). 

J p 

In (3) put for n in succession m, m~l,... 0; and add,the 
results multiplied respectively by 1, A^, ... Thus we get 

f ^^{x) (f> (a?) dx = 0. 

j p 

But this is manifestly absurd, for 'xjr (x) and (f> (x) change sign 
together, so that '\]r [x) <p (x) does not change sign. 

The condition that (j> {x) is to remain finite is intro¬ 
duced because we can have no confidence in the results of 
integration when the function to be integrated becomes in¬ 
finite. 

142. We now proceed to find the value of 

We assume that it is finite, and denote it by J?" [x) ; so that 

(X)f(x) dx. 

Multiply by (x) and integrate between the limits — 1 
and +1; thus 

/_i ^ K i^)f (^) ; 

therefore f (x) {P (x) -/(x)}dx = 0 .(4). 

-1 

Now we know that x"* can be expressed in a series of 
Legendre’s Coefllcients; let then 

x*^ = ix) 4 * (x) 4 ^-.2 (^) + • * • • 
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Multiply (4) ty then change n in succession into 
— 1, — 2,..and add; thus 

J oj” {-F (a?) —/(u?)} dx = 0. 

This then holds for every positive integral value of n; 
and hence by Art. 141 we have F[x)'—f{x) =0; therefore 
J (a?) =f[x). 

This process is given in Liouville’s Journal de MatMma- 
tiqueSj VoL ii. 

143. Thus we see that if the series denoted by 

really finite, it is equivalent to f{x)\ the diflficulty is to 
shew generally that the series is finite, and as we have said 
we shall return to the subject. 


■ 144. As an example suppose it required to express x 
in a series of Legendre’s Coefficients, where ^ is a positive 
fraction, proper or improper, which reduced to its lowest 
terms has an even number for numerator. 


Then J {x) dx = 0, when n is odd, 

^ =2 x^P^ {x) dx, when n is even. 

J 0 


X 


Thus, by Art. 34., 

_ 1 . 5h P M I 9k (k— 2) -p ( \ 

~ FTT()fc+l}(A:+3j W + (A;+1)(A;+3 )(jH^ J".W + • • • 

(4to +1)/c(A; — 2) ...{k — 2m + 2) „ . . 

(A+lj(A; + 3)...(/fcH-2m + l} ■*"‘ 


It will be seen that after a certain term the numerical 
factors are alternately positive and negative; and it may be 
shewn that they are ultimately indefinitely small: hence the 
series is certainly finite if cu is numerically less than unity.. 
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To shew that the numerical factor is ultimately indefi¬ 
nitely small we observe that it bears a finite ratio to 

4m + 1 2.4.6... (2 ot — 2) 

Fflm+T ■ 3.5.7... (2m-13 ’ 

^ . 4m 4-1 {2“"* jm—1}’' 

larnTT -- 


and the ordinary mode of approximation will shew that this 
vanishes when m is infinite. Integral Calculus, Art. 282. 

145. As another example we will express —pin 

' fii- X} 

a series of Legendre's Coefficients. 

In Art. 14 suppose n even, say =2r; then the term in¬ 


dependent of 6 will he found to be 


1.3.5... (2r-l) 
2.4...2r 


thus (cos 0) dd is equal to this expression. 

this is zero if n be odd, and if n be even it has the value 
just found. Thus by (1) and (2) we have 


+ 13(|^)Pe(«^) + -}.(5). 


If we put cc = 0 we deduce 


^" Ki) (H) ~(2Tlr9 


146. Again, we will express ^ series of 


Legendre’s Coefficients, 
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In Art. 14 suppose n odd, say =2r + l; then the term 
which involves cos 6 will he found to be 


2 [ l-3.5...(2r-l) V 2r + l 


2.4... 2r 


2r + 2 


and thus 




this is zero if n be even, and if n be odd it has the value 
just found. Thus by (1) and (2) we have 




i {si AW+7(iy5r.W+u(|73’|p.W+... 


147. Integrate (5), making use of Art. 61; thus 




Integrate (6), making use of Art. 61; thus 


^(1-30-2 ®(2) ' 4^ (2.4) 

“(2.4.6) 8■ 


148. Multiply the left-hand member of (5) by 

———iand the right-hand member by the equi- 
V(l-2a;c + a‘)’ ® j 'i 

valent series 1 +P^a + + ...; then integrate between 

the limits -1 and +1: thus we get 

Q 
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- -c“; V{1. - + a^) ’ 

In a Kimilar manniT we nltfniii fmtii (<!) 

f* ;rf/x 

V'.l “'Il-w + it'} ’ 

, f» C'fW 

*'***^‘' *** ia Vil - tarn 0 + U'; 

T!icM'*'^iiiiipli‘s Ilf hftx ! ir»., J4H firc! Iaki»ii frwiii Crdlt*' 

Jmmml VcJ, r»li. 
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CHAPTER XII 


MISCELLA])3'E0US PEOPOSITIOKS. 


149. Art. 96 we have shewn that 
{^ + V(a?®-1) cos ^ 0 + cos (jf) + cos 2<;6 + -. + cos n<f>, 


where 


2 (pc^-iy 

' 2”’ ^ 


or as we have expressed it in Art. 97, 
2 | 2 ?^ 


2" m 


{x^ — 1) ^ isr (m, ri); 


but when m = 0 we take only half of these expressions. 

Now let X be positive and greater than unity, and sup- 
pose that we expand in the form 

&0 + 5j cos ^ + ?>2 2^ + ... + cos ncj^ + ..., 

where &q, are functions of x which do not involve 

then it is found that so long as m is not greater than n the 

fraction ^ is independent qfx: indeed as is zero when m 

is greater than n, we may say simply that is always inde- 

pendent of x. 

This has already appeared in the case in which m is zero; 
for we have in fact shewn in Art. 49 that ~ = 1. W*e shall 
now investigate the general proposition. 
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150. We know that if m is greater than zero, 

a^=— [x-\-sj(x^ — 1) cos <pY cos ; 

0 

■we shall denote the definite integral by so that 

2 ^ 


Also we know that if m is greater than zero, 

_2 f”' cos _ 

“ ~ TT j „ [x +- 1) cos ’ 

■we shall denote the definite integral hy 

h=-J, 1- 

We shall now transform the definite integral 
It is shewn in the Differential Oalcultos, Axt. 369, that 
sinOT0_ 

m dir-^ 


■where t = cos^ and \=-— 


(-1)“-^ 


Hence 


1.3.5...(2m-l) ■ 
cos m^dcf) = X — 


Substitute in ; thus it becomes 

/ ~l Jtn fi V2\m-l 

Jx + t - 1 )}” dt. 

Integrate by parts, and then again by parts, and so on 
until the operation has been performed ni times; then since 

vanishes at the limits so long as r is less tlian m, 
which is the case in our process, we obtain 
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Then restoring cos <f> for t -we obtain 




V„ 


= r{x + V{x-~l) cos<f}}”^sin^’^<l>dcj> .( 1 ). 

J 0 

If we apply a similar transformation to we obtain 


n 


n-i-m 


-f 


(»•-!)■ V.„, 

s\n^(f>d4> 

[x + f/(x’‘— 1) cos <^]“ 


•( 2 ). 


We shall now shew that the definite integrals on the 
right-hand sides of (1) and (2) are equal; this gives in fact the 
demonstration of the statement of Art. 149. 

First change ^ into 7r~(jf) in the definite integral in (1); 

then it becomes j [x —a/( o)^ — 1) cos 
J 0 

Now use the same trtosformation as in Art. 49, namely, 

cos A = + 

^ ic + V(a:® — 1) cos ^ ’ 


which leads to sin (f> 
a; — V — 1) cos 
d(p 


sino/r 


X 4" aJ{x^ — ij cos ' 

__ 1 _ 

X 4- a/(x^ - 1) cos y}r ' 

d'ifr 


x-t\/(x^— 1 ) cosyfr^ 

thus f [x — V(^ — 1) cos sin®^0 

•^0 

_ f" Birx^'Ip'd-ijr 

~J, {x + • 
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Hence from (1) and (2) we have 


(-ir 


\n—m \n 

I. — j — . I— j- 

n ^ " 


so that 


J. 


\n \n 


I n-\’7ri \ n--m 




We have thus two forms for the associated functions of 
the first kind analogous to the two forms for in Arts. 47 
and 49; namely 

m 

2*^ |n+m \n—m 


TT 


n \n—m 

J {ii? 4- 1) 'yn<pd(j), 


and also when x is positive and greater than unity 
{x^— l)^isj{m, n) 

JullTJ™ r m(l> d<p 


(— i) 1^ rn 

"" 7rl.3.5...(^n'-l) j. 


(2n - 1) J ^ - 1) cos ’ 

151. The process given in Art. 96 for the expansion of 
[x + a/(^^ ~ 1) cos may be generalised. 

For if '\lr{x) denote any function of x we have 


x + 'yfr^x) cos (f> 


___ {aj 4 e''^^fr(x)Y 4 (x)Y — 


lx) 

and hence the expansion of {a; 4 [x) cos <pY found 

thus: expand -—- > in powers of z, at the end put 

e^^'xjrlx) for Zf and {'\Jr(x)Y — x^ for al We shall thus obtain 
for the general term 

h f + “Oj cos m<f>, 


where D stands for ^; and at the same time we obtain the 
theorem 
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in these formulae the value of is to he substituted after the 
differentiations are performed. 

152. We may exhibit P,^ [x) as a determinant. For put 

•^n + "h -f ... d- = F..(3), 

where A^^y A^ are constants; let these constants be 

determined by the conditions that J Vx'^'dx = 0^, when m is 

any positive integer not greater than n. 

1 ri 1 . . 

Put = K x""dxy so that a^ =-r- if r is even, and 

2J_^ / r+1 ^ ’ 

= 0 if r is odd. Then by putting for m in succession the 
values 0, 1, 2,... ti — 1, we obtain the following n equations: 


AnCi^ -{■ A^a^ =0 

Ayi^l "t <^2 "h • • • "t" -^o^w+1 ^ 

A„ (z„ 1 "h A„ - ■+...■+ Af.ci „„= 0 - 


•^n^n-X "h ... 4" -^o^2n-l ^ ^ 

We may consider that (3) and (4) form 9^^-l equations 
for expressing A^y A^y ... A^ in terms of F, cr, a^y ; 

thus we get by the Theory of Equations, Art. 388, 

A,xM== VxN, 

where M stands for the determinant 


^0 ? 


<X^y 

• «» 


CXg, 


■ ^n+l 

a«-i> 


«««> •• 

• “sn-l 

1, 

X, 


. x" 


and N stands for the determinant obtained from M by 
omitting the extreme right-hand column and the lowest 
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Now we know by Art. 32 that (x) i 
S' certain constant into V, and as the coc 

n (sj) is — • ^ ^ , we have 

\n 

73 ^ ^ 1.3.5...r2w-l) V 1.3. 5 .. 

- ^ 


Thus jP (x) is expressed as the product of 

nr - . V . . 1.3.5... C2n — 

M into the constant factor-—^—i— 5 r^:r——— 


15 3. The value found for P„ [x) verifiess 
property that J F„(x)x^dx = 0, when 

integer less than n. 

For since 7= the value of |J F2c” 

to bo j where fi is obtained from M hy * 
row of Jf into 

®m+l> ''' ^m+n * 

But thus fjb has two rows identical, and "fcl: 
by the Theory of Equations, Art. 371. 


154. Since is zero when r is odd, 
that we can separate the equations (4) into 
involving A^, A and the other involv 

Tho number of equations in the latter g-J 
HUTno as the number of the quantities AL ^ , 
aa the right-hand member of each ecpxatic, 
tain .^1 = 0, At, = 0, A, = 0,.... The fornro j 
tions in conjunction with (3) will serve to f 
obtain a result which we may express thu« : 

J,xM^==rxN„ 

whore Afi and are determinants. 
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If ^ = 2r we have for the form 


<^0> 



... 




••• ^2r+2 

^2r-2> 



... ®4r-2 

1, 

x\ 

x\ 

... 


If = 2r +1 we have for the form 


^2> 


• 

• ^2r+2 

a^, 


00 


«2r> 

^2r+2? 

^‘2r+4> • 

«4r 




^2r+l 

Xj 

X , 

X , 

.. X 


In each case is formed from by omitting the ex¬ 
treme right-hand column and the lowest row. 

As before we have 

\n 

P fr) 1-3-5...(2^-1) M, 

Articles 152... 154 are taken from the Comptes Itendus 
of the French Institut, VoL XLVii. 


so that 


155. In Art. 102 we saw that if y = i3j (m, n) (cc^~l)% 
then 

(1 — a^y 2^ — 2a?(l — x^) ^+{n (ti+I) {n >+1) x^] y=0; 

we will denote y by <p {m, n), and proceed to some properties 
of this function. 
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156. Let stand for J ^ (m, n) <f> {m^ v) dx, then 
Avill vanish, if n and v are different. 

For from the differential equation of Art. 155 wc obtain 

= 7n?^ ^ dx — n (n + l) J (w, ti) </) (m, z/) dx. 

By two integrations by parts the left-hand member becomes 

^ dx ’ 

and this by the differential equation 

= 73^2 J dx — v (v + l) j <j> (m, n) <j) {rrij v) dx. 

Therefore . 

[v {v-i-V) — 71 (w + 1) } J (f) (m, n) <f> (m, v) dx=^0 ; 
and therefore if n and v are different = 0. 

m 

157. We shall next find the value of when v = n. 

By Art. 97 we see that 

<}> {m, n)' 




1 ^ 


\n 


by Art. 96 we are allowed to change m into — m in the 
expression here given without altering its value, so that we 
have also 

Hence we have 

f’ r, , r d"^{x‘-lY , 
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/: 


Integrate by parts; thus 




dx"' 


- j : 


jn+m-l (^2 _ 

Integrate by parts again; and so on until we arrive at 
‘ d” - 1)" c^"(a;^-l)" . 


dx. 


this, = (-1)” {|n 2 t/( a.)r {l!!2”) 


2 (~ 1 )" 


Thus finally when v=^n we have 


A" = 


2/14-1 {1.3.5:..(2n-l)}"' 


158. It will be convenient to state the results of the 
last two Articles in another notation by the aid of equation 
(4) of Art. 97. We have then 


r 

J . 


1 


da;™ da;™ 


(l-a:*rda;=0. 


if n and v are different; and 



dsd'^ 


(1 — dx = 


2 \n-\-m 


{2n 4 1) 


n — m 


159. We shall now establish the following relation: 

(2n — {m, n) = nxj> (m, n — l) + (x ^^ ^ n— 1). 

By using the formula quoted at the beginning of Art. 157 
and reducing, and putting D for ^, the proposed relation 
takes the form 
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and {x^ -1)” = ^ {x^ -1)" = 2nl)”*”'-^x (x“-1)""' j 

so that the relation hecomes 
[n — m) (a? — 1)"”* 

= {n + 9n) xD"^-'- {a?- 1)“-' + (^-1) 1)”"'.(5). 

We shall establish (5) by induction. Assume that it is 
true, and differentiate both sides; thus 

(n — to) D^x («*— 1)“”^ = (n + m) xD'^*’^(a?— 1)”~‘ 

+ (£c“- 1)"-'+ (n + m)D''^”--^{x^- 1)”"* 

4-2xZ>"'^(a;“-1)"~‘.(6). 

But by the theorem of Leibnitz, 

D^^x ia? - 1)"-^ = xir-^{x^ - 1)”-^ +{m+n) 1)”'*; 

and thus (6) may be written 
(n - [a? - 1)"'* = (w + m) xD’'*^{x^ -1)"-' 

+ (£c”- l)D'^^\x^-iy'^ + I)''*^x{x^- 1)”-* 

this is what we should get from (5) by changing m into 
m +1; so that if (5) be true for any value of m it is true 
when m is changed into m +1. 

But (5) is true when m = 0; for then it becomes 

nlr-^x (a;“ -1)"'^ = nxJT-^a? - l)"-i + (a? - 1)2)’' {x^ - 1)"-’, 

that is « (m - l)ir^{x^ - 1)-*-" = {x^- 1) ir[x^ -1)""'; 

and this is a particular case of equation (2) of Art. 96, 
namely, what we obtain by putting 1 for m, and changing n 
to ra — 1. 

160. The results of Arts. 156 and 157 enable us to ex¬ 
tend to the function <f) (m, n) some propositions which hold 
with respect to P„(a;); this will be seen in the next three 
Articles. 
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161. Suppose that a function f(x) can be expressed in 
the form 

f{x) ~ a^j>{m,rri) + m + 2) + 

where are numerical factors to be determined. 

Then these numerical factors may be determined by the 
general formula 

J {(f) (m, m+r)Ydx = j f(x) ^ (m, m + r) dco. 

Moreover there is only one such mode of expressing/(ic). 
See Arts. 138 and 139. 


162. Again, suppose we have the series 

(0, n) -f (1, n) + \<i> (2,+ ... + Kip (n, n ); 

then, if this series vanish for every value of x, the numerical 
factors &Q, must all be zero. 

For suppose that £c = 1; then <5?>(1, n), p{2,n)... all vanish ; 
and therefore n) = 0; therefore = 0. 


Then we have Kp{l, n) + + Kp(p, always 

zero; divide by 1)^ ^tnd then put ^ = 1; thus we find 

that h^—0; and so on. 


This process assumes that 


p {orij n) 

m 


does not vanish when 


(a?-iy 

x = l, that is, that -zv {m, n) docs not vanish when x = l] and 
this we know to be the case from Art. 103. 


163. Suppose that a function f(x) can be expressed in 
the form 

/H = h<}> (0,«) + K4> (1, n) + h4>{%”) ...■Jrl„^[n,ny, 
then the numerical factors 5^, 5^, h ^,... ngiay be determined 
in succession, thus: 

7, __/M_ h = 

where in the expressions on the right-hand side we must put 
1 for X, There will be only one such mode of expressing/(cc). 
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164. In various investigations of mixed mathematics we 
obtain with more or less rigour modes of expressing a given 
function analogous to those of Arts. 138, 161, and 163. It 
is usually shewn in a satisfactory manner that if such a 
mode of expression is possible it can he ejected' in one 
definite manner ; but it is rarely decisively shewn that such 
a mode of expression is certainly possible. We will give one 
example. 

Suppose that a homogeneous sphere is heated in such a 
manner thafc the temperature is the same at all points equally 
distant from the centre ; and let the sphere be placed in a 
medium of which the temperature is constant; then it is 
shewn in various treatises on the mathematical theory of 
heat that in order to determine the temperature^ at any 
time t of the points of the sphere which are at the distance x 
from the centre, we must find a quantity u which satisfies 
the following conditions: the equation 

. 

must hold, whatever t may be, for all values of x comprised 
between 0 and the radius of the sphere, which we will de¬ 
note by l\ and the equation 

. 

must hold when aj = Z, whatever t may be. Here c and \ are 
certain constants. Then the temperature at the time t of tlie 
points of the sphere which are at the distance x from the 

centre will be - . 

X 

Now we will assume that there is some expression for u 
in. terms of x and t which does satisfy these conditions; that 
is, we assume that the problem has a solution. We will also 
assume that as is a function of t it may be expanded in 
a series proceeding according to ascending powers of 
this assumption may be in some degree justified by 
Burmanti s Theorem; see Differential Calculus, Chapter ix. 
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We assume tlieii that u can "be expressed in a series, of 
the form 

u = .,....(9), 

where A^^ A^, are functions of x\ and a^y..- are con^ 
stants: these are now to he determined. 


Substitute from (9) in (7); then we obtain an equation 
which must be true for all values of and which leads 
therefore to the set of equations 


- a "-4, 


dx^ ’ 




Thus we get^^=i?jSin 


where 5^, G^,, G^, ... are constants which remain to be 

determined. 

In the present problem wo must have (7^, zero, in 

order that the temperature at the centre of the sphere may 
be finite. Therefore 


A Ty * . QjfpO 

Aj^ — B^ sin , A^ = B^ sm , 
c c 


Substitute from (9) in (8); then we obtain an equation 
which must be true for all values of i: by the aid of (10) 
this leads to a set of equations of the form 

al j . al ^ 

a cos -i- iio sm - =0.(11), 

c c 

whore a stands for any of the quantities a ^,... 


Put a — cp, then (11) becomes 

p cos pi -h h sin pZ = 0 ..(12). 

Thus we obtain u=^ ^ZB ...(13), 


where Z denotes a summation which is to he effected by 
giving to p the values which satisfy (12), ami to B the values 
which correspond to those of p. The connexion between. B> 
and p must now be investigated. 

T. 9 
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The value of u in terms of x, when i{ = 0, may bo sup¬ 
posed to be given arbitrarily ] denote it by (p (x) : then we 
must have 

(p (x) = 'ZB sin px . (1^)* 

Let Pi and denote two of the values of p ; and -Z?j and 
the corresponding values of B, Multiply both sides oJ 
(14) by sin p^x^ and integrate from x=0 io x — l. Then, since 

fsin o X sin oxdx- ^ 

jBmp,xsmp,xdx- + 

= cos pySin p^xcos pjt^ 

Px- pi' ^ 

we find by the aid of (12) that / sin p^x sin p,p^dx = 0. 

0 

. j r • 2 ^ ^ sinp.Zcosp/ 

And I ^w:p,xdx^-x -£i^ _.ri ^ 

U " 2 2pi 


Thus we get 


2pi I p{x) smp^xdx 


^ ^ p^l — sin p/ cos p^ 

Similarly B^, B^.., may be determined. 
Substitute in (13); thus we get 


2p sin pxe I <p (x) sin pxdx 

u = Z _ 

pi — sin pi cos pi 

Thus the value of u is determined. Wo obtain indirectly 
the following theorem: if <p{x) denotes any function of x, 
which satisfies (8) when a?= Z, but is otherwiso arbitrary, then 


2p sin px I <p (x) sin pxdx 
<p{x)==Z^-.^{^ . 

pi—Bm pi COB pi 

This result was first obtained by Fourier: see his Thiorie 
Analytigue de la Ghaleur, page 350; and Poisson’s Thiorie 
Mathimatiqm de la Chaleur, pages 171 and 294. 
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CHAPTER XIII. 

LAPLACE’S COEEEICIENTS. 

165. We have defined Legendre’s Coefficient as the 
Coefficient of a” in the development of (1 — 2ax + a^'“^ in a 
series of ascending powers of a; thus this Coefficient is a 
function of x, and we denote it by (a?). 

Let cos y he put for x; then the Coefficient becomes a 
function of cos y which we denote by P„ (cos y). 

Suppose two points on the surface of a sphere, and let 
their positions be determined in the usual manner by two 
elements which we may call latitude and longitude; let 

g — 0 be the latitude, and the longitude of one point; 

let 2 “ be the latitude, and the longitude of the other 

point; let y be the arc which joins the two points: then by 
Spherical Trigonometry 

cos 7 = cos 0 cos 9' + sin 9 sin & cos (<jE) — (p'). 

Suppose this value of cos 7 substituted in Legendre’s 
Coefficient; then it becomes what we call La^^lacds 
Coefficient: we denote it by F«, and we proceed to discuss 
the form and the properties of this Coefficient. 

It will be observed that is thus a function of four 
quantities, namely 9, ff, and we shall in general re¬ 
gard 6 and as variable, and 9' and <^' as constant, but it 
will be found that no difficulty will arise if we have in some 
cases to regard 9' and also as variables. 


9-2 
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The geometrical language about tlie sphere wliich W' 
have introduced is not necessary, for we might have state( 
the connexion between 7 and the new variables merely a 
an arbitrary choice of notation. But with the aid of th( 
spherical triangle, which is formed by connecting the tw< 
points and each of them with the pole, a distinctness anc 
reality are given to the subject which will be found ver] 
advantageous. 

166. Throughout the following investigations we shal 
use iJb for cos^, whenever it may be convenient; this givei 
diju = — sin Odd, Similarly we shall use [ji! for cos 9 '; thij 
gives dfji! = — sin 6' dff, 

Thus we have 

cos 7 = -h Vl ~ Vl — cos (< 5 !) — (f>) 

= iifjb + Vl — Vl — (cos < 5 ?> cos (j>' -f sin (j> sin 

We shall sometimes use 'yjr for ^ — < 5 !)'. 


167. 

tion. 

Let 

then 


We shall first establish a certain diflEerential cqua- 

^ {(x- x'y + (y - y'y + (z- ’ 

dJI __ x'—X 

dx — xy + (y -- y'Y + (2; — zf\^ * 


dx^ {(^a;-a>y+{y-yy+iz-z')f 
_ sjx-xy _ 

+0 - yj +(2 - 27} ^' 


Similar expressions hold for 
addition yre have 


d^U , d^ir 
df dz^ ’ 


and thus by 


dyu drq 

d'jd ^ dy dz^ .. 

Now assume 

x==r 9 COB y = r sin sip ^ = r cos 6; 


( 1 ), 
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then by Differential Calculus, Art. 207, equation (1) trans¬ 
forms to 

dr'‘ r® d&‘ r dr dd r’^sir^6 dff ’ 

this may also be written 

d^Ur) . 'd ,^dU] . 1 d'^U ^ 

^ f -'*) 4 rr w- 35 ? -" ■ • ■ 

This differential equation was first given by Laplace, and 
may be called Laplaces differential e<ffbation. 

Let us also assume 

X = r sin d' cos ff, y = r sin 6' sin ff, z — r cos 6'; 


biicix -7 , 

(r — 2 X,rr + 

where \ stands for cos 6 cos ff + sin 6 sin 6' cos (ff — ff). 
Suppose r'.greater than r; we may put U in the form 

A,fi-2ir+ir*. 


and by expanding we obtain for U the convergent series 

■c?-p+?;f.+ Lp+ri.+.0). 

Substitute this value of U in (2), and equate the coeffi¬ 
cient of r” to zero; thus 

r ^ ~^\ W* + F„ = 0...(4). 

If we suppose r greater than t\ we have instead of (3) 

cr=i+F,^-^r/^-Fr3^+...; 

and by equating to zero the coefficient of we again 
obtain (4). 
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168. Confining onr attention for the present to [jl and 
as the variables, we see from the equation 

cos 7 =. [jiiji! 4- Jl — Jl — (cos cj> cos <^' 4 - sin (f> sin ^') 

that cos 7 is an expression of the first degree with respect to 
these three terms, Jl — cos and Jl — sin j). Hence 
as -P,,(cos 7 ) is of the degree in cos 7 , it follows that 
will be of the degree in the three terms jx, Jl — cos (f), 
and Jl — fx^ sincf); that is, the aggregate of the exponents of 
these three terms in any element of will not exceed n. 

Also, since cos 7 = /x/x '+^/l — Jl cos ((f> we 

see that the powers of cos 7 may be developed in powers of 
cos {(j) — <j >'); and then these powers may be transformed by 
Plane Trigonometry into cosines of multiples oi (p — (j>. In 
this way we see that Y^ may be arranged in a series of cosines 
of multiples of cjf) — (}>'. As such a term as cos — (p') can 
arise only from the powers m, m +2, m 4- 4,... of cos (<56 — 

m 

it followathat (l—/x^)^ must be a factor of the element which 
involves cos^(<j[>~*^'); and the other factor will be of the 
form 

A,fx^-^ 4 A^fx^-^-^ 4 4 -..., 

where A^, A ^,... are independent of fx. We will denote 
this by Thus Y^ is of the form 

_ m 

BQ + B^Jl—/x'^coB'\}r + ..,>\-JB„,(l—jx^y cosm'v|o 4 ... 


+ Byi — fx^) ^ cos nyfr. 

d^Y (PY 

Substitute this value in (4), observing that 
and equate to zero the coeiSSoient of cosm'^; thus 


+ n(n4l)i?Jl-//.V = 0; 


■when this is developed it becomes 
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+ «(«+!) ( 1 -/.=)“ = 0 ; 


’"+1(7®?? ^(77? 

that is, (1 - fiY ^^-2(w + 1) ^ (1 - 

V*" 

4- {n (w + 1 ) — — m} (1 — /x^j ^ = 0. 

This may be written 

^|(1 -+ {n-m) {n+m + l)(l~ = 0. 

Substitute for the series which it represents in this 
equation, and equate the coefiflcient of (1 — to zero; 

thus, using p for n — m — 2s, we have 

2(m-f — 

+ (P + 2) (p+!)+!_, = 0. 

Thus by reduction we get 

. _ (?i ~ m — 25 4* 2) (/I — — 25 -f- 1 ) . 

25 4-1) 

Hence we find that 


”* ^ 2 . ( 2 n — 1 ) 

(«- —m)(7i —m —1) (« —m —2)(w —7W—3) 

2.4..(2j4-l)(2n-3) ^ 


The expression within the brackets may be denoted by 
w (m,», fY ); thus the term in r„ which involves cos is 

m 

+4i,(l —w (?»,«, jii) cos milr, where is independent of /a 
and i/r. 
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But this term must he the same function of fju that it is 
of fjbj because ya and [jl occur symmetrically in ; so that we 

m 

see must contain (1 — -sr (??i, n, //) as a factor. Hence 
finally the term in which involves coBonyjr is 

on m 

(7 (1 — /M^) ^ (1 “ ^ 'S 3 ' {'in, n, jub) 'CT {m, n, jj!) cos 

where G is some numerical factor independent of ya, fju, and 
The value of G must now be found. 


I. Suppose n — m even. Then in {m, n, pb) there is a 
term independent of jjb, and therefore a term independent of 
IJb in 'ux {m, fj !); so that if we put ya == 0 and p! = 0 , the 
above term becomes 0 [uT{on, n, 0)}"^ cos that is 

(n — -m) (n —m — 1) ... 1 
2.4... (rt — m) (2^^ — 1) (2n — 3) ... (^^ + m 4 -1) 

that is 



cos mx/r^ 




1.3.5... (2n-l) . 


2 

■ cos 


But when fju and jm vanish the function to be expanded 
becomes (1 — 2 a cos “v/r + a^)‘i and we have to pick out the 
term which involves cos m'v/r in the coefficient of (A, It will 
be found by Art. 14 that this has the factor 


2 ...(n-792^ l)1.3.5...(?t + m~l ) 

2.4 .... (n — m) 2.4 ... {n-\-m) 


that is 2 


[1.3.5 ... —m —1) 1.3.5 ... —1)}^ ^ 


n—in 


n^r'in 


but only half of this is to be taken when m == 0 . 
Thus we get (7=2 L—^ . 

o I /M —nm 1 72,-f-m 


n—m 


but only half of this is to be taken when m = 0 . 


II. Suppose n — m odd. Then in 'Grim, n, /i) the lowest 
power of ya is the first, and the lowest power of pJ in 
®r (m, n, fjJ) is the first. Hence we find that a part of the term 
in which involves cos has the factor 
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Cfiij! 


(n — m) (n—vi — l) ... 2 


2.4 ... [n — m — 1) [2n—l) (2w —8)... (« + iw+ 2)J 


Also, if we neglect powers of fju and fju above the first, we 
have 


{1 — 2a +yi cos'v/r) + 

= (1 — 2a cos y^r + c^)"^ + (1 — 2a cos 1 ^ 4 - a®); 

the second term on the right-hand side 

= afjbiju (1 — (1 — 

=ayx/z'|l + , 


We want from this the coeSlcient of (fiifju cob my^] it will 
be found to be 

Q 3.5 ... (n — w) 3.5 ... (n 4- m) 


that is 


2.4 ... (7^ —m — 1) 2.4 ... (7^4-'?^—1) * 
. 5 —m) 3.5 ... (?i4-m)}^^ 


n — m \n-\-m 


but only half of this is to be taken when m = 0. 

{1.3.5... (2n-^l)]^ 


Hence we get as before (7=2 


n — m \n-\-m 


but only half of this is to be taken when m = 0. 


Thus finally we have 


‘X 

= XS CT {m, n, fi) -nr {m, n, fi) cos 


n—m \n+m 


where S denotes a summation with respect to m from 0 to n 
both inclusive; and X == 2 {1 .3.5 ... (2w - l)f, except when 
m = 0, and then we must take only half this value. 
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Or we may write separately the term which corresponds 
to m = 0, and thus we have 

{1.3.5... (2m- l)f 

I„ = -i-w (0, n, fi) ®- (0, n, fi) 

m m 

+ aZ -—r— ..-I— -ST (m, jLc) 'UT (m, n, fi) cos 


\n— m 


n-\-m 


where S now denotes a summation with respect to m from 
1 to both inclusive. It will be observed that the symbol isr 
has the same meaning here as in Art. 97. 


169. For examples we may give explicitly the values of 
the first three of Laplace’s Coefficients. 

r,=;u/.' + (i-/.f cost, 

= I “ I) -1) + » (1 - (1 - ^ cos t 

+ |(l-/.^(l-/.' 0 cos 2 t, 




+ (1 - (1 - /x'=)^ COS t 

+ ^ (1 - (1 - ya'“) , 11 ^' COS 2t + 1 (1 - (1 - ya'f COS Sf- 

170- From the value of given at the end of Art. 168 
we have immediately 



(1 ..5.5 ... (271-ly 
I ^ 


(0^ Jj) 1ST (0, n, jj!). 


This result was obtained by Legendre in a very laborious 
manner in bis earliest researches on the subject; see History 
of the Theories of Attraction,,. AxL 787. 

By Art. 97 the result may also be written 

f Y^dcj) = 27rP„ (cos d) (cos d'). 

J 0 
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CHAPTER XIV. 

LAPLACE'S COEFFICIENTS. ADDITIONAL INVESTIGATIONS. 

171. In the preceding Chapter we have given all that 
is absolutely necessary with respect to the form of Laplace’s 
Coefficients; in the present Chapter we shall shew how the 
results may be obtained by other modes of investigation, 
and shall express some of the. formulae in a slightly different 
manner. The preceding Chapter was almost independent of 
the processes already exhibited in this work; in the present 
Chapter, however, we shall make more use of those processes. 

172. The determination of the value of C in Art. 1G8 is 
troublesome from the fact that two oases have to be con¬ 
sidered, namely, that in which n — m even and that in 
which n — m is odd. Perhaps the following investigation, 
which depends on an examination of the highest power of 
instead of the lowest, may be simpler. 

Suppose fjb =^iJb; then 

m * m 

(7(1 — fjb^y (1 — 'US- [m, 71, p) 'US (722, 72, p) COS 722>^ 

becomes (7 (1 — [ur {m, n, p)f cos mi/r. 

The highest power of p in this expression is ya"”, and its 
coefficient is C (— 1)”^ cos 

Also when p! =^p the function which is to be expanded 
becomes 

{1 — 2a [a® + (1 - p^) cos 
[1 — 2a [cos + ya^ (1 — cos ylr)] + 


that is 
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When this is expanded in powers of a the coefficient of a" 

will involve ^ —cos-<>)”; and we must 

pick out from this the coefficient of cosm-f', -when (1—cosi/^)" 
is put in the form of cosines of multiples of ■\Jr. 


But (l-cos-f)’‘=2’“sin“" 


2 " 


Ilf/ txj/ 

~~2c j 


= — 




T" \n—m 


n~\-m 


2 cos 


where 2 denotes a summation with respect to m from 0 to 
"both inclusive; except that we must take only half of the 
value when m = 0. 

1 2n 
X 


Thus C = 2 liA:!:, • 


. , {1.3.5..■(277,-1)} 


2 ” w —7/1 
2 


n+m 


n—m \n-\-m 


hut only half this value must be taken when m = 0. 
This agrees with Art. 168. 

173. In Art. 97 we have seen that 


r(m, n,(L) = 


1.3...(2n-l) dll'" 


also 




1 d''{ii^-\r 


Thus 


2 “ « 




{1.3.5... (2n —1)|“5—TO-(wi, n, fi) sr (m, n, ji) 


w+m \ n—m 


n—m 


2“ |n |n j?i-4- 


m 


(i-iira-iiy 




dfi" 


dfi” 






\n+mdirdfi'”' 




where 
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Thus from Art. 168 we have 


m m 

F, = ifH-2S(l-~yaV(l^/.'y 


n+m dfjJ^dfji!''' 


cos 


where 2 denotes a summation with respect to m from 1 to n, 
both inclusive. 


174. It will be observed that in Arts. 168 and 173 there 
is nothing to restrict the values of fi and fjJ to be unity or 
less than unity, though it may be often convenient to suppose 
that = cos 6 and = cos 6 . If we make these suppositions 
we may write the result of Art. 173 explicitly thus: 

Y —M\ ^ ^ ^ 

^ + 1 ) djjbdijf 

j- 2 sin^ 6 sin^ ff cos 2 ^ d^M 
"(71 ■— 1 ) n(n-jr 1 )(n + 2) dfi^dfi'^ 

4*.^. 

^in”6>sin^^'cosn^/r 

175. "We will now give another mode of obtaining the 
expression for Laplace’s CoejBacients. 

We begin by shewing, as in the beginning of Art. 168, 
that must be of the form cosrn^/^, where 2 denotes 
summation with respect to m from 0 to n inclusive, and is 
some function of fju and fi which is to be determined. ^ 

Substitute this expression for in the differential equa- 

d^Y d^Y ^ 

tion (4) of Art. 167, observing that = then 

tt<p a^Y 

etj^uating to zero the coefficient of cos ma/r, we get 
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This differential equation coincides with (9) of Art. 102, 
and its solution is of the form 

m 

W}, 

where D stands for and G. and 01 are constants with 

dfjL^ ^ ^ 

respect to fju, though they may involve [m. 

But in the present case we must have because 

is necessarily finite when /x = 1, whereas {[jl) is then 

infinite, as we know from the form of see Art. 37. 


Hence 




But as involves /x and /x' symmetrically, we see in the 
same manner that 

m 

d 

where D now stands for , and is constant with respect 
to /x'. Hence it follows that 

U =b (n- 11 %. ■ 

where 5^ is a constant independent both of /x and /xl 


And cos 

where has the value just expressed, and 2 denotes a sum¬ 
mation with respect to m from 0 to n, both inclusive. 

By the use of the notation of Art. 97 we may also express 
the result thus: 

m m 

= tK -1) ” (/i"'’ -1) ’ OT {m, n, jx) w (m, n, /) cos mi|r, 

where is also a constant, and is connected with by the 
relation 

f 1 % _x 

|l.3.5...(2n-l)j 
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It remains to determine the value of the constant in 
the last expression for This may he done precisely as 
the value of G was found in Art. 172, for the of the pre¬ 
sent Article is equal to the C of Art. 172 multiplied into 
(- 1 )-. 

Thus we find 


g {1.3.5...(2w-l)]» 


n~m 


n+m 


(- 1 )“; 


and hence 


& =2 


n—m 

n-\-m 


(-ir; 


but only half these values must be taken when m = 0 . 


176. There is still another method of obtaining the ex¬ 
pression for which deserves notice; this does not use 
Laplace''s differential equation to which we have had recourse 
in the investigations already given. 

177. If J., By and G are real quantities^ and A positive^ 

and also G^ positive, then 

^ __ 27r 

Jq a + B cos t + G sin a/(A^ — B^— G^) * 

For assume B== p cos 7 , and G = p sin 7 ; thus 

dt _ dt _ dr 

Jq A-hBcost-hOsint Jq A-tp cos( t—y) '"J A-hpcosr^ 

Now the last integral is independent of 7 , for its differ¬ 
ential coefficient with respect to 7 is zero, by the Integral 
Calculus, Chapter ix.: thus the value of the integral is the 
same as if 7 were zero. 

Therefore the expression 

~ -( 7 )' 
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178. Now JP^ {z) is the coefficient of a” in the expansion 
of (1 — 2 az and we obtain when for z we put 

fllj! — VyU,‘‘^ — 1 VyC6'^ — 1 cos {(f> — 0'). 

Thus we get 1 — + o? 

= (//. — aiJuY “ — 1) cos<;6 — a\/(//^'^ — 1)cos <^'Y 

~ {V(/^^"" 1) sin ^ — a — 1) sin 

say (71 

Suppose fjL positive and greater than so that fi — a/i,' 
is positive when a is small enough; then, by Art. 177, 

27r 

V(l —2a2; + a'') 

Expand the expression under the integral sign in a series 
of ascending powers of a; thus we get 

r - A r^ W+cos( <p'-1) 1)}” r. ... 

"^“-2^0 {/. 4-cos .W- ■ 

Now we know by Art. 14!9 tkat 

{^'4-cos(f-«) 

= a„-fa^cos +ajCos2(<p'—t)-t... -ta,^cos9i(<p'—(), 

and that 

bcnce — afii,-1-1 cos (</> — ^') + 1 aJ)j^ cos + 

Moreover, by Arts. 149 and 150, 
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\n-m \ n + m 2'(a"- 1)^ , 

0 =z - ^^^;— ITT (m. n, a) 

[n [n ^ ^2 \n — m\n-\-m ^ ^ ^ 

. 2(-iy\2n !? 

= ""2"tn^ (m, n, /*); 

SO that, except -when m=0, 

ii l.3...(2»-I )l- - 

71 —m n+-m ^ ^ ^ ^ 


-/jf^) ^^ (m,% fjb) tar (m^ n, fi). 


and aX = ”» 


Strictly speaking the result is obtained on the suppo¬ 
sition that — 1 and fj!^ ~ 1 are positive; hut it is obvious 
from the form of the result that it holds universally. 


179. It will be seen that the definite integral obtained 
for in (1) includes both the definite integrals given as 
expressions for Legendre’s Coefficient in Art. 49. 

For if we put ya = 1, we get 

Pn [f^) = ^ + COS (f - i) V -1)}» dt 

"^2^Jo {/‘' + costV(m"-1)}'‘<Zt 

= ~ f K + T - 1)}" dr. 

TT j 0 

And if we put /t' == 1, we get 

1 dt 

27r j 0 {yu. + cos {<j> — i) a/(/A* — 

_ 1 .dr 

27r Jo {/* + cos T ^(ja* -1)}""^ 

_ 1 f'_ ^ _ 

■“ttJo |/l, + COSTV(ya‘ —’ 


T. 


10 
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180. The process of Art. 178 involves the equality of 
two definite integrals which may also be established in 
another way. 

We know that ^ 

P. (^) = ^- cosy 1)1" dy .(2) ; 

Jet s = osx^— cos (<p - ; then in Art. 178, 

we obtain another form for P„ (z), namely 


PA^)- 


i_ n 

27rj„ f 


2*^ {x, + cos (<f>, - y) // (x^^- 1)}” 


27rj„ {a; + cos —y) V(^* —1)1” 


%.( 3 ). 


We propose then to establish in a direct manner the 
equality of the right-hand members of (2) and (3). 

Put y — <f> = x'l 1^® right-hand member of (3) 

becomes 


1_ [x, + cos (x + 4>-4>,)^- 1)1” j, ■ 

27r J -h cos X'JiP-l) r" 

If we vary <f> in the limits of this definite integral it 
does not affect the result; and so the definite integral 

f-” CCS (% + <^ - 1)1" 7 

{j:-P cos -!)["" 

Put jS for <jSj^ — ^; and thus we get 

k+C08(y-^)V (a;/- , 

J, {ir-i-cosxV(*’‘-l)r^ 

Separate this definite integral into two parts, one between 
the limits 0 and tt, and the other between the limits tt and 
^TT; and in the second part change % into 27r — : thus 

we get 

rl^,±cos (xzE> Vk’‘ -l)l"4-k+ co s ( x+^) ^ 

i „ ■ ' (a: -P cos - ij}"^^ ~ 

Now transform this by a process like that of Art. 49; 
assume 
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this leads to 


X COB^p'— — 1) 

X ~ COS yp a/ (x^ — 1 j ’ 


smx = 


X — cosyp */{x^ — 1) ’ 


7 __ djr _ 

^ X — COB yp a/( x^ — 1) * 

Thus the definite integral becomes 

(4-~5cos'i|/'--(7sm'i|/')”'d'\^+ f (A—jBcos'p~i-Csin'\p)*'dyp, 


where A=xx^ — cos /3 aJ{x^ - 1) - 1), 

B — x^\/{a? — 1 ) — X ““ 1) cos yS, 

0= \J [xl — 1) sin yS. 

Hence we see that — (7^ = 1, so that 

and therefore we may assume 

jB = — 1) cos a, and (7= 1) sin a. 

The definite integral thus 

= f cos ('\p—a)}'^d'\pi- f {0—>^(2;*—l)cos('^+a)}V^ 

Jo *'0 


= {;3 — — 1) COS ('\/r — a)}“ d-p 

0 

= f — cos 

•/ 0 

Thus the definite integral is reduced to the form in (2); 
and this is what was to be done^ 

10—2 
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181. In the expressions which have been given for 
Laplace’s Coeflficieiits we have made much use of the function 
introduced in Art. 97 and denoted by the symbol zr. Hence 
the various forms which are obtained for this function in 
Arts. 103.-.106 become of practical interest; and two others 
to which we now proceed may deserve notice. 

182. Suppose n — m even. Then it is obvious from the 
formula at the beginning of Art. 106 that zi (m, n, cos 6) might 
be expressed in a series of powers of sin 0; this series might 
be deduced from that formula, but an independent investiga¬ 
tion will be simpler. 

m 

Let (m, ??, x ); then y satisfies the differen¬ 

tial equation (9) of Art 102. Put a; = cos ^; then this differ¬ 
ential equation becomes 

§ + + . » 

We know then that this equation has a solution of the form 

3/= Cj, sin’'0 + Cj sin’"'^ 0 4-Cg sin'^'^ 0 + ... 

Substitute this value of y in (4) and let 
we shall obtain after reduction 


.(5). 


(p—r + 1) {(T — r + 1) 

/ 2r-l\ ""^-1. 

+ -2-) 

■ By direct comparison of the value of y with that of 
ZT (m, n, cos 6) at the beginning of Art. 106 we see that 




therefore ^ = (— 1) * J sin’' 6 




l.(p + .7-l 

p (p-1) o-(o--l) 


sin""’0 


I) "i' 





LAPLACE’S COEFFICIENTS. 


149 


It will be seen that y is symmetrical in terms of p and <j\ 
this might have been anticipated because y is unchanged in 
value when the sign of m is changed: see Art. 100. Divide 

m 

the expression for y by (— 1)^ sin” 9-, thus we get 
•nr {m, n, cos 0) = (—!)"' [sin*'" 6 -^ sin^'”* 6 

183. Suppose n —m oM. Then we see that y will take 
the form 

cos 9 [Cq sm’""^ 0 + sin™"^ ^ sin’""® 0 + ...}. 

The differential equation (4) may be expressed thus: 

ie (I sin 0 ) + |^^ (« +1) - y sin ^ = 0. 

Substitute the value of y\ then it will be found that the 
term which involves is 

Cf.[{n — 2r — 1)^ (sin (?^ — 2r) (?^ ~ 2r +1) (sin 0)^“^*'} cos 9 

+ c, |n (n + 1)- (sin 0)''~^’' cos 0. 

Hence we see that 

Cr(n(n +1) — (n — 2r) (n — 2r +1)}+ {(?i — 2r + 1)^—= 0. 

Put n-tm = 2p + l, and n — m = 2cr + l; then 
^ (p-y+l)(o--r+l) . 

r^p+<7+l- 

w-1 

Also by direct comparison we get c^, == (— 1) \ 
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Hence finally we shall have 

CT (m, n, cos 6 ) = (— 1 )°' cos 6 fsin®" 9 — —— Yrsin^°’ 

+ 3in--^^- . 

\^{p + a + -^[p + a-^ 
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CHAPTER XV. 

LAPLACE’S FUNCTIONS. 


184 We have already used the differential equation 
which Laplace’s Coefficients satisfy; see equation (4) ot 
Art. 167. We proceed to some further consideration oi tins 
equation. 


185. We shall first shew how it may 
the more simple equation of Legendre’s 
known by Art. 54 that (^) satisfies the 


be deduced from 
Coefficients. We 
differential equa¬ 


tion 

a _ -2z^^ + n(n + l)F„{z)^0. 


Assume 

= a cos 0 + 6 sin 0 cos 4- c sin 6 sin 
where (X, h, and. c are constants. 

Then 


dz 

dO 


= -asm0 + Jcos0cos^ + ccos03in<^, 


Fz 


dff 

dz 


s— 


— 6 sin. <f> + c cos <p) sin 6, 


Fz 

d<b^ 


=i — (lcos<f> + c sin (f)) sin ff. 
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Hence we find tliat 


de‘ dd 


1 

^sin^6> dj>^ ~ dz^^ dz 


where 


A_(dz^ 1 fdz^ 

^ \dd) sin^ 9 \d^) 

= (— a sin 0 + J cos 9 cos^ + c cos 9 sin <f>y 

+ (— 6 sin ^ + c cos <j>y, 

and 




dz 


5 = ^ + cot0~ + 


1 


d& 


dd sin’® Q d^^ ‘ 


Thus we see that A■\-z^ = 
so that A = (^ + 1}^ + ^ — z^; 

and B= — 2z. Hence if a“++ c“ = 1, we have 


cPP. 


dJP„ 




dz 

(fP„ , 1 <^“P„ , / ^i^p' 

- +cot6> +«.(n + l)P., 


and therefore the last expression is zero. 


186. Any function which satisfies the partial differential 
equation (4) of Art. 167 may be called a Laplace’s Function 
of the order. The variables it will be observed are 9 and 
and fi = cos 9. Thus Laplace’s Coefficients are particular 
cases of Laplace’s Functions; for the Coefficients all satisfy 
the equation (4) of Art. 167. We shall continue to use 
to denote Laplace’s Coefficient of the n^ order, and shall use 
other symbols as and to denote a Laplace’s Fmction 
of the 71*^ order. 


187. Let m and n be different positive integers. Let 
Xjn be a Laplace’s Function of the order m, and ^ a Laplace’s 
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Function of the order n\ then under certain conditions which 
will appear in the course of the investigation we shall have 


/•I r2v 

I I = 

J J 0 


For by the differential equation of Laplace’s Functions 
we have 

r27r 

and therefore . / X^Z^djidj) 

By integrating by parts twice we find that 


+ 


therefore 






Again, by integrating by parts twice we have 

d(j> 


/■ 




therefore jy^^Z„d<f>= X„d<f>, 


dX^ 


assuming that and have the same values respectively 

when (j> = 0 and when ^ = 27r, and making a similar assvmp^ 

dZ^ 


tion with respect to and 


d<p * 
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Hence 


n 2ir 

3 

1 r'T ^ {n n , 1 Y ^ 




/•I r^TT 

I I ^m^„dlld<p, 

J -1*/ 0 


m (m +1). 

by tbe differential equation of Laplace’s Functions. 
Hence since m and w are supposed different 


[ [ X^Z^dfj,d(p-0. 

J -I J 0 

188. In addition to the conditions which are expressly 
stated in the preceding Article, we have of course one which 
is always implied in applications of the Integral Calculus, 
namely that the functions which occur are to remain finite 
throughout the range of the integration; these functions 
here are and and their first and second differential 
coeflScients with respect to [ju and <f>. 

189. In future whenever we speak of Laplace’s Functions 
we shall always suppose them to be limited by the conditions 
stated in Arts. 187 and 188. 


190. The differential equation of Laplace’s Functions 
has been integrated in a symbolical form by Mr Hargreave ; 
and after him by Professor Donkin and Professor Boole; see 
Boole’s Differential Equations^ Chapter xvii. The result 
though very interesting theoretically has not hitherto been 
used in practical applications. 

191. Take the general expression for which is given 
in Art. 168; consider it as a function of 6 and <p, putting 
0 — for 'x/r. This expression then may be said to consist of 
2w“l-l terms, namely one corresponding to m = 0, and two 
corresponding to every other value of m not greater than n: 
the two are of the form . 

m m 

jr^(l—ya^)^'Cj(m,n,ya)cosm^, and i„j(l—n, )a)8iuw^, 
where and are independent of and (}>, 
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Each of the 27i +1 terms will separately satisfy the dif¬ 
ferential equation of Laplace’s Functions; for the whole 
expression satisfies that equation, and thus the terms which 
involve sin m(j> and cos m<p must separately vanish. 

192. We shall now shew that any Laplace’s Function 
which is a rational integral frunction of cos 6, sin 6 cos cj>, 
and sin 6 sin (j), consisting of a finite number of terms, is of 
the form 

A ,®- (0, n, cos 6){A^C„ + B^SJ, 
where stands for sin”" 9 ^ (m, n, cos 9) cos mcf), and 8^ 
stands for sin”" 9 'sr (m, n, cos 9) sin mcp, and and denote 
arbitrary constants; also S denotes a summation with respect 
to m from 1 to n, both inclusive. It will be seen that the 
conditions which we here impose on our Laplace’s Function 
include those of Art. 189, but are more restrictive still 

To demonstrate this we observe that any rational integral 
function of cos 9, sin 9 cos and sin 9 sin <^, may be put in 
the form 2 cos mcf) + sin mcf)), where and are 

functions of 9 only, and 2 denotes summation with respect 
to m. Substitute in the differential equation of Laplace s 
Functions; then it will be found that and must both 
be values of f which satisfy the differential equation 

^ + cot (w + 1) 0. 

Put X for cos 6; then this differential equation coincides 
with equation (9) of Art. 102, and therefore the solution is 

m 

?= ( 0 .'- 1 )'* (x) 

where and are arbitrary constants. 

But since ^ is in this case to be rational' and integral 
and of a finite number of termSj we must have = 0. 

Thus [x^— and this vanishes if m 

is greater than n. And as 'ur (m, x) is equal to the product 
of a constant into {x) we have finally 

m 

^=(p^—iy^K'UT(m^n,x), 

where X is a constant. This establishes the proposition. 
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193. The expiessioa given at the beginning of the 
pieceding Article denotes Laplace’s Fanction of the order 
under the restrictive conditions there ennnciated. We may 
give various forms to this expression by naeans of the various 
developments which have been obtained for w (m, n, cc) 

— 

or for 1) ^ iir {m, x). 

For example, let denote the series which is between 
the brackets in the value of y of Art. 182; and let denote 
the series which can be obtained from by changing p + <r 
into p-fcr+l in denominators; then it will be found that 
the Laplace’s Function 

= %o-{&<rCOS ip-'C) (/)4Ccr sin(p —cr) (f)} 

4 Xz^cos 6 {iS^cos (p — or) 4y^sin {fi — a) 

Here Jo-, /So-, are arbitrai'y constants, and S de¬ 
notes summation with respect to <t. In the first part of the 
expression p is to be determined by the equation p 4 cr = ; 
and the summation is to be from 0 to the greatest integer 

in ” ^ both inclusive. In the second part of the expression 

p is to be determined hy the equation p 4 or= — 1; and the 
^ — *1 
summation is to be from 0 to the greatest integer in —— , 

jU 

both inclusive. 

ri- r27r 

194. We shall now find the value of I 

. —l"' 0 

where and are two Laplace’s Functions of the order % 
limited by the respective conditions of Art. 192. We may take 

= 2 sin*^" d 'S7 (m, ti, cos 6) cos m(f> -f sinxmcj)), 

= S sin’’^^ 'cr (rnj % cos 6) (cos 4/^^ smm(l>)f 

where and denote constants; and S denotes 

summation with respect to m from 0 to both inclusive. 

Multiply, and integrate with respect to <j) from 0 to Stt; 
thus 

f2ir 

I X„^J^=TTtshf’’'e{sr(m,n, cose)Y 

•f 0 

except when w = 0, and then for tt we must put Stt. 
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The next step then is to find the value of 
J (ct (m, 71, cos 6)f djjb, 

that is of f (1 — {-cr (m, n, x)Y dx. 

J _i 

By Art. 97 the expression to be evaluated is 


{jirf I\ 

and this by equation (2) of Art. 96 
\n —m 1724-m 

I_ *^-1 

By successive integration by parts we have 

= (1-xTdx 

— (— 1’)-“ 1 2n (2w— 2)...2 

\^(2n + l)(2n-l)...3 ' 

Hence we obtain 

r • .»/,r , 21n-TO |to+ot 2n.f2M-2)...2 

j_^sm «cos9)1Vm—J— ii^L, -(2^iy(2j^lj:;3’ 

and thus finally f f X^Z^d/id^ 

J-iJ 0 

27r b-m b+w + 


I 2m (2m.+ 1)...3' 
27r 


, 2 \n-m \n+m 


~ (2n + l) {1.3.5...(2«-1)}’‘ 
but for the case of m = 0 we must double the term. 
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Thus yre may express the result in the following manner: 

/■l ^ir 

U. °‘' (2n4 I) II. 

into |2|n |n J,g„ + S |n-OT |n +ot (ot^ff„+.S„£fJj-, 

where S now demotes a summation with respect to 771 from. 
1 to both inclusive. 

195. As a particular case of the preceding* Article sup¬ 
pose the fuTiction to he the Coeffici&it Y^, By Art. 16S 


2 .{1.8. 5 ...(2^-1)]^ . 


m —m m-hTn 


sirY 6'TJT [m, n, cos &) cos 


and may he obtained from this by changing cos m<j^' into 
sinm^': but when w = 0 we must take half these ■values. 

rl p^ir 

Hence we have / T^^X^dfidc^ 


= sin’^'0''cr ( 771 , n, cos 6') (0^ cos + sinm^) 


where Z^' is what Z^ becomes when for 6 and <}) wc put 6" 
and <l> respectively. 

This is a very important result, 

196. Hence, for example, we have 


j. ^•’'*'‘"+=■ 2 ^. 


because T,*' = 1. 
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CHAPTEK XVI 

EXPANSION’ OF FUNCTIONS. 

197. In the course of Laplace’s researches on Attractions 
and the Figure of the Earth he obtained incidentally the 
remarkable result that any function of the spherical co¬ 
ordinates fi and <p might be expressed in a series of Laplace’s 
Functions. The demonstration however was not very satis¬ 
factory and other investigations have been given since. 

198. We shall first shew that a function can be ex¬ 
pressed in only one way in terms of Laplace’s Functions. 
Let F{fjb, (p) denote a given function, and if possible suppose 
that 

F0M,i>)=X, + X, + X,+ ., 

and also = + -i- + .; 

where and Z^ denote Laplace’s Functions of the order m. 
Then by subtraction 

Multiply by and perform the double integration with 
respect to and (p. Then, by Art. 187, 

0= r rYJX^-XJd^d</>; 

•f -!•/ 0 

therefore, hy Art. 195, 

0 = X'-Z'i 

where XJi denotes the value of when we put 6 ' for 6 and 
<p' for <jf); and a similar meaning belongs to ZJ. 

Thus since XJ = Z^' whatever 0' and <f> may be, it is 
obvious that X« is identical with 
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199. In the simple case where a given function ^is a 
rational, integral function of cos 6 , sin d cos and sin d sin 
there is no difficulty in shewing that the function can be 
expressed in a series of Laplace's Functions. 

An y constant quantity may he considered as a Laplace's 
Function of the order zero; since it will satisfy the differ¬ 
ential equation of Laplace’s Functions when we put n^Q. 

Next take any rational integral function of cos 6 , sin 6 cos 
and sin0 sin^ of first degree. This must he of the form 

cos 0 + ^2 sin 0 cos ^ sin 9 sin A^, 
where A^, A^, A^, and A^ are constants. 

• Here A^ is a Laplace’s Function of the order zero as we 
have just seen; and A^cos9, A^sm9 coscp, A^sinffsin^^ are 
all Laplace’s Functions of the first order, as we may infer 
from the known form of T^, or as we may verify by actual sub¬ 
stitution in the differential equation of Laplace’s Functions. 

Next take a rational integral function of the second 
degree. This must be of the form 

cos^ 9 + B^ sin^ 9 cos^<^ + B^ sin^d sin^cj) 

cos 9 sin 9 cos ^+•^6 cos 9 sin 5 sin^ + B^ sin®^ co 3 <p &ijx<p, 

omitting terms of the first order, for these as we have already 
seen can be exhibited as Laplace’s Functions. 

We may express these six terms thus 

(cos^9 — + C4 sin^5 cos2^ + 

-f- i -Bg sin ^9 sin2^ -f B^ cos 9 sinO cos (f> + B^ cos0 sin 0 sin <p, 

where 0 ^, G^, are all constant, as well as 

Here will be a Laplace’s Function of the order zero, 
and the other terms will he Laplace’s Functions of the second 
order, as may be seen in the manner already indicated. 

But without giving any more examples let us proceed to 
the general investigation. 
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A rational integral function of cos 6 , sin 6 cos and 
sin d sin cp will be an assemblage of terms of the form 
(cos Oy (sin 0 cos (py (sin 6 sin py multiplied into constants. 

Now cos ^<56 sin^ p can be expressed as a series of cosines 
of multiples of <^, or of sines of multiples of cp, according 

r is even or odd. Thus (sin 6 cos (py (sin 0 sin <py may be 
oppressed as the product of (sin 0)®'*'^ into a series of sines of 
xnultiples of (p or cosines of multiples of <p. When this is 
done for all the terms in the given rational integral function, 
-we shall find that a term cosk<p or sinktp is multiplied by a 
jpower of sin 0, of which the index is k, or h increased by 
;Some even number. 

Hence if / denote any rational integral function, we can 
03:press it thus 

y*= jPq + sin 0 cos <p + F^ sin® 0 cos 2(p + F^ sin^ 0 cos 3^ + ... 

+ sin0 sm(p+ Cf^ sin®0 Bm2<p -p (jg sin®0 sin3^ + 

w"here F^, F^, ..(r^, (xg... denote rational integral functions 

of COS0. 

Now any one of these, say may be divided into two 
j>gtrts, one an even function of cos0, and the other an odd 
ftxnctioh of cos0. Let — where denotes the 

oven function, and the odd function. 

Suppose then 

cos^^0 -f cos^-^^0 4- cos^-'^0 + 

wliere ^4, -- are constants. 

By Art. 97 we see that 

(m, m + 2\, cosff) = k cos®^”^0 -f 

is — (m, m4-2X, cos0) is of two dimensions lower 

-fchan as to powers of cos 0. 

Proceeding in this way we see that we can express tbusi 
== (w2, m, cos 0) 4- JgtsT (w, w 4- 2, cos 0) 

4- (m, m 4- 4, cos &) 4 - 

wlresre 1 ^, 5^, ... are constants. . 

T. 


11 
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Similarly we may shew that 

v^=l^vT{m, m + 1, cos^) + (m, m + 3, cos0) + ..., 

where h^, ••• Siie constants. 

Thus (m, m, cos d) + 5i«j’ («», m + 1, cos 6) 

+ Sj®- (m, m + % cos0) +.... 

In like manner may he expressed. 

Then by Art. 191 ve see that / takes the form of a set 
of Laplace’s Functions; the highest order being deteimincd 
by the greatest value of n -which occurs in the expressions of 
which the type is w (m, n, cos 6). 

200. But -we wish to shew that any function of 0 and ^ 
can be expressed in a series of Laplace’s Functions; that is, 
we no longer restrict ourselves to the case of a rational 
integral function of cos 6, sin 0 cos and sin 0 sin <f>. We 
shall give a process which is in substance frequently repeated 
in the writings of Poisson: see for instance his TMorie 
Matkernatique de la, Chalev/r. 

We have by definition 

+ a + P,(a:)a’‘ +.(1). 

Differentiate with respect to a ; thus 

- - . (^) + 2^, a + 3P. (a>) a? + ...(2). 

(1—2035 +ay 

Multiply (2) by 2a, and add to (1 ); thus 

— = 1 + 3P, (35) a + 5P, (35) a“ + „. 

(1 — 2003 + ar 

+ (2;^ + l)P^(^)a«+.(3). 

Now substitute for x the value 


+^1 — fj? ^/1- cos ((^ — j 
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and integrate both, sides between the limits — 1 and 1 for 
and 0 and Stt for Tor brevity we shall retain the 
symbol x on the left-hand side; but shall change (x) to 
T on the right-hand side. Thus 


n 27r 

) i 


(l-2aa; + a“)* 


dfjbd(j> 


/•l /‘2jr 

= {l + SY,ci + 5Y,ce + ...-h{2n+l)Yy^+...]d/zd<p. 

J -iJ 0 

Now by the property of Laplace’s Coefficients given in 
Art 187 all the terms on the right-hand side disai^pear 
except the first, and thus we get 



l-g^ 
(1 — 2 ax -f 


d/^dcj) = 4 <7r, 


201. Thus we see that the value of the preceding de¬ 
finite integral is independent of a: this very remarkable 
result may be confirmed by another method. 

We know, by Art 165, that x may be considered to 
represent the cosine of the arc drawn on the surface of a 
sphere from a certain fixed point of which the coordinates 
are 9' and <!>' to a certain, variable point of which the co¬ 
ordinates are 6 and (p. Denote the former point by P', and 
the latter by P. Let y denote the arc PP', and % the angle 
between PP and a fixed arc through P'. Then we may in 
fact transform the double integral by expressing it in terms 
of the new variables y and v. The element of splic;rical 
surface dfidp will be equivalent to sinydydxy 
— d coBydx, that is to — dxdx- Thus we get 


•1 nir 


If 






0 (1—2aa:+a“)^ ^ J-Jo (1 — 2aa; + a“)® 

„ f^ 1-0® 

Stt I -1 dz. 

—2w + a®r 


Now 




dz 


l(1. 

1 


(1—2<»c+a*)^ a(l —2»e + a®)^^ 


11—2 
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therefore 

dx - 1 f 1 ^ ^ 

i-i(l-2aa; + a“)^ a|l-a 1+aJ 1-a^’ 
Thus as before 

fi rsT 1 — 

-- -,dad6:=z4i7r. 

-! -J 0 (1 — 2olx + a^y 

202- Put S' for- - — - - 3 , where 

(1^2ax + a^f 


X = fXfX + Vl — /Lt'* Vl — /Lt'^ COS (<^ — 

ri riTT 

Then we have shewn that / 1 ^d/JLd<f> = 4i7r. This result is 

J -l*' 0 , 

tme however near a may be to unity. But if the difference 
between unity and a is infinitesimal, it is obvious that S' is 
also infinitesimal except when the denominator of it is very, 
small: this can happen only when x is indefinitely near to 
unity, that is when 0 — ^ and ^ — are both infinitesimal. 

If we consider S’ to represent an ordinate which corre¬ 
sponds to the two variables fi and <j>, then 1 I ^dfid^ will 

J ^iJ 0 

represent a certain volume; and we see that when 1 — a is 
infinitesimal, the elements of this volume are insensible ex¬ 
cept close to the point at which 0 = 0' and ^ At this 
point the ordinate becomes very great. The volume however 
is always finite, namely 47r. 


203. Let F {0, <j>) denote any function of 0 and (f) which 
is always finite between the limits of fx, and ^ with which we 
are concerned. By Art. 200 we have 


l~a* 


r 1 - .“ - .F{e,4>)dp.d4> 

^- 1 ^0 (1 —.2aa;-f clY 

= r r Fi0,i>){l+SY,a+5Tjx^-h...^^^ 

J ^ij 0 . 



EXPANSION OF FUNCTIONS. 


165 


Denote the left-hand member by X, then we may express 
the result thus, X= where 

JT, = (2?1 -h 1) r r Y, F {9, <l>) diMd<f>. 

This relation being always true when a is any proper 
fraction, we may assume that it holds even up to the limit 
when a is unity. The limit of the right-hand member is 
obtained by putting unity for a. We must investigate the 
limit of the left-hand member. 


Let f have the same meaning as in Art. 202 . Since ^ 
ultimately vanishes, except when ya — and ^ are 
infinitesimal, we may change the limits of the integral 

ri r2ir 

I I F(0, (f) ^dfidcj) to any others which include the values 
—1*^ 0 

= and (f> = Thus the limits may be —j3 and ya + y 8 
for fjb^ where ^ is infinitesimal, and </>' — 7 and <^' + 7 for 
where 7 is infinitesimal. 

Hence we reduce the integral to 

r<^'+y 

j ft:-pj 


Next we observe, that since f is always positive, we have 

rft+j3 r^'+y 

F(d,<f>)^df.d<l>=f / ^dp,dc},, 

Jfi,-fiJ(^-y J J <f/^y 


where/is some value which F(9,(j>) takes between the 
limits of the integrations: see Integral Calculics, Art. 40. 
And since these limits are ultimately indefinitely close to g/ 
and <f> respectively, we have ultimately /= F {ff, Also 
Jj^dfjLd<l> between the limits = 47 r. Thus finally 

47rF(^, f) = 


r r{l^SF,+ 5r, + ...+ (2n^l)r^+...}F(9,i>)d/j^d^^ 


This shews that F (6\ <l>') can be expressed in a series of 
Laplace’s Functions; for is a Laplace’s Function of /jf 
and of the order n, and when it is integrated with respect 
to /I and <f> it is still such, It is often convenient to express 
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the result thus 

47ri^(0; ^')=U,+ U,-\-U,+ ..., 

fl C2ir 

Tvhere ir,= (2n + l) Y„F(e, cl>) df^d<}>. 

J ^iJ 0 

204. By interchanging the symbols 9 and and also <j> 
and <!>', we get 

47r (0, (j>) = 

ri r2n 

{l + ZY, + ^Y^+...-^{2n+l)Y^-^...]F{e',<^')diM',d4;- 

J 0 

it is unnecessary to make any change in the general symbol 
for that involves 9 and 9' symmetrically, and also ^ and 
<p' symmetrically. 

Thus F{9,^) is here exhibited in the form of a series of 
Laplace’s Functions; the Function of the order being 

^jJo 

205. In Art. 203 suppose that F(6',j>) is itself a 
La;place’s Function of the order ; then by Art. 187 all the 
terms in the series disappear except one, and we have 

4irF(e\ f) = (2n +1)J <l>) ^V-d^ \ 

this agrees with the last result of Art. 195. 


206. Let the definite integral 



(1 — 2aaj + 


djid^ 


be denoted by Q for brevity; then we have shewn in Art. 203 
that the value of Q when a is unity is F{9\j>): Poisson 
himself puts some of the reasoning by which this is obtained 
in a more formal manner, but not I think more decisively. 
The result holds so long as ff lies between 0 and tt, and 
between 0 and 27r; but at these limits exceptions occur 
which we proceed to notice. 
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207. Suppose (f>—0. There are now two values of <f> 
whiclL in conjunction with 6 = 6' make the denominator of 
^ vanish, namely (p = 0 and <j) = 27r. 

We have 

C r Fie, 

rl fir fl r2ir 

F{e, cf) + F{e, <}>) ^dfidcp, 

J —1 J 0 J —1 J TT 

and we will consider separately the two expressions on the 
right-hand side. 

Take J j F(e, (j>) ^dfi dj>. Since ^ vanishes throughout the 
range of integration, except when ^ and 8 — 0' are very small, 

rfjt'+/3 ry 

we may reduce this to I F (0, (j>) ^dfjLdcf), where yS and 7 
are infinitesimal. In the next place we may take this to be 

TfAH-p ry 

ultimately equal to F(8\0) I I ^dfid^. Then without 

J J 0 

causing any sensible difference we may change this to 


F(d'y J j ^d/id(f); and this is equal to 2 'irF(8'y 0); for if 

we return to the process of Art. 201, and suppose </>' = 0, we 

shall obtain half the result there given, now that the limits 
of ^ are 0 and tt instead of 0 and Itt. Thus finally 

[' f (f>) ^d/^d(P = 27rF(0\ 0). 

In the same manner it may be shewn that 

j ' <f>) tdfJ.d(j> = 27rF(e'. 27r). 

Hence, when = 0, we have 

Q = ^{F(0',O) + F{0\27r)}. 

208. Suppose = 27r. Then, adopting the same method 
as in the preceding Article, we shall arrive at the same 
result. Thus the value of Q, when = 0 ot = 27r, is the 
half-sum of the values of F{0, ^') for these values of <l>\ 
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209. Suppose 9' =0. Thea tlie deaominator of ^ vaaisles 
■wtea 6=0, whatever ^ may be. Here 1 —redaces 
to 1 — 2a cos 6 -f a®, and f vanishes in the limit except when 
6 vanishes. Thus 


1 r2ir 


n 

•I c 


m<f>) 




(1 —2a COS 6 -}- 


■^diJbdj> reduces to 


(1 — 2a cos 9 + a?) 


,2^1 


d(j>. 


and f - ^ —3 = 2, as is shewn in A.rt. 201. 

‘^-i(l —2a cos^-j-a^)"^ 

Thus finally 

Thus, when ^'= 0, we may say that Q is the meait of the 
values of F(0, ^). 


210. Suppose 9'=^'IT. Then adopting the same method 
as in the preceding Article, we shall find that 

1 r2ir 

so we may say that Q is the Mean of the values of jP(ar, (f>). 


211. There is still one more remark to mate respecting 
the value of Q. The process which we have given does not 
req[uire that the function F(6y (f>) should have the same form 
throughout the range of integration ; the result will remain 
unaflFected, unless the change of form occurs at the value 
9 = 6' or at the value <j> = Suppose, for instance, that 
for the values of 6 less than ff we have F(9, (p) equal to 
I {6, 4^), and that for the values of 6 greater than 9' we have 
F[6y(f>) equal to f^lion it will easily^ he found on 

examination that 

Q=m6'><ini+x(.6'M- 

A sitailar remai'k liolds if a changs of forna in F{6, 
occurs vien ^ = (f>'. 
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'212. It will be observed that tlie general term of the 
series in Art. 204 has the factor 2 n +1, and thus there may 
be room to suspect that the terms ultimately become very 
great. It may however be shewn that the terms do in 
general become indefinitely small when, n is indefinitely 
great. 


r2ir 

For consider I I Y^F (}>'] dfji!d<j>; 
J ^iJ 0 


by reason of the differential equation which Laplace’s Coefii- 
cients satisfy, given in Art. 167, “this definite integral is 

equal to the product of- - into 




^5 

d^L 




1 — d({)‘ 




By a double integration by parts, as in Art. 187, this may 
he transformed so as to become equal to the product of 

^ into , 




+ 


1 




assuming that F {6\ ^') has the same value when <;f)' = 27r as 
ivhen 6' = 0; and assuming the same thing with respect 
dF{ff, <!>') 

How the greatest value of is unity; hence, if F(d'j(f>) 
and its first and second differential coefficients with respect 


to 


to and are always finite, and if moreover 


d^F{e\ c^') 
dcl>^ , 

vanishes when /-t' = — 1 or =1, then the definite integral in 
the last expression is finite, whatever n may be. If then we 
denote by k a value which it never surpasses, the term is 

k 

numerically less than . Hence the general term in 

Art. 204 is numerically less than and is there¬ 

fore indefinitely small when re is indefinitely great, 
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213. It will be observed that the preceding investigation 
does not shew that the series obtained in Art. 204 is con- 
vergent, but only that the terms are ultimately indefinitely 
small. 

In Art. 203 -We assumed with Poisson as obvious a pro¬ 
position which may be stated thus: the limit of 
is equal to 2 (2?^ 4* 1)?^ when the latter is a convergent series. 
For a formal demonstration we may refer to Abchs (Envres 
Computes, Vol. i. pages GO and 70* 

214. The proposition that a given function of 0 and <f> 
may be expressed in a series of Laplace’s Functions is one of 
the utmost importance in the higlier parts of mathematical 
physics. The demonstration of Poisson, though very in¬ 
structive, cannot be considered perfectly conclusive, and we 
shall give two other investigations in the subsequent Chapters; 
we will here briefly notice a third, which was published by 
M. Ossian Bonnet in Liouville’s Journal de MaiMmatiques. 
To this Professor Heine, on bis page 266, refers without 
any remark, and M. Besal, on page 1G9 of his TraiU 4Umm- 
taire de M^canique Celeste, pronounces it d Valri de toute ob¬ 
jection. 

M. Bonnet alludes to Poisson’s demonstration, and says 
it assumes that the given function and its diflferontial co¬ 
efficients with respect to 6 and ^ are continuous, wlujrcas 
these conditions may not he fulfilled in very simple cases. 
M. Bonnet considers that the only entirely rigorous demon¬ 
stration hitherto given is on© by Lejeune Dirichlet; he pro¬ 
poses his own as more direct than this. M. Bonnot’s process 
is very laborious, and it seems to me unsound, as resting on 
the unsatisfactory investigation of the value of Legendre’s 
Function for a very high order, to which I have alluded in 
Art. 92. 
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OTHER INVESTIGATIONS OF THE EXPANSION OF FUNCTIONS. 


215. The following investigation is due to M. Darboux, 
and is given in Bertrand’s Galcul Int^gralj pages 544...546. 

It is required to find tlie sum of the first n terms of the 
series of which the term is 

9'y* 4-1 T’*' 

^ Y„Fie’, 4>') sin edffd4 >'; 

and in fact to shew that when n increases indefinitely the 
limit of the sum is F {9, ^). 

The variables 6' and may be regarded as polar co¬ 
ordinates determining the position of a point on the surface 
of a sphere of radius unity. Change the coordinates, and 
take the point (0, <^) as the new pole; let 6^ and be the 
new coordinates which determine the position of (d\ : then 

cos 0^ = cos 9 cos + sin 6 sin O' cos {<f> — 

Also the element of surface sin dff d(f> may be replaced 
by sin 9j^d9^d<pj^, Hence the above term becomes 

2r +1 r^TT 

Jo Jo 

•wliere F(d^, denotes wHat F{ff, <j)) becomes when the 
coordinates are changed, and P, (cos^J is Legendre’s w"*- 
Coefficient, being equivalent to Laplace’s Coefficient 
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Integrate with respect to and pnt 

rltr 

i?’(^.,<^.)#=27r/(cos^.); 

0 

so that y (cob may he considcrod as the mean value of 
F {6^^ ^i) I'oiuul a small circle distant 6^ from the pole. 

n tn 

(cos 0,) F (0,, <^,) sin 6^ iW^ cf^, 

= 27r f P„ (cos 0,)/(cos 0,) sin (W^. 

^ 0 

Put cos 0, for a:; then the right-hand mcinbcT becomes 
2ir J P, (x)/(x) dx: thus the proposed series reduces to 

1 ly W {P.(x) + 3P,(X) +5P.(x)+...H- (2rt + l) P,(x)}dc. 

By means of equation (11) of Art. 50, this 

Now by integration by parts, we have 

i//w{'“1*“’+--’} * - 2 /m W+n., M) 

-5//'(«){C.M+C„,Ml<i». 

At the limit — 1 we have 

at the limit 1 wo have P, (x) + P„„ (x) =■ 1 +1 *= 2. Thus 
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When n is very large we know that P„ [x) and {x) 
are insensible, except when x is indefinitely close to — 1 or 1; 

thus the integral j f (x) [P^ (x) +P^^^ (x)} dx may be con¬ 
sidered to vanish ultimately: at least this will be the case if 
/'(a?) is always finite. 

And/(1) is the value when cos^i=l> 

that is when ^^=0; so that/(l) is the mean value of F{0 ^, 
round an infinitesimal circle close to the pole, that is in fact 
the value of FX^i^ ^i) ipole, that is P (d, <f). 

Thus the required result is established. 

216. In the process of M. Darboux, suppose that we 
integrate between /? and 1, where /3 is very near to unity; 
we get the same value as if we integrate between — 1 and 1. 

For ^ {P„ (x) + P^^^j (a?)} is very large when x is close to 

unity, but is insensible in other cases. Thus 

/V(^) ^ 

where | is between 1 and 0, 

{P. (1) +P,.^ (1)1 = 2/(f) = 2/(1) ultimately. 

217. Although the process of M. Darboux is simple in 
appearance, it may be doubted whether it ought to be 
accepted as satisfactory. We cannot regard P^ (^)+P„+i (^) 
as finite when x is unity and as vanishing when x differs 

insensibly from unity, without treating ^ {P^ (x) +P,^j (a?)} 

as infinite when x is unity; and we cannot depend on the 
results of integration when the expression to be integrated 
becomes infinite within the range of integration. The pro¬ 
cess of M. Darboux has the advantage of leading very 
naturally to the special results of Arts. 207...211. 
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218. We ouglit not to overlook tke fact that Poisson^s 
treatment may be put in a form which involves the same 
kind of difficulty as we have pointed out in that of M. Dar- 
boux. 


In Art. 203 we have a result which may be written thus: 
X= TT; + alT-, +.a^ c; + 273 + ., 

r2ir ri 

where stands for (2n + l) F (0, cp) d<^ dfi, 

Jo J~i 


and X stands for 



<l>) dcf^ dfM 
(1 — 2ax + 


Then we find the limiting value when a= 1, and thus 
obtain 

F(9\ ^')=.U,+ U,+ U,+ U, + .,. 

Now there is'nothing that compels us to modify the form 
of the right-hand member of the last result, and express it 
thus: 


rf {^,+ 3^,+ 5Y3+...-^(27^+l)F,+...}X(0, ^)dcl^dfL. 
Jo J -1 

If the quantity under the integral sign were always finite, 
this modifi-cation would present no difficulty; hut the fact is 
that the expression 

... + (2n -{-1) Y^ -f- • * - 

is of .a very peculiar kind; it is always zero except when 
6 = 6' and ^ = ({>', and then it is infinite. Hence the proposed 
modification cannot be effected without risk of error, and as 
there is no necessity for it in Poisson’s method, we shall do 
well to avoid it. 


219. The main parts of Poisson’s process have been called 
Poisson's Theorem, and presented in the following form. 


^ d^ d? 

Let V 9-8 an abbreviation for : 

dx d'lf ’ 


let 
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Let x = r cos 0, y =^r sin 0 coscf>, z = r sin 0 sin cf), 

X = r' cos 0\ y = r sin ff cos z = r sin & sin (j)', 
j) = cos 0 cos 0' -f sin 0 sin 0' cos {<j> — </>'). 

T.t rr..rr a-^^)^(^> 4>')d<f.’sin 0'dd\ 

Jo Jo (1^22p + a‘)^ 

and suppose a less than unity. 

Then V satisfies the equation VF=0, and reduces to 
47rF (0, when a = 1. 


To establish the first part of this statement, put 

__ 1 _ 1 

V(x — xy + (y — 2/T 4- (1 * 


We know by Art. 167 that a- satisfies the equation = 0. 
And = p {l + aP, + a“P, + a*P.+ ...}, 


where is put for shortness instead of P^ (p). 

Since then a satisfies whatever a may be, it foln 

lows that will satisfy the same condition. 

1^0^ “ £ = ? + 2a=p, + Sa^P, +...}; 

hence a ^ satisfies the condition: therefore cr + 2a ^ also 
da ' da 

1 — 0 ? 

satisfies it, that is-^——-r. Hence 

* / r\ . OkjI 


1—0? 


T (1 — 2a;? + o?y (1 --2a;? -f 

will satisfy the condition ] and therefore V will, that is • 

VF= 0. 


This establishes the first part of the statement; the 
second part is established in Art. 203. 

See Gours de Physique MatMmatique by E. Mathieu, 
pages 175...177. 
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220. Suppose in the general theorem of Ai*t. 203 that 
the given function does not involve <j> ; we may write the 
result thus, 

where j Y'^^(9')dfMd(j>. 

But by Art. 170 we have 

C^ir 

I Y„d<f> = 27rP„ (cos 0) P„ (cos 0'), 

J 0 

so that Z7„ = P„ (cos ff) J P„ (cos 0') F(0') dfif. 

Thus if we suppose jP(^) =/(cos 6), and change the 
notation by putting x for cos and cc for cos we get 

This is the theorem already imperfectly treated in 
Chapter xi. ; it is here established, for the case in which x 
is less than unity; that is to say, the truth of it is made to 
rest on the same assumptions as the investigation of Art 203. 

221. The method of Birichlet, as we saw in Art. 214, is 
commended by Bonnet; it is also emphatically praised by 
Heine: see page 266 of his work. Sidler too holds the same 
opinion : see page 56 of his work. Accordingly, swayed by 
the judgment of these eminent mathematicians, we shall re* 
produce it. But as similar principles have been employed to 
establish the truth of the well-known developments of func¬ 
tions in sines and cosines of multiple angles, we shall treat 
this simpler question in Chapter xviii., and then proceed in 
Chapter xix. to the investigation with which we are more 
immediately concerned. 
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CHAPTEE XVIIL 

EXPANSIOir OF A FUNCTIOIT IN’ SINES AND COSINES OF 
MULTIPLE ANGLES. 

222'. We have ali-eady treated this subject in Chapter -itm 
of the Integral Calculus, where we have reproduced investiga¬ 
tions due to Lagrange and Poisson respectively. 

Let f{x) denote any function of x; then one of the 
theorems thus obtained may be stated in the following form: 

/W=|«o + “i+Wa + W,-f-... , 

where ~ ^ j ntdt. 

The process we are about to give treats the problem in a 
reverse order; instead of obtaining this development we shall 
verify it by seeking the value of the sum of the infinite 

series ■^% + u^ + u^ +.... The process is taken substantially 

from Schldmilch’s Compendium der Soheren Analysis. 

223. Let j>{t) be a function of t which is continuous 
between the limits a and b oft-, we propose to find the limit 

when n is indefinitely increased of j ^ (t) sin ntdt. 

J a 

We Eiave 

J^ {t) sin nfdi = - 

rh ^ 2 

therefore J <p (t) sin ntdt = - {cf> (a) cos na-- <f> (b) cos nh] 

1 , 

+ ^ {t) cos ntdt 

12 


T. 
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let us assume that (0 retains the same si^n from 
<=a to < = S, so that continually incroiusra or <yntinnally 
dimmishes from t = a to t = b-, then by tlic Juterjrd Cakulas, 
Axt. 40, -we Kave 

rV'(t) cosntdt^ccsnrl\'{t)dt = cosnT[(l>{h} 

J (f, ^ 

■where t is some value of t lying hetween a and 1. Thus 
sin ntdt = {(i) cos na - ^(i) cos?;?;} 


Hence when ?i increases indefinitely wo have 

th 

unntdt^O. 

J a 

224*. If ^(0 does not increase or decrease CDiitinually 
through the whole interval from a to b, wo may Hulnlivido 
this interval into smaller intervals, throughout each of which 
this condition holds. For example, suppose a, c, e, I in 
ascending order of magnitude, and suppose that ^ («) con¬ 
tinually increases as t increases from a to c, then continually 
decreases as t increases from c to e, and then again con¬ 
tinually increases as t increases from e to b. By Art. 2211 tho 
integral sin taken through each of thns;; intervals 

vanishes, and therefore as before I <jy(t) sin ntdt - 0. This 

J a 

assumes, however, that the number of these suhonlinatci inter¬ 
vals is finite; if it he infinite wo have as a rcKiilt an infinite 
number of infinitesimals, which is not neccBsarily vimh For 
example, we must not put (f) (t) = sin nt 

225. We have supposed that ^(t) is n, contmmrm function 
of t ; this involves two conditions, namely, that ^ (/.) is always 
fimte, and that <f» {i) varies infinitesimally when varies in¬ 
finitesimally. The latter condition, however, is uniiecosiiary ; 
that is, may chang-e its form any finite nuiahcr of times 
within the range. Suppose for instance that 0 is intermediate 
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between a and h, and that (f) passes from one finite value to a 
different finite value when t passes through the value c. Then 
divide the interval from a to h into two intervals, one from 
a to c, and the other from g to h. By Art. 223 the integral 
mintdt vanishes through each of these intervals, and 

therefore as before / j>(f) mxntdt^O, 

J a 


Now let ^ (t) ^—- 

^ ' sin ^ 


Suppose that a = 0, 


and that h is less than tt. Assume that f(x + 1) is finite for 
all values of t from 0 to h. Then by Arts. 223...225 zero 


is the value when n is infinite of 


{^f{x+t) -fjoc) 


227. It may appear that our process requires that <h {t) 
should be finite when i5 = 0; and by evaluating when 
i = 0, we see that this is secured if f' {x) is finite. But it is 
not necessary to impose this condition, because although the 
denominator of vanishes when = yet ^innt also 
vanishes; and thus we escape the presence of an infinite 
element in the definite integral. 


228. It follows from Art. 226 that when n is infinite 

the limit of [ f (x i-t)dt = the limit of /(x) f dL 

j Q Sin 0 J Q sin 0 

We proceed to find the limit of f 

J Q Sin t 

We have + f 

J. sin« J. Bint 


^sinn^ , ri”'sin7z^ . r^sin7i.i5 


Now the second integral on the right-hand side vanishes 

by Art. 223, is always finite within the range of the 

integration. Thus we have only to find the value of the first 
integral on the right-hand side, 

12—2 
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Hitherto we have spoken of n becoming infinite^ but it is 
sufficient for our purpose to consider n as having a special 
kind of infinite value, namely, an infinite odd positive 
integral value. Suppose that n = 2m +• 1. Then we have 


sin nt 
sin t 


+ 2 (cos 2^-p cos4jf+ ... + cos2m25]; 


therefore 


/, 


i’^sin nt 1 

—--dt = o 
sin t 2 


Thus is the limit required. Hence finally if h is 


between 0 and tt the limit when n is an infinite odd positive 

integer of + is ^ 7 rf(^). 


229. It will be found on examination that if c be any 
constant, positive or negative, we may put f(x-hcf) instead 
of/(x + t); and thus we see that the limit when n is infinite 


230. The result of Art. 228 holds so long as 5 is less 
than TT, but not when Z> = tt ; for then the function denoted 
by (f}(t) in Art. 226 becomes infinite when t = b. Wo will 
consider this case. 


f^sinntj.. 

-i. 

Put in the second integral on the right-hand side t=^ 7 r---1'; 
then remembering that is an odd integer, we have 

sin nt .. . - fi^^sin nil .. ., 

and in the definite integral we may change i to t 
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p”’smn^^. . jj, . p”’sinnf* , . 

and hj Art. 229 the limit of the right-hand member .when n 
is infinite is ^ tt/ (a?) + ^ 7 rf(x + tt). 

231. We now proceed to find the value of the following 
expression: 

/ {1*^ (^ + £C) 4- cos 2 (^ + ir) + cos 3 (i + x) + ...|/(;^) dt 

Suppose that the series within the brackets instead of 
being infinite extends only to the term cos m{t-i-x) inclusive: 
then the expression, by Plane Trigonometry, Art. 304, 

2m + 1 . , V 


- (^ + ^) 


^ 2 sin 2 (^ + 3?) 


-/(O 


and we have to find the limit to which this tends when m 
increases indefinitely. Put »(^ + a;) = t’, and 2m +1 = n; 

then the integral becomes I —r f{2t'—^o) dt'; and this 

J lx Sin t 


rl(-rr+x) 


j~f{2t'-x) dt'-- f{2t'-x)dt\ 

J. ^mt ^ ' 


If ir = 0 the second integral on the right-hand side 
vanishes, and the first is equal to ^/(O) by Art. 229. 

jU 

If CO is between 0 and tt the two integrals are equal by 
Art. 229 ; and thus the result is zero. 


If a; = 7r the expression I'educes to I ~—f( 2 t'— 7 T) di \ 

J Sin t 
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put t' = IT —t, and this hecomes f 

J . sm t 


is equal to 


232. Again consider in like manner tke folloiving ex 
pression: 

j + COS (t'-x) +COS 2 (i — cc) + cos3 (^ —ir) -f f(t) dt 

This reduces in the manner already shewn to 

sin ni . 

sinf ^ ^ 

where n is to be made infinite; and this 




or changing the form of the second term it 


ri<’'-^>sinMt 


/ (2t +x)dt+p 


If 'c = 0 the second integral vanishes, and the first is 
equal to ^/(O) by Art. 229. 

TT* 

If X is between 0 and tt each integral is equal to 
by Art. 229 ; and thus the result is tt /(4 

If cc = 7r the first integral vanishes, and the second is 
equal to 

233. From the results obtained in Arts. 231 and 232, 
we deduce by addition and subtraction the two following, in 
which S denotes a summation with respect to positive 
integral values of i from one to infinity; 
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T frr 2 i 4 

- I f(t) cZi -f ~ S cos zx I cos ztf(t) dt is equal to f(x) for 
all values of x between 0 and ir, both inclusive; 

2 . i 

- S sin zx sin it f{t) dt is equal to f(x) for all values of x 

•Tr Jo 

between 0 and tt, both exclusive. 

234 The formulae just established coincide with what 
we obtain when we put Z = tt in equations (3) and (4) of 
Art. 309 of the Integral Calculus. We may establish these 
equations (3) and (4) in the same way as we have just 
established the more simple cases; or we may deduce these 

TTT cTT 

equations (3) and (4) by putting -j- for t, and ^ for Xj 
in the more simple cases. 


235. We have in the preceding investigations expressly 
stated that the function denoted hjf(t + x) is not to become 
infinite within the range of integration; this condition may 
however be to some extent relaxed, as we shall now shew. 


Put S for 


. 2m+l , 
sin— 2 — t 

sin^^ 


; then we have shewn in Art. 231 


that when m is made infinite j 8f{t) dt — ir /(O). We add 

JO 

now that this formula will hold even ii f(t) become infinite 
within the range of the integration, provided that Jf(t)dt 
remains infinitesimal when taken between limits which are 


indefinitely close but include the value of t which makes 
f(t) infinite. 


Let T be the value of t which makes f(t) infinite, and 
let e and tj be infinitesimals. Divide the interval from 0 to tt 
into three, the first from 0 to r — e, the second from r — e 
to T-1-^, and the third from t + tj to tt. Then the value 



dt for the second interval vanishes by our sup- 
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position; we sjhall shew that the value for thcj finst interval 
is 7 r/( 0 ), and that the value for the tliird interval In zena 
Let x(f) denote a function which coinciden with/(O 
when t is between 0 and r —and is zero when i is between 

T — e and tt. 

Then, by Art. 2S1, we have f /Sx(t) dt == 7rx(0), that is 

Jo 

J 0 

Again, let xi^) denote a function %vhich i.s zor«» when 
t is between 0 and r-f^, and coincides with/(^) wluui t 

is between t + oy and tt. 

Then, by Art. 231, wo have f Bxi^) di^ ttx (0) = 

Jo 

that is ( S f(t) it = 0. 

J r+ri 

236. The result obtained in Art. 223 on wddcli the 
subsequent investigations mainly depend may also be esta¬ 
blished in another manner. 


A 


Suppose that y3 = a + “, so that [ sinnidi^O^ 

Let c be the least value of 6 (t) between the limits a and 
and assume <j)(t)=:c + u. Then 


J <l> (^) sin ntdt^j (c 4- d) sin nt dt^J u Bin fit it 


Let jp be the greatest value of u between the limits I*a 
and 35 = ^, then J u sin ntdt cannot he so great ns J^pdt, 

that is as J? (/J—a). 

In this way we can shew hy dividing the interval i a 
into smaller portions, that when i —a is a inultinlo of 

27r 

the value of I ^(t)amntdt cannot be so great m 

p{h — a), -where p is the extreme difference that can exist 
oetween the greatest and the least values of ^ (t) comprised 
between one subordinate pair of limits, os a and /8. 
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But wherL n is made indefinitely great, the difference 
between a and ^ becomes indefinitely small; and hence 
<j£> (t) cannot experience an appreciable change in the interval 
between a and /3; so that j? ultimately vanishes. 

The process though not extremely rigid throws some 
light on the theorem; it shews that what is essential in <56 {t) 
is that there should be only an infinitesimal change cor¬ 
responding to an infinitesimal change in t Hence if n 
should occur in ^ (^) the theorem may cease to be applicable; 
this happens in the case already noticed in Art. 224, in which 
(t) = sin nt. 

As in Art. 225 we may extend our conclusion to the case 
in which the form of <f> (t) changes any finite number of times 
within the range of integration. 
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CHAPTER XIX. 
dirichlet’s investigation. 

237. Let F(_6',<j)') denote any function of and (f/ 
which remains finite throughout the range of integration; 
and let 

then it is required to find the value of the infinite series 
Z7,+ Z7,+ Cr + ...+ C;+... 

238. We begin ■with a particular case, from which we 
shall be able to deduce the general result required. We 
suppose that 6 which occurs in is zero. Then becomes 
a function of ff only, and we have with the notation of 
Alt 13, 

X„ = P„(cos^). 

Then we may put 

^ 

Here ^ I will be a function of ff only, and 

for shortness we will denote it hjf(6'); so that f{6') may be 
described as the mean valtce of ^{0', 9 ) taken round a small 
circle at the distance 0' from the pole. 

Thus CT = (cos 6') dp,'. 

To avoid accents we shall use t instead of ^5 so that 

Vn = f f{t) K (cos <) sin tdt 

^ J Q 
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239. We shall now seek the value of the sum of the first 
n terms of the infinite series; that is, the sum of 

and this we shall separate into two parts. 

Let j; = 7(0 [P, + +... + PJ sin tdt, 

and = f /(O {Pi + S-Pa + 3P3 + ... + nP^ sin idt ; 

J 0 

where is now put for shortness instead of P^ (cos t ): then 
our proposed series is equal to + P^. 


240. Consider first T^, By Art. 50 we have 


2 n co^rzdz 

P^ (cos 0 = - f + 

^ J c 


? r, 

TTJt . 


sin 2 z cos rzdz 


cos ^ — 2 cos t) ttJ i V(2 cos ^ — 2 cos z) ’ 

but only half of the expression on the right-hand side is to 
be taken when r = 0. 


Hence we find that 27rP 


m 


1 1 
Scos^zdz jSfsin~zdz 

V(2 cos^ — 2 cos cos z)\ 


where B stands for 1 -{- 2 cos ^ + 2 cos 2^? -f.-f 2 cos nz. 
By Plane Trigonometry, Art. 304, we know that 


J3=^ 


. 2n + l 
sin——^ 


sin-^ 


and so this value may be substituted for S. 

241. We shall now change the order of the two integra¬ 
tions involved in the expression for 27rPj. 
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Let a be any constant, and u any function of x and y \ 
tben from simple geometrical considerations, or from tli© 
theory explained in the Integral Galoulus, Chapter XI., wo 
have 

j udg dx=J ]^j^udx dy. 

By applying this formula to the present case we obtain 


, cosz — 2 cos 2 ^) 




sin tdt 


COS; 2 ; ~ 2 cos J 


I scos ^zdz; 

Jz </(2 COS2; — 2cosj^)j 2 


S sin ^zdz 


1 - 77 s--—n-r /(^)sin^{^ 

^0 V(^c 0S25 —2cos^)J*^ ^ ^ 

l_jo V(2 cos i - 2 cos a) 

= r r P f(t) sin tdt ~ 
Jo I in V( 2 cos# — 2 cosir) I 


/S' siu i 2 /(«) sin i . 


Thus 27 t2’, 


- r r P /(Qsin^dt 1 „ . 1 
Jo L-'o V( 2 cos# — 2 cosir)J 

Thus 2vrT, = r [cos L 

Jo L • 2 V(2cos^ —2cos«) 

]s*. 

2 ^^(2 COS ^ — 2 COS ^;) 

242. The expression here enclosed within brackets is a 
function of z only, and we will denote it by ^ (z^ for short- 

ness, so that T, = ~ [’"xC*) Sdz. 


" + sin; 
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Now we have shewn in Art. 231 that the limit of 

^ I %(^) Sdz when n is indefinitely increased is 5 

and without using the preceding Chapter the same result 
will follow from any method of expanding a function in a 
series of cosines of multiple angles; for ^ich a method gives 

^ ^ + ^2 2 ^ + Jg cos 35 ? + , 

where 3^ = - cos mtdt, 

vr j 0 

and so when ^ = 0 we have 

%( 0 ) =2 & 04 -& 1 +& 2 +A 3 +... 

Thus ultimately = - %( 0 ), that is 

2i=| Jy(t) cos ^idL 


243. The result just obtained depends on the assumption 
that is finite throughout the range of the integration. 
It is easily shewn that this condition is satisfied Iby examining 
separately the two terms in %(5;). 

For we assume that f(t) is finite through the range of 
the integration with respect to t; therefore by the Integral 
Calculus, Art. 40, 

f" f{t) sin tdt _p sintdt 

j g V(2 cos 5 ? — 2 cos t) Jz V(2 z--2 cost)* 

where t is some value of t between 5 ? and tt. 


• And 
is finite. 


/: 


sin t dt _ 

sj{2 cos 5 ? — 2 cos t) 


= //(2 cos 5 ? — 2 cos tt ), which 


In the same manner we may shew that the other term in 
% [z) is finite. ^ . 
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244. We now consider the series which we denoted by 
in Art. 239. We have by Art. 50 


^ ^ bin ^zsinnzdz ^ 
P,(cosi) = -£ _ 


COS 2 ^ sin nz dz 


^ TTjo V(2 Jcos^--2cos^) 7rJ^y'(2cos ^ —2 cos2) ’ 

Hence we find that irT^ = 

— 8'sin'^z dz 8'Qos^^zdz 

j_jo V(2cos^ —2cos t) j\/(2cost-~2cosz)]'^^^'^ sin tdf, 


where 8' stands for 2 (sin ^ - 1 -, 2 sin 2^? + 3 sin 82 ? +... + ^ sin nz); 

we see that 8'== — ^. 

dz 


245. Next we change the order of the two integrations 
involved in the expression for Proceeding as in Arts. 241 
and 242 we arrive at the result 

^[z)B'dz, 

where ^ [z) stands for 

. 1 / (t) sin tdt , 1 f(t) sin tdt 

sin^^j^ ^(2 cos 2 ; —2 cosi5) • 2^ J^ A/(2cosi— 2cosz) * 


246. The function ^ (z) is finite throughout the range of 
integration, as we see by the method of Art. 243. It will 
be necessary however for our purpose to shew something 
more, namely that the function is continuous, so that it 
experiences only an infinitesimal change when z does. To 
shew this we examine separately the two terms of which 
^ {z) consists; take for example the second term, and it will 
be seen that the first term may be treated in a similar way. 

We have then in fact to shew that 


_ f( t) sin tdt 

Jo \/2 COS ^ - 2 cos (z +f) 


' ^ . /^(^) sin t dt 

0 ^2cost--2co8z 


vanishes with 
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fZ’hC 

This expression is equal to J 

-fm 


f (t) sin tdt 


sin t 


cos t ~ 2 cos (z H- 
sin^ 


dt ; 


lx/ 2 cos ^ — 2 cos 2 ? cos ^ — 2 cos -I- j 
and we will take these two integrals separately. 

Let g denote the numerically greatest value of f {t) 
between the values z and 2 ? + f of the variable; then the 
former integral is numerically less than 
rz+c sin t dt 

J z 


But 


/: 


/s /2 cos ^ — 2 cos {z + f) 
sin t dt 


n/2 cos ^ — 2 cos ( 2 ; + f) 


= — J 2 cos t — 2 cos (z + ; 

thus the former integral is less than g V2 cos z — 2 cos {z + f, 
and therefore vanishes with 

Next we treat the latter integral. Let g now denote 
the numerically greatest value of / (t) between the values 0 
and ^ of the variable; then the integral is numerically less 
than 

g _ -- . dt, 

J 0 W2 cos t — 2 cos a v2 cos t — 2 cos {z + i^)) 

that is less than 


^ {V^2 — 2 cos 2 : — V2 — 2 cos (z + + \^2 cos a — 2 cos (^; + 

which vanishes with 

247. We shall require immediately the values of ^ (0), 
and |'(0); they may he conveniently determined now. 

It is obvious that f (0) and ^ (tt) are both zero. 

Wo proceed then to investigate the value of |^'(0). 

1 1 

For shortness, put ^{z') = —r&m ^ ^ + s cos ^ 

f(t)sintdt ^ fit) sin tdt 


so that r 


=/’ 


V(2 cosa—2cosf) 


=/■ 

•/ 0 


Y''(2cost—2cos.?) ’ 
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dieichlit’s investigation. 


mi „ V r 1 s . 1 . 1 dr , I ds 

liras 0 {z)=- - cos ^ ^ sm ^ z-sm^z cos § ^ 


dz^ 


and tlerefore 


^^ dz’ 


■vvliere on Ihe right-liand side ve are to put 0 for z. This 
dr . . 

assumes that is not infinite when » = 0, an assumption 
which will be justified immediately. 

(JiS 

Ifow tie Talue of wlen z is zero is the limit when 

o 

^ ^ . Ip fit) sin t dt ™ 1 

IS zero of the expression - -jX --r • Ve know 

zj. ^J{± cos t—2,cosz) 


that this expression 

^ Jo V(^ 


sin t dt 


/(j ^J(2cost z) 

some yalne of t between 0 and z. And 


, where T is 


• . 

0 


' SlTLtdt _ o • 1 

^(2 cos t — 2 cos z )‘" 2 


^/Wsin^^! 


, and the limit of it 


so that the- expression 
when z=0 is/ (0). 

In a similar manner we can shew that ~ is finite when 

clz 

« = 0; and we shall not require its precise value. 

Thus finally f (0) f(t) cos^fdt. 

■ 248. Now return to the value of We have 

Integrate by parts; thus T^=^j’’^{z)Sdz. 

Therefore when n is indefinitely increased, the limit of 
is (0),.the value.of which was found in Art. 247- ' ' 
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219. Hence T,+ ?;==/W* 

1 r2vr 

Thus the limit of ^ j F(0, (f>') d<^. 

This will coincide with F (0, when F (0, is inde¬ 
pendent of (f>'. In other cases it will he what we may call 
the mean value of F (0, (f>'), 

250. Thus we have established the required result in 
the particular case contemplated in Art. 238, namely that 
in which 6 is zero. 

We may state in words what has been shewn. 

Suppose a spherical surface, let F{d', ^') denote the 
density at any point, or rather at any element of surface, 
say at S. Then the integral in involves the product 
of the element of the surface, into the density, into a certain 
function of the arc which joins the element of surface 
to a fixed point in the sphere. In the case in which 0 = 0 
let us call that fixed point A) then we see that is 
equal to the mean density round the fixed point. 

Now if 6 be not ==0, let us call the fixed point C. 
Then becomes the same function of the arc CS as it 
was in the former case of the arc A/S. Hence the value 
of S will now be the mean density at C ; that is it will be 
F (0, (^). Thus the problem proposed in Art. 237 is solved. 
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0-1 w ^ ^ d’"P„(x,) 

2ol. To shew that —=^== —— — ,-"1 — 

n + m dx aXj 


( I-»y ( !-»,,■)■ 
2.4. (2m+2) (2m + 4) 

T A d 




where ^ stands for and i) for -tj: . 

To prove this we observe that Laplace’s Coefficient 
^ ~ Jl—cc^ Jl— xl cos Put t for 
Jl — x^ Jl — Xj^ cos yjr, then P^{z) becomes a function of 
I;-h t, say i^(^+ ^); and this by Taylors Theorem is ec[ual to 

Pick out the coefficient of cos from this, and eqtmte 
it to the (- !)”• (1 - (1 - x^y 

Art. 175, that is by the same Article to ^ 

\n+m .*0 

How the first term ;n the series above given for F{P-\-f) 
which involves cosmf is and this whl give 
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for the coefficient of cos m^jr the expression 

^m+2 

The next term which involves cos myjr is 2 (f)^ 

and this will give for coefficient the expression 

1 ^”+3 W4-2 ^ I 9 

^( 1 - 0 .^)—( 1-0 

• Next we get 

And so on. Thus we obtain the required result. 

252. In the formula of the preceding Article put x^ = 0; 
•then we get an expression for — ^ ■ - arranged in powers 
of 1 — There will be two cases. 

P [x') 

I. Suppose n — m even. Then contains a 

term which does not vanish when = 0; and a similar 
remark holds with respect to (|), (|^).... 

Thus we get 


In + m dx''' 1 ."P, [m + 1) 


p (p^2) ( 7 + 1 ) (^ + 3 ) . 

J2.z\(m-f I) (m + 2) ^ ^ 

4. PSp ~ 2) (2 ^-^) _ 1 v 

[3.- {m i-1) (w -f 2) (m -f 3) ^ ^ 


where p stands for n — w and for ti -f 

II. Suppose —m odd. After the operations denoted 
in the preceding Article have been performed divide by 
and then put Xj^ = 0. Tims we get 


13—2 
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\m \n-m d”' p^ [x) 
jn+m dxP 

b-l)(g + 2 ) 
2^ (m+ 1) 


8=1 + 


= x8, where 


(p -l)(p- S) (y +2) + 4) , j _ j ,2 

+ |2.2\(m + l)(w+2j ^ ^ 

(p-1) ( p-3)( p-5) (g+2)(<2 + 4) (^ + 6) 2 _ ly 

13.2®. (-wi -1- 1) (m 4- 2) (7/14-3) ^ 

4-, 


253. The theorem for the expansion of a function in 
teiitis of Legendre’s Coefficients may be enunciated thus 

^(a>)^X^FJx) fF„(x')<f,(x')dx', 

'where S denotes summation with respect to n from 0 to oo . 

In Art. 220 we have deduced this as a particular case 
of the expansion of a function of two variables in terms of 
Laplace’s Functions. We will now give another investi¬ 
gation. 

Let ^ stand for a:x. We know by Art. 251 that 


(i-xra-xyFFj^) 

2\# d’t~'^'" 


l-a® 


Now we know by Ai-t. 200 that 

S (2n, +1) (^) = the limit when a = 1 of-; 

(l-2af + a“)* 

hence 2(2?i + l)5^- - L —the limit when 

“ “ 1 of r— 5r (i-2ag + ay ® ""^0“ 


0=1 of 


3.5a^(l-a*) 

‘F (i_2a|+a“)4' 
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lu like manaer % (2ri + 1) 




F=the 


limit when a= 1 of 


(1-0:7 (l-a;'0^ 3.5.7.9071- a") 
2^4“ (l- 2 a|+ay^ 


lu tliis way we can transform IS (2»+l) P^{sc) PA^'), and 
patting a = 1 in the limit we see that the expression will 
vanish provided the following series is convergent: 


3.5 . 3.5.7.9 2 . 3.5.7.9.11.13 






T^+ ... 


where r stands for -t:,— ' , that is for - --. y ^ . 

The application of the usual rule shews that the series is 

convergent so long as ^— L [q numerically less than 

unity. This will be the case provided x and x' are unequal 
and both less than unity. 

lIcECc we see that 2 — P„ Qx) P« (Vj is indefinitely 

small for every value within the range of integration, except 
when X =^x; what the value is then we shall not require to 
kiiow- 

9)7 4-1 

Therefore S J P„ (x) {x!) (j> {x') dx' 




where the limits /3 and 7 may he indefinitely close provided 
tlie value x is comprised between them, 

Next we transform the last expression into 

^[a>-)^^±irPAx)PA^')^^'i 


and then again skee S —P„ (r) P„ (a?') 'vanishes except 
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wlien X — X, we may transform this to 

that is to ^ (x) S — 2 — ' 

But j {x') dx' = 0 except when ^ = 0, and then it 

= 2. Thus finally 'v^e obtain ^ {x). 

The pr^eceding investigation seems to throw some light 
on the nature of the result. It has the advantage of being 
quite independent of the theorem that a function of two 
variables can be expressed in a series of Laplace’s Functions. 


254 Let CT = 


{(«-.V)'^ + (y-y')" + (z-’ 

^ xx-\‘yy^r^^' 

^ = , ^—“ . 


put + z^, = + cos 


rr 


Then Z7= 


,n--cos«40‘’ 


7 J- 7 ; SO that if TJ be ex¬ 


panded in powers of ^ we have P^ (cos 9) for the coefficient 
of f , and therefore (cos 6) may be considered to be a 

Smlo. of . 


ISTow we see that this function has the following pro¬ 
perties : 

It is symmetrical with respect to the two sets of variables; 
that is if X and x be interchanged it is not altered, ancl 
similarly for y and y\ and for z and z. Since cos 6 is raised 
to the power n in P^ (cos 9) it follows that the function 
when expressed in terms of x, y, 2 ; and x, y\ / will have 
(rr')” in the denominator. Hence if we make*this the common 
denominator, the numerator will involve each of the variables 
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to the power, and it will be homogeneous with respect to 
each set of variables. Thus if one term of the- numerator 
be where A does not involve ca' or y or £, we 

shall have a + /3 + y = 


We might take the original form of U and develop it 
in powers of cc', y\ z by the usual theorem for developing a 
function of three independent variables. Thus we shall get 
for the type of the terms in the development 


(- xy (- 3/y (~ zy v 

1^ 1 /S |y dx^ dy^ dz'^ ’ 


where V stands for 


All the terms of the 


fd {x^ - 1 - y^ +■ z^) 

degree n will be found by taking a, y of various positive 
integral values subject to the condition a + /3 4- y = -n. 


Suppose a + /34-7 = ^^; then the type of the terms just 


expressed takes the form 




, where is 


a homogeneous function of x, y, z of the degree n. 
Thus we infer that 



(cos 0) = 2 


|a |y dx^dy^dz'^ 




.r |-^ ^j'lJ T |- ^2i 

when for cos 6 we put ^^; the S denotes a 

X * 

summation for all values of a, /3, y consistent with the con¬ 
dition a + ^ + y = n. 

We may confirm this by supposing that r' is very small 
compared with r ; and then our result is in fact obtained by 
equating terms of the same order of small quantities. The 
result is of such a nature that it is then true for all relative 
values of r and r. 


255. Suppose we have to develop in terms of Laplace’s 
Functions a function of which we do not know the analytical 
form, but only various numerical values. For instance, we 
might require an expression in terms of Laplace’s Functions 
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for the mean temperature at any point of the surface of the 
globe ; we may imagine this expression to be some function 
of the latitude and longitude of the point, and may seek to 
determine the developed form of the function from the 
numerical values given by observation at various places. 
We shall devote the remainder of the Chapter to this 
subject. 


25G. Let jF( 0, <^) denote the function, and suppose that 

where Zj, denotes a Laplace’s Function of the order 7u 

We suppose that the development of F {6, <f>) converges 
with sufficient rapidity to enable us to stop with the term 
Z^. In Zji; there are 27; + 1 constants; and thus in the 
development of F {6, (j>) there are altogether (n + con¬ 
stants ; we must shew how these can be determined. 

By Art. 192 we have 

Z^ = X sin”" 6 Fk cos -f- ^ sin 

where S denotes summation with respect to m from 0 to h 

inclusive, D stands for ^, and Fj, for P* {x) ; also a? = cos 9. 

Moreover and are constants. Then F(9, <p) is 
to be obtained by summing the values of Z^ from h = 0 to 
h = n inclusive. 

We may also put F[9, (}>) in the form 

F[9, ^) = 2,,, ( cos m<j6 + 8^ sin mj>) .(1), 

where 2^ denotes summation with respect to m from 0 to n, 
both inclusive ; also 

= . 

where 2*. denotes summation with respect to k from m to n, 
both inclusive. 
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257. We first determine from (1) the values of the 
quantities of which and 8^ are the types. 

2i7r 

Let OL = 5 suppose ’ that in F (0, (f) we put for (f> 

in succession the values 0, a, 2a, .. 2na; and that the 

corresponding values of F (9, <p) are known. Then we have 
for all values of k from 0 to 2n, both inclusive, 

F {9, ha) = Cq + (7^ cos ha + cos 2ha +.+ (7^ cos nha 

-1- sin ha + 8^ sin 2ka +.4- 5"^ sin nha. 

Multiply this equation first by cosfea, and next by 
sin ksa ; and sum for all values of k from 0 to 2n, both in¬ 
clusive. Then apply the following Trigonometrical formula}, 
•which are easily established, and which we have used in the 
Integral Calculus, Chapter xiii: 

2 cosfoa cos 7i‘s a = 2n+l when s and s' are both zero, 

= ” (2n+l) when s and s' are equal but not zero, 

= 0 when s and s’ are unequal. 
2cos7i;5asin7c/a= 0. 

2sin7c5asin7<;a'a= 0 when s and s’ are both .^^ero, 

= i (2n+l) when s and s’ are equal but not zero, 

= 0 when 5 and s' are unequal. 

Hence we obtain 

C, = /j 2 c) cos ksa 

”7 i.(3). 

8g=-^ -fS F {0j ki) sin ksa 

^ J!iTl 4“ Jl 

where 2 denotes summation with resp'ect to k from 0 to 2n, 
both inclusive; but for we must take only half the value 
which the formula would give. 
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258. Now from (2) we have 




^0=A,0-P0 + -^l,0'^l+.+^n-l,0'Pn-l + -^n,0-Pn J 

.....(4 

A similar set of equations holds in which 8 with suffixes 
occurs instead of G with suffixes, and B with suffixes instead 
of A with suffixes. 

Now it will be seen that the first of equations (4) involves^ 
only one constant to be determined, namely thus it 

will be sufficient to know one value of the quantity denoted 
by G^, that is the value of (7„ for one value of the polar 
distance 0, The second of equations (4) involves two con¬ 
stants, namely and ; thus in order to determine 

them we must know the value of G^_^ for tivo values of the 
polar distance 0, In like manner G^_^ must be known for 
three values of the polar distance 6; and so on. 

259. But suppose that the values of the quantities 
denoted by G with suffixes are known for more values of the 
polar distance 6 than we have seen to be necessary; for 
example, suppose that G^ is known fox four values of the 
polar distance 6: then we have more equations than are 
necessary to determine the constants denoted by A with 
suffixes. Two ways have been proposed for treating such 
a case. 

We may use the method of least squares, or any other 
method which the theory of probability supplies, as advan¬ 
tageous for obtaining the best results from a system of 
linear equations which exceeds in number the number of 
unknown quantities to be found. This method is that 
suggested by Gauss in order to express the elements of the 
earth’s magnetism as functions of the latitude and lon¬ 
gitude. 
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Or, when a suitable number of values is given, we may 
treat the equations in another way which is simple and 
convenient, though it does not possess any recommendation 
from the theory of probability. If the equations though more 
numerous than is absolutely necessary are all consistent with 
each other the results obtained will be exact. If the equa¬ 
tions though not absolutely consistent are very nearly so, we 
may assume that our results will be reasonably satisfactory. 
To this method we now proceed. 

260. Suppose that we have a number of values of x 
given, and that to each value corresponds a certain coefiScient 
I; and suppose that the values of sc and the coefficients are 
so adjusted that the following relation holds for all positive 
integral values of s from 0 to 2n inclusive: 

x^dx .(5), 


where the summation indicated on the left-hand side is to 
extend over all the given values of x. 

It follows from (5) that if f{x) denote any rational 
integral function of Xy of which the degree is not higher 
than 2n, then 

f(pc)dx. 

Now apply this equation to the formuloe obtained in 
Art. 28; then so long as 7^; 4- /c is not greater than 2n, 

S ^PjcPk = 0 when h and k are unequal, 


when 



In like manner by aid of the formulae obtained in Art. 158, 
we have 


when h and tc are unequal, j 
2|7c4-^ , , 


( 2 ^+ 1 ) \k-8 


when 
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Tlie sumination indicated on the left-hand side in (6) 
and (7) is to extend over the same given values of x as that 
in (5). 

2G1. The relation (5) amounts to a system of 2n-|-l 
linear equations to be satisfied by the coefficients of which 
f is the type. We take then 2'^ + 1 values of x as arbitrarily 
given, and the summations in (5), (6), (7) will refer to these 
2?^ + 1 given values. It will be remembered that we have 
a! = cos?, so that when x is given the polar distance 6 is 
given. 

Suppose now that for all these 2 / 1+1 polar distances 
we have the values of and 8^ determined by (3). Take 
from (4) the expression for (7^, multiply it by dD^Pj, 
and form the sum for the + 1 polar distances. Thus 

2^c;sin^ eD^P^ = Sx (1 - D^P^DT,}, 

where S denotes summation with respect to the 2?/ +1 
polar distances, and denotes summation with respect to 
X from X = s to X = both inclusive. 

By means of (7) all the terms on the right-hand side 
vanish except when k; and thus we obtain 

= .( 8 ). 

This determines . 

Similarly S, sin’ 0D‘P^ = . 

This determines 

262. We proceed to express in a convenient form the 
coefficients of which ^ is the type. 

Let Xq, the given values of Xy so that 

for positive integral values of x from 0 to 2% inclusive 

fo*'o + +1^2+.+ =[ .. .(10). 

-1 
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Pat ir (x) = (x-x„)(x-xj . (x- xj. 

When we divide (x) by one of its factors, for example 
by the first factor, we obtain an expression which is equiva¬ 
lent to a rational function of x of the degree 2n. 

Let = «„ + «,a: + +.+ I 

then we know that this expression will vanish for all the 
given values of x except x^. 

Multiply equations (10) in order by ... and 

add; thus 

io'i'o W + K) +.+ Ian '^0 J = f 0 (®) 

-1 

SO that (a-J = [ (x) dx. 

-1 

This we may write thus 


fo K - K -X^.. {x, - xj 

= I - ^ 2 ) ■■■ (on-xj dx, 


or 






dx, 


where 




indicates that ^ (x) is to be differentiated 
and then x^ put for x. 

Thus is determined; and similarly we may determine 

t2> .f*.* 


263. We will now change our suppositions. Instead of 
2?? +1 given values of x we will suppose there are n + 1 
values to he determined as well as the n + 1 corresponding 
values of We may then assume 2n + 2 conditions, and' 
these shall be that the following relation holds for all positive 
integral values of s from 0 to 2/^ + 1 inclusive, 
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Then the equations (6) and (7) will hold so long as 
Z: + /c is not greater than 2n + 1. 

We proceed to eliminate from (11) the quantities 

.r.. 


Put 


-L- ^0 I I 

-j-p 

^ />» 






When we develop the fractions in ascending powers of x^ 
we find that the general term of % is 

i {^ 0^0 .+ 


Hence hy (11) we have 
1 


^ dx‘\’ 


E 


X 


•(12), 


where 2 denotes summation with respect to 8 from 0 to 
27 z 4-1 hoth inclusive, and E is an infinite series of the form 

^o + -+- 
^ X XT 


Now % is a fraction of the form 

■gX+ .+ B^^^x + 

+.+ Ax + 


(IS) 


■where the denominator = {x — x^ {x — x^ . {x — xj. 

Let us denote the denominator by •or (x), so that the 
quantities x^, x^, .a;,, are the roots of the equation 

•nr (x) = 0. 

From (12) and (13) we have 

£,x”+BX-^+ . + 

= the product of {x^ + A^x" +.+ 

into + B'^x^ + .+ 

/•I 2 

where 55 , =j a:?'dx==j;~^^ or 0, according as h is even 

or odd* 
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Equate tlie coefficients of the powers of cg; thus 

+•.+ ” ^5 

14+2 + +.+ 


-S^an+l-h +.+ -^n+l-S^n = ^ ? 

i?o = -S‘o. 




The former group consists of 71 + I equations between 
the quantities ... A^^^, which will suffice to deter¬ 

mine them. If we restore for I 4 its value J x^dx, we find 

that these 7i +1 equations are all cases of the following, ob¬ 
tained by giving to s positive integral values from 0 to n, 
both inclusive; 

f x" A^x^ q-... 4* A^^^) dx = 0, 

J _i 

that is f a;V (^x) dx = 0. 


Hence it follows, by Art. 32, that 'cr(^) = where 

(7 is a constant. Thus the values x^, ... in (11) are 

the roots of the equation P^^j, (x) = 0. 


Then, as in Art. 2G2, wo find that 
'd 


fo 


where 


[; 


^P 
dx 


0) 


0 


^ p 

dx 




indicates thatP,^^^(a?) is to be differentiated. 


and then put for x. Similarly we can find fj, ... 
Hence the coefficients fj, identical with the 

quantities, the type of which is Tt,. obtained in Gausses process 
of integration; see Art. 13L 
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264. As a particular case, let us suppose that the func¬ 
tion denoted by F does not involve (f>, so that it reduces to 
F{e), Then, by Art. 257, 

C, = t COS ksoL, = F — S sinfea, 

except that when 5 = 0 we take only half the value given by 
the first formula. 

Now when 5 = 0 we have X cos hs% = 2^+1, and in other 
cases 2 cos ksoL = 0; also 2 sin hsa. = 0. 

Thus 8^ always vanishes; and always vanishes except 
when 5 = 0, and then we have C^ = F{d)i or putting f[x) 
instead of F{6) we have =/(^). 

T-r n /nx _ i_ a 1 <> /»/ \ 7^ 


Hence by (8) we have 




The constants denoted by A with suffixes vanish by (8) 
except when the second suffix is zero; the constants denoted 
by B with suffixes always vanish by (.9). Thus the value of 

97 /> 4 - 1 

Z, of Art. 256 reduces to P,2 ^f{x) P,, 

Hence we obtain for the development of the function /(a:), 

f{x) +P,P,+ ... 

where jp* = 

But yte know ky Art. 138 tkat the exact development 
oif{x) is 

f(x) = q,Po + q,Pt+--+ iJP. +. ( 15 ). 

where f(x)P^dx. 


If WO make use of this formula in (14) we find that 

.. (1 
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where S denotes summation witli respect to all the n-^1 
values of x, and 2a denotes summation with respect to s from 
0 to 00 . By virtue of equations (6), which with the present 
notation hold so long as &+ 5 is not greater than 2w +1, the 
right-hand side of (16) may be reduced. The term which 
corresponds to 5 = becomes simply qj ^; all the other terms 
vanish so long as s is not greater than + 1 — A : thus we 
obtain 

Ph ?2n+2-A!'^2n+2-A! "t* |?2n,+3~* ■®2n+3-^ d". 

2^ q- 1 

where-2'^= —g—2|P^P;fc, the summation extending to all 
the n + 1 values of x. 

For instance, 

jPo d“ 2^2n+2-®2;i+2 d" d“ ?2n+4-®2n+4 d“ • • • > 

~ d~ ?2n+l-^271+1 d" ? 2 %+ 2 "^ 2 «+ 2 d“ fc+3'^2n+3d“ • • • 7 

where it must be observed that the symbols E with sufiSxes 
have different meanings in the two lines; in the first line 

ill til® second line 

From (15) we have I f[x)dx = 2q^ 

^ -1 

~ ^ {!727i+2-®2n+2 d" !Z27l+3•^271+8 d" • • J C^f)* 

Hence by (14) we obtain 

f / dx = ^J{x,) + + ... +J J 

j -1 

^ {(Z2u+2-^2?i+2 d” !Z2n+3‘^2»+8 d” •••} • 

In this expression for J f[x)dx the first part is identi¬ 
cal with the of Art. 126, so that the second part 

gives us a new expression for the error which arises in taking 
the approximate quadrature for the real quadrature. 


T. 


14 


/ 
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CnAFPEE XXL 

SPECIAL CURVILINEAR C(H )PJ>INATKE. 


£() 5 . In soiRO invpsli^ationH of inixfMl 
c(*rtaiu coordiiiato.s irutrodiHaHl by Latoi: li.'ivo fMiiiifl 

V(‘ry ns(‘ful: these nha-ll now explain. liaindV own iii- 
vc!Hti"aii(>ns on the, subjcict wta'e first ^nven by him in vnriniiH 
inenmirH, and afterwards reproduced in two wn»rks eiifitloi! 
Legnih* sar les fotictuin.H inversen dm iritmeetidanUm H im 
surfaces isotherities^ anti L(^,nns sur fm caitfilfainrim 

curviUgneH et le.urs direrses a-pplicatiouH, 1 H 5 !K I’liesi? eo« 
ordinates are also explained in the Caurs de Jii^sitjtic 
IFathf'niatyjue of il. Muthic u, 187 * 1 . 

2()C). Consider tin* folltnving* tlu*ec crpmtioiis where ;r, y, r 
dentiie variables coordinates: 

4. «1 

1, 

7/L.+ ^ -1 

pd pf — 0 ® p—c 

^..?/ ,.. ^ _ 1 

p p b V 

Suppose If loss than c®, X® i^watrir than ef, /i® lietw*et»!i 
If and d\ and leas than 6*: then the first Off nation rf»pre- 
Bcnts an cdlipsoid, the second an hypc*rhoioitl of oiiij filieiit, 
and the third an hyperboloid of two siiecds- 

We shall sometime-t denote these surfaces by 
respectively. 
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267. Suppose tLe preceding three equations to exist 
simultaneously; then x, y, z •will be the coordinates of a 
point or points at which the surfaces intersect. The values 
of 0 ^^ 'j/, which satisfy these equations simultaneously 
are easily found to be 


These values may be immediately obtained from the 
general formulse given in the Theory of Equations, Art. 291. 

Or we may proceed thus. The three equations of Art. 2GG 
may be considered as expressing the fact that 


- 'if 

p p — b^ p—c^ 

vanishes when p = or p? or v^. Hence we have 

. _ t _ _ {p~^x^)[p^f){p-v-) . 

p p-b^ p-(f p (p - b^) (p- (f) > 

for no constant factor is required since each side becomes 
unity when p is infinite. Then if we decompose the right 
member into partial fractions, in the manner explained in 
the Integral Calculus, Chapter li., we obtain 

, __ \VV &") {f - h^) 

^ “ i)V ’ ^ ~ U‘ {b‘-c‘) 

Since by extracting the square roots of the last equations 
we obtain three double signs, we see that the surfaces of 
Art. 266 have eight points of intersection- 

268. Through any point in space one such system of 
surfaces as that of Art, 266 can he drawn^ and only one^ 
b and c being fixed quantities. 


14—2 
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For let {oo, y, z) denote the point; and let it he req[uired 
to find t from the equation 


^ + _ 


vL 



This may he considered as a cubic equation in t, and by 
observing the changes of sign in the left-hand member as 
t varies, we see that there is one root of the equation between 
0 and ¥, one root between and 6\ and one greater than 
We suppose here that none of the three quantities cr, y, z 
is zero. 


2G9. The three surfaces of Art. 266 are mutually at 
right angles at the points of intersection. 


Denote the first equation by = 0, and the second by 
'y = 0; then the condition that the surfaces may intersect 
at right angles is 


du dv ^ du j^dudv 
dx dx dy dy dz dz~ ^ 


that IS y _ - Q. 

Now this condition is fulfilled at the points of inter¬ 
section as we see by subtracting the second equation of 
Art. 266 from the first. 


Similarly the other two surfaces intersect at right angles. 


270. By adding the values of y^, and z^ in Art. 267, 
we obtain 

—If — <?. 

271. By extracting the square roots of the expressions 
in Art. 267, we obtain 


Some convention as to signs is necessary in order to 
ensure that the last formulae shall have due generality; and 
the following is found suiBficient by "Lamd. Out of the nine 
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quantities X,/z., v, — s/0^ — c^)y 

— V(c^ —O, three are taken to be susceptible of 
either sign, namely v, ; the rest are 

considered always positive. Thus the expressions for cr, y, 
and z have each one factor which may be either positive or 
negative. 


272. The quantities X, v are called elliptic coordinates. 
When they are given we may suppose the surfaces of Art. 266 
to be constructed, and their common points determined. Or 
we may find x, y, and 2 ? from the formulae of Art. 271. 

It will be observed that if we merely know X, /^, and v, 
the point in space is not completely determined; for there 
are eight points corresponding to assigned values of X, yw, 
and V. If however we attend to the sign of v, according to 
the convention of Art. 271, the number of points is reduced 
to four, 

273. Suppose in the first equation of Art. 266 that X 

varies; we thus obtain a series of ellipsoids, all confocaly that 
is all having the same points for the foci of their principal 
sections. We may suppose X to commence with a value 
infinitesimally greater than c, and then one of the axes of 
the ellipsoid is infinitesimal, namely that which is in length 
equal to 2 &), Then X may be supposed to increase 

indefinitely. 

Similarly in the second equation of Art. 266, if ya varies 
we obtain a series of confocal hyperboloids of one sheet. 
The limits between which jju may vary are from a value 
infinitesimally greater than & to a value infinitesimally less 
than c. At the former limit the real axis which is in length 
equal to 2 f vanishes, and at the latter limit the con¬ 
jugate axis which is in length equal to 2 — jj?) vanishes. 

Finally, in the third equation of Art. 266, if v varies 
we obtain a series of confocal hyperboloids of two sheets. 
The limits between which v may vary are from an infini¬ 
tesimal value to a value infinitesimally less than h. At the 
former limit the real axis which is in length equal to 2z/ 
vanishes, and at the latter limit the conjugate axis which 
is in length equal to 2 — vanishes. 
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274. Take the logarithms of the formulse in Art. 2G7, 
'and differentiate. Thus 

, xdX xduL xdv 

dx = -—+ — - + -, 

X fj. V ' 

, _ yx^ , yp-diJ. yvdv 

y x^-h ‘^+ v^-b'^ ’ 

, zXdX zpdpb zvdv 

. dZ = r-r-^ "i" —TT-5 4- 7, -7, . 

X^—d v^—& 

Square and add; then hy the aid of the equations of 
Art. 2G6, we obtain 




y 


Qd-by ^ iy-c‘) 


XW 


\X 

+ 1-4+, : 


y"" , 'S:" I 2^7 2 

f-i/f {y-cy\ ^ 


+ £+--^,-.4._gl_ 

^ y ^ {v^-by ^ (/-dy 


w. 


But hy the formulse of Art. 267 we shall obtain 


L+: 


y 


X* (x“ - b^y ^ (X^ _ cy x^ (X'^ - 5^) (x“ - d) 

and then by symmetry 


• _ jx^-p^) jx^-d) . 




P-* ' - 6“j“ + - cy fd {/j? - d) ifd-d) ’ 


and 


«*. f 


,+■ 


>+■ 


V' ■ {d-Wf {y'‘-cy d (d- d) [d - d) • 
Hence, putting dd for dx‘ + dy + dd, we have 

d.^ - ^0^ y-") - ^') , ■ iy" - 

{x^-v){x^-d) + (j/-b^)(y-cy 

dd(d~X^ (d-y) 


+ ' 
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Here ds denotes tie distance ietween tie point {x, y, z) 
and tie point {x 4- dx, y ^-dy, z-\- dz), 

275. Suppose we put d\ — Q in tie result of. the pre¬ 
ceding Article; then tie two points both he on the surface 

and tie formula becomes 

^.2 _ •“ 

276. Suppose we put J/4=0 and dv=^0 in the result 
of Art. 274; then tie two points both lie on the surface 
and also on the surface and the formula becomes 

This is therefore the value of tie square of tie length 
of the infinitesimal straight line drawn normally to 8^, to 
meet the adjacent surface of the same family as 8^, in which 
the parameter has the value X 4- dX. 

A similar expression holds for the infinitesimal distance 
between 8^ and the adjacent surface of the same family, and 
also for the infinitesimal distance between 8^ and tie ad¬ 
jacent surface of tic same family. 

. We shall now give some examples of tie use of tie 
formulae which have been obtained, 

277. Let dcr denote an element of the surface of a solid, 
p tie perpendicular from a fixed origin on the element; then 

^pda represents the volume of an infinitesimal cone having 

its vertex at the origin, and having da for base. Thus the 

volume of the whole solid ^\]pda, the integral being taken 

o 

between appropriate limits. 

We will apply this to the ellipsoid given by the first 
equation of Art. 206, taking the origin of coordinates as the 
vertex of the cones. 
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We have by the usual formulae of Solid Geometry 



transforming this by the aid of the expressions in Art. 267 
we obtain 


Also by Art. 276 we have 

= WREZnZEM V 

y - b^) (/.^ - c'O - b^) {v^ - O 

= (/a" - J^) 

If we integrate between the limits 0 and b for v, and h 
and c for ft,, -we obtain one-eighth of the volume of the 
ellipsoid whose semi-axes are A, V(^*~cO- 

Thus 




dfjbdv 


J{b^ - V^) {d - l/) {d - IM^) (7 - JT) 


and therefore f" f - . - v^dfj.dv ^ tt _ 

J hJ 0 J (Jf — v^) (c^ — i/'^) {c^ — (jjJ^ — W) 2 

278. Let G> denote any element of area on the plane 
{Xy y)y and let be the corresponding ordinate of a solid ; 
then the volume of the solid is found by taking the integral 
Izdto between proper limits. If dcr denote an element of the 
surface, and 7 the angle between the normal to dcr and the 
axis of 2:, we may put cos 7 dcr for dco. Thus the volume 
=^Jz cos yda. 

We will apply this to the ellipsoid given by the first 
equation of Art. 266. We have by the usual fornaulse of 
Solid Geometry 
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COS 7 = 




transposing this by the aid of the expressions in Art. 267 we 
obtain 


cos 7 = 


(c^-~ ynO - v^) 
cJ{g^ - (X — (A" — p") ’ 


Hence proceeding as in Art. 277 we obtain finally 


(jj? — v^) J(c^ — /ju^) {g^ — v^) dfidv 

JbJo ^(6" — ^ 




279. If we take the three expressions furnished by 
Art. 276 we find that an element of volume of a solid may 
he denoted by Hd'kdfJbdu where 

J(X^ ^ 0^) (^2« l^) (c‘^ __ (Jf ^ • 

Apply this expression to the ellipsoid given by the first 
equation of Art. 266; then proceeding as in Art. 277 we 
obtain 

Jo Uo - ^’0 (>■“ - cO• 


280. There is another system deserving of notice in 
which the ellipsoid is replaced by a sphere and the two 
hyperboloids by cones. Here we have 

of + ^’‘ + z’‘ = r®, 


?: + _2L_+.; 


v. = 0. 


** , f . 


= 0 . 


These equations give 
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It is easy to shew, as in Art. 269, that tlic surfaces re¬ 
presented by the three equations intersect at right angles. 

281. We may apply the formulae of Art. 280 to obtain 
an expression for the surface of a sphere of radius r. 

If we proceed as in Art. 277 we si mil find that the area 
of an infinitesimal element of the surface is 


{ij? — v^)r^ djjbdv 

and if this be integrated between the limits 0 and h for v, 
and h and c for ya, we obtain one-eighth part of the surface of 
w 

the sphere, that is rl Hence 


rr-= 


{fjd — T?')dyudv 


This agrees with Art. 277. 


TT 
1} • 
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GENERAL CUEYILTNEAR COORDINATES. 


282. In the preceding Chapter we have given an account 
of a special system of curvilinear coordinates; we shall now 
treat the subject more generally. 

283. Let there be three surfaces represented by the 
equations 

/i 2 ) = Pi. 1 

fMy>^) = . 0 )- 

/a («. y> = P3- J 

Here x, y, z are variable coordinates and p^, p^ are 
parameters which arc constant for any surface; but by vary¬ 
ing a parameter we obtain a family of corresponding surfaces. 
For shortness we may denote the surface of the first family 
for which the parameter has the value p^ by the words the 
surface and similarly the surface p^ will denote the sur¬ 
face of the second family, for which the parameter has the 
value pg; and a like meaning will apply to the words the 
surface p^. 

284 To given values of x, y, z in (1) will correspond 
definite values of p^, pg, p^; that is, for every point of space 
the parameters of the tliree surfaces can be determined. 
Conversely, if p^, p^, p, are given the values of a;, y, z may 
be theoretically found; that is, the points (x, y, z) may be 
considered to be known when the three parameters are given. 
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Let a^y h^y denote the cosines of the angles which the 
normal at [x, yy z) to the surface makes with the coordi¬ 
nate axes ; let be similar quantities with reference 

to the surface p ^; and let be similar quantities with 

respect to p^. Then 



286. Let V denote any function of Xy yy z\ by sub¬ 
stituting for Xy y, their values in terms of p^y p^, p^ from ( 1 ), 
we transform V into a function of p^, P 3 . Then by the 
aid of ( 2 ) we get 


dV dV j dV . dV . 

dV dV,, , dV,r , dV, , 
dp, ^ ^ dp^ dp^ ‘ ^ 

dV dV , dV , dV , 


287. Now let us suppose henceforth the three surfaces 
given by (1) to be mutually at right angles; then the nine 
cosines 6 ^, Cj... satisfy certain well-known relations, and 
with the aid of these we deduce from ( 3 ) by squaring and 
adding 






GENERAL CURVILINEAR COORDINATES. 


221 



288. One of the relations between the nine cosines to 
which we have just alluded is 


+ *2 (Vl - Vs) + «3 - Vl) = 1 ; 

hence hy the aid of (2) 'we have a result which we may 
express in the notation of determinants, thus: 


dp^ 

dp^ 


dx ^ 

dy ^ 

dz 

ip^ 

dp. 

dPj 

dx ’ 

dy’ 

dz 

dp. 

dp3 

dpj 


dy’ 

dz 


289. From equations (2) we deduce 
a^dx + \dy + c^dz — ^dp^, 

a^dx + hfiy + c^dz = I 
'h 

%dx + h^dy + c^dz = Y<^p,; 
and from these we deduce 

dy=^hdp^+hdp^+Kjp^ ■ 

dz=^fdp^+^dp,+ ^fdp, 

A a 83- 


( 5 ). 
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From (5), by squaring and adding, we obtain 

dx^ + “h ^ dpi + p dpi + dpi .(6). 

The left-hand member may be replaced by ds^, so that 
ds denotes the distance between the adjacent points {x, y, z) 
and (x‘\~dxj y-^dy^ zArdz), 

290. • Three particular cases of (G) deserve special notice. 
Suppose that the adjacent points both lie on the surface p^, 
and also both lie on the surface p ^; then they both lie on 
the common intersection of these two surfaces, which by 
hypothesis is at right angles to-the surface p^ at the point 
{x^ y, z). Thus we have dp^ — 0, and dp^=^0i so that (6) 

becomes ds“ = ^dpli therefore j^dp^ is numerically equal 

to the distance at the point {x, y, z) between the surface 
Pj. and the adjacent surface -f dp^. 

Similarly we can interpret the special equations 
ds^ = p dpi, and ds^ = ~ dpi- 

291. From equations (5), we obtain 

dx _ dx _ (Xg dx ^ 

dp^'^\’ 

— h. §iL-^h 

5^“^’ dp^'~~’}i/ 

— £2 __ 

dp^'^h/ ~dp^'~h/ dp,~h/ 

These equations may also be obtained in another way. 

dx 

For if a small change dp^ be ascribed to p^ we have dp^ 

for the corresponding change in x. This expression must 
therefore be equal to the projection on the axis of x of 
the normal distance between the adjacent surfaces p^ and 
Pi + cZpj at the point (x, y, z). Now this normal distance 
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by Art. 290 is j- dp^, and the projection on tbe axis of x 

is obtained by multiplying by which is the cosine of 
the angle between the normal and the axis of ; so that 

dx ^ a, y , ,, „ dx, a, 

dp^ = dp ^, and therefore . 


dp^ 


dp^ 


Similarly the other cases can be established. 


By the aid of Art. 285 these become 

—Jl ^ ^ — _L ^ 

dpj^ dx ’ dp^ dy ’ dp^ dz 


dx dp^ dy __ 1 dp^ ^ d^ 

dp^ dx ’ dp 2 A/ dy ^ dp^ dz 

^ ^Ps ^ — JL ^£2 

dp^ dx ^ dp^ dy ’ dp^ dz _ 


292. From equations (7) we obtain, by the aid of Art. 288, 
in the notation of determinants 


dx dy dz 

dpx’ <^pi 

dx dy ^ 

dp^’ dp.^’ dp^ 

dx dy dz 


_ 1 
hKh' 


« 
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TKAKSFOEMATION OF LAPLACE'S PBINCIPAL EQUATION. 


293. In equation (4) of the preceding Chapter a cert; 
expression involving first differential coefficients is tra 
formed from the variables x, y, and z to the variables 
and pg. It is the object of the present Chapter to eff 
a similar transformation with respect to the express] 

^ expression is very important on ; 

count of the well-known equation which Laplace fiirst cc 
sidered: see Art. 167. The expression is called by Lai 
the parameter of the second order of the function V. 


294. The parameter of the second order of any fundi 
Y can he expressed in terms of the parameters of the seco 
order of the functions p^, pg, and pg. 

For 

dx dp^ dx dp^ dx dp^ dx ’ 

da? dp^ \dx) dp^ \dxj dp^ \dx) 

+ 2 ^ +2 ^ ^ 

dp^dp^ dx dx dp^dp^ dx dx dtp^dp^ dx c 

dV d?p^ dV d?p, dV d^p, 
dpj^ dx^ dp^ dx^ dpg da? * 
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d'‘V d^V 

Similar expressions hold for ^ and hence by 

addition, observing that the surfaces of Art. 283 are at right 
angles, we obtain 

^ df ^ dz^ dp^ + dp^ + dp^ 






j__ r 2 [ " rg I " r 2 

dp^\djd^ ^ dy^ ^ dz^) dpj\dx^ dy^ dz^J 

.(1). 

dp^\dx^ dy' dz-^J ^ ^ 

Thus the parameter of V of the second order is expressed 
in terms of p^, p^ and of the parameters of the second 

order of p^, and p^: it remains to transform these three 
parameters. 

We shall use the symbol V an abbreviation of the 
operation 


295. The relations among the nine cosines to which we 
laave alluded in Art. 287 may be made to give the following 
results: 


^ 8 ^ 2 * ^ 2^3 ^ 8 ^ 2 ? ^ 2^8 ^ 8 ^ 2 ’ 

together with two other similar sets. 

Hence by the aid of Art. 285 we obtain 

K f^^Pi^Pa dP3^Pi\ 

dx hji\dy dz dy dzj' 

^ _ ^pjL ipJ] 

dy hji\dz dx dz dx)' 

^ = A. f A ^P -9 _ ^P» ^P>) ■ 

dz hji^ \dx dy dx dy) ’ 

together with two other similar sets. 

Differentiate the first of (2) with respect to y, wd the, 
second with respect to x, and equate; thus w? get 
T. 



15 
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]iji^\dy^ dz dy di/dz dy^ dz dy dydz) 

+ A (A-] ^ 

dy [hjij \dy dz dy dz J 

^ K , dp-, ^>3 ^P^ ^P<t ^P% ^P^ 

hji\dxdz dx dz dx^ dxdzdx dz dxy 

j. A f A-^ fA? 

dx\hjij\dz dx dz dx) 


' Ee-arranging, and introducing terms for the sake of 
symmetry, we get 



+A-A jAAA + a A(^\. 

h ji^\dx dx\dz) dy dy\dz) dz dz\dz)^ 


_ A. j A A Ap^ + a a f'As'\ + A A AAl 

h^^Xdx dx\dz ) dy dy\dz)^ dz ~dz\dz)) 

+ iPs |As A (AS) +A 2 A f A '^A A_Vh 

^ dz [dx dx \h^J dy dy \hjij dz dz \hjij) 


i£i lA? A (Ak.\ jlA?A [AA jlAxA [AAl 

dz \dx dx \hAJ dy dy \hjij '*' dz dz \.hJ)J j 

= 0.(3). 


Now the expression within brackets in the second line, 
by equations (7) of Art. 291, 

== h 24 -^ JL^ 

® jdpg dx \ dz) dp^ dy \dz) dp^ dz\dz]) 


A/'A 

dpXdz. 


(4). 


A similar transformation can be effected of the egres¬ 
sions within brackets in the remaining three lines of (3) j 
and thus (3) becomes 
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1 ^Pa z 2 ‘^■^1 _ ‘^Pa z 2 _ A 

^ dz^^~df, dz'^^ dp^ - 


+ ^. -V;^ 


■where S stands for f- . 

" KK 

Divide hy S^, then -we obtain 
^P<i „ ^Ps „ 

- 2 J (^Pi\ r 2_^f^P: 


® dp^ \dz } ^ dp^ \dz J 

^ , 2 _ ^2 Z 2 = 0 

cZz “ dp^ dz ^ dp^ 


Similarly "we have 

fevA-^V/.. 


4 . ^ 2 ^ 2 

^ dp^ \dx ' ^ r^n [/f.nr- 


dp^ \dx 


+ . 

.-it^f§P^ —Ji^ ^L. ( 

+ A * —^ A.® = 0.(8). 

dy “ dp^ dy * t?P 2 

Multiply (6) by (7) by and (8) by and add; 

tlien by virtue of the relations alluded to in 287, we 
obtain 

15—2 
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4 . ^2 A (iss') + 

dx dp^ \dx) dy dp^ \dy)) 


2 ^ [ ^P^ _j_ ^£2 ^ ^9 2 ^ f 

2 \dz dp^ \dzj dx dp^\dxj dy dp^\dyj) 


+W^^' = o. 

This may be simplified; for we have 

^ A. f^] + ^ A 4. ^ A (ih') 

ds dpg\<^^J dxdpA^i^) *^ydpAdy) 

:^l±[(kA\(^W(§pzA\-l±},^-i A 

2dpA\dzj \dx) \dy)] 2 dp^ “ 

and AsAf^A^A/AA^ Af^^ 

dz dp^ \dz) dx dp^ \dxj dy dp^\dy) 


_ ^ [}. 2 dz \ dp^ d {T ^ dx 

~ dz dp^ V ® dpj ^ dx dp^ V ® dp^. 



^ A 4. A? A (AA 

“ \dz dp^ \dpj dx dp^ \dp^. 


4 . AAfAU 

dy dp^ \dpj) 


= % ■‘ (A A ('A'\ 4 . A A (§A\ 4 . A A AU 

« Ida dp, \dpj dx dp^ \,dpj dy dp^ [dpj\ 



Hence (9) becomes 

VP.+2 + w = 0 ; 

therefore A ^p^ 4 . ^ log ^2 ^ 0 . 

In the same way we have 
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1 , 1 KK r\ 

iiVft+3^_i»g^=o. 

.(11); 

1 , d . KK 

. 

.( 12 ). 


By the aid of (10), (11), and ( 12 ) we ottain from ( 1 ) 


c 
h 


dx^ djf' dz^ 


‘ w: dp, h, dp,u>Ji * Up, dp, h, dp,\h,h, 

+ h: 


\<^,dYkAA. (IbL 

[dp^ dpi K dpi [Kk 

, . d^Y, d^Y d‘Y 

;i?+sr+i?= 

(s;j; ^ + 1 ; (^, ^)] 


296. Hence we see that the equation VF=0 trans¬ 
forms into 


A (JhAT 

dp, Ua dp,. 


+ A.(Jh.^ 
dpi Ua dp. 



As a particular case we may suppose that p^, p^ are 
respectively the X, fju, v of Art. 266; for the equations of that 
Article theoretically express each of the last three quantities 
as functions of x, 2 /, and z. ^ 

By comparing Art. 274 with Art. 289 we have 

^ CS-v') ’ " ^ ~ (f-^) 


and these may be substituted in (14). 

But we may make another supposition which will give a 
still simpler form to (14). We may suppose that p. is any 
function we please of X, that p^ is any function we please of 
fjL, and that p^ is any function we please of v. Let us put 
a, / 8 , 7 respectively for p^, p^, pg, where ■ 
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. = 0 /; 


dX 




-Cf)’ ^ ^Lvic^-a:^ 


dfi 


^ _ 

“ ^Jo (c^- p^)' 


Let 7j^, 7]^, % denote respectively what h^, become 
when a, A 7 respectively are put for p^, p^, p^. 

From Art. 274 we now get 

d^=iX^-p,^) (X=>- z.“) ^ + (X=-ya») ^ 

(/ c 

Thus 

^2 ^2 ^2 

2__^ 2, 

'^1 A2„,.2\ />2__,.2\ 3 V2 


Therefore 

m m C ’ C 

Hence (14) becomes 

d / p? — v^dY \ d /X°-i>’JF y d rX? — p?dV\ 

(fa \ c da ) d/3 \ c d/3 / dy ( c ~ ~d^}~^‘ 


da 
that is 


5+|r=o ...(15). 


297. We have obtained equation (13) by the direct 
processes of the Differential Calculus; we shall now however 
follow Jacobi in deducing the equation in another way, by 
the aid of the Calculus of Variations; see History of the 
Calculus of Variations, page 861. 


298. Let Fbe any function of x, y,z\ let F be anv 
. . „ _ dV dV dV , . , 

function ot F, ^ ; and for shortness put 
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dV dV dV 

dx dy dz 


Consider the triple integral dydz^ which may be 


supposed to be taken between fixed limits. Let the variables 
be changed to the of the preceding Chapter. By 

Art. 290 we have 


the element of volume dx dy dz = ^Pi ^9% ^Pa 

= Edp^dp^dp, say. 

Hence jjjFdxdydz= jjjjEFdpj^dp^^dp^ .(16). 

Let V receive a variation SV, then each side of (16) 
receives a variation which we will now expresSj beginning 
with the right-hand side. We have 

S IJJ EFdp, dp, dp, = Ilfs (EF) dp, dp, dp,. 


For shortness 
Then 



dV dV_ 


8 iEF) = ^ SF+ a-. + 

= E^BV+E^^8^, + E^^S^, + E^^. 


we 


Hence reducing Jj'Js (EF) dp, dp, dp, in the usual way 

find that it hecomes J jjxB Vdp, dp,dp,, where 
_ ^dF d fTj,dF\ d(„dF\__^(j^d^\ 

^~^dr dp,{^d^J dpX^dr^J dp,\ darj’ 


together with certain terms in the form of double integrals 
which depend on the limiting values of the variables. 






TRANSFOEJMA.TIOi^' OF LAPLACE S 


In the same manner if we develope the variation of the 
left-hand member of (16) we find that it becomes 

///{S-S (S) - Ki) - £ ©} 

together with certain terms in the form of double integrals 
which depend on the limiting values of the variables. 

The terms which are in the form of triple integrals must 
agree; and therefore putting E dp^ dp^ dp^ for dx dy dz in the 
second we obtain 


dF d fdF\ d fdF\ d fdF^ 


d K" dx \dpj dy \dpj dz \dp, 

= E^- ^ 

dV dp^\ disrj dp^ \ d'usj dp^ 


so that 


dx \dp^ dy \dp^ dz \dpj 


. 1. fA (-F— 

E \dp^ \ 




299. As a particular case of the preceding general result 

, (dV\^ ^ (dV\^ ^ /dFV . 1 . 

suppose we put J 

hand side j then, transferring to the new variables, we see by 

Art. 287 that we must put + V (^) V (^) 

for F on the right-hand side. Hence on the left-hand 

side ~ =z2^^, and so on: and on the right-hand side 
dpj^ dx ^ 

= 2 / 2 ,^ and so on. Thus (17) becomes 
d'Gs^ ^ dp^ ^ ^ 

VF = \hA (A 

which agrees with (13) • 
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300. Another very instructive method of establishing 
equation (13) is given by Sidler in the treatise mentioned in 
Art. 4; and is apparently ascribed by him to Dirichlet. 

Let F be any function of x, y, z, which together with its 
first and second differential coefficients with respect to the 
variables remains finite throughout the space bounded by a 
given closed surface; then will 

IJI ^Ydxdydz = - ]■ ^-^dB .(18); 

where the integral on the left-hand side is extended through¬ 
out the space, and that on the right-hand side over the whole 
surface: dB is an element of the surface, and dn an element 
of the normal to the surface drawn inwai-ds at d8. 


The theorem is well known ; it may be obtained as a 
particular case of Green's Theorem: see StaticSy Chapter xv., 
putting unity for U in the general investigation there given. 

Now conceive an infinitesimal element of volume bounded 
by the three surfaces of Art. 266, and by the three surfaces 
obtained by changing p^ into p^ + dp^, P^^dp^, Ps + ^Ps 

respectively. To this six-faced element we propose to apply 
equation (18). 

As we have already seen the element of volume dxdydz 
becomes 'when expressed in terms of the 

new variables; hence the left-hand side of (18) becomes 
W where W is what VF becomes when ex- 

pressed in terms of the new variables. 

Now consider the right-hand member of (18). Take first 
the face which lies on the surface Here ^Pz^Pn^ 


The 


and drb = ^ dp^ ; so that dS becomes ^ ^P^^Px 

corresponding value for the opposite face would be found 
numerically from this by changing p^ into p^ + dp ^; but the 
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sign must be changed because the formula (18) supposes dn 
always measured inwards; hence this value is 


\ dV^ d f Ti^ dV^ 
.Kh dp^ dp^ \Ji^h^ dp^j 



3 * 


Hence the balance contributed by these two faces to the 


Similar expressions arise from the other two pairs of 
faces of the element considered; and the aggregate is to be 
put equal to the expression already found for the left-hand 
side of (18). Therefore 

Tp, + 1 ; 




riglit-hand side of (18) is 


A 

'dp. 


Kh 


Then by simplifying we get for W the form already 
obtained in equation (13). 
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CHAPTEE XXIV. 

TRANSFORMATION OF LAPLACE’S SECONDARr EQUATION. 

301. We shall find it useful to transform into Lamp’s 
variables the equation satisfied by Laplace’s coefficient ; 
this equation we may call Laplace’s secondary equation, to 
distinguish it from that considered in the preceding Chapter. 

302. Denoting the coefficient by F, we have by 
Art. 167 the following equation expressed in terms of the 
usual variables, 

Now the following is a very common system of relations 
connecting polar co-ordinates with rectangular, 

a;=:rcos0, 2/ = r sin0cos<^, z = rsm6shi(j>; 

and by comparing these with Art. 280 the following relations 
are suggested: 


cos 0 = • 




sin ,6 sin 




We propose then to transform (1) by the aid of (2); and 
we shall also introduce auxiliary variables /3 and y, which are 
connected with fj, and v respectively by the equations 

diJ, _ /•■ ' dv . 
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We shall shew that the transformed equation is 
d^Y dJ^Y n(n + l) 


r=o 


.(4). 


303. Trom equations (2) we have cos0 and tan(f> ex¬ 
pressed as functions of ^ and i/. These give 

dff ^ V dO ^ . 

dfi ~~ he sin 9^ dv he sin 6 ’ 

d^ _ _ 

id - /j;^) ■ /^v - 6V ’ 

d<i> _ bcj{fx:^-b^){d‘-fd) _^ 

dv ■ /xV- &V ’ 


therefore 


de 

d^'' 

dy 

d<^ 

dS'' 

#. 

dy 




hdsmd' 

oc sm u ^ ' 

Ifi 


/xV-hV 


73J(b^-d‘){c^-A 


Iv 






(5). 




dY 1 


Let us now suppose that -w /12 + cot 0—: +-. ,>,-^- 7 ,- 

dd dO surd dd, 

transforms into + 5 „ + 0^^^; 

we want to find A^, A^, B^, and C^. 

• , , dY dYdd , dYdd . 

We haTe ^ ^ ^ ^ IWore 

d^F d^Yfdd'd 

d^~ dd’‘ Uw df w) '^'^d6d<f> d0 

,^£9_ dY£^ 

'dd d^^"^ d<t> d^’ 
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dY d^Y 

similarly and may te expressed; and 

d^Y d^Y de de dY <pe d^Y d4>d<f> dY d^<f> 
dj3dy dff^ <7/3 <7^ dd d^dy d<p‘ <7/3 dy d(f> d^dy 

d^Y fd9 d(f) dd d(f)\ 

'^Md^W'^'^d^d^)' 

Substitute these values in 

■^0 dfi^ dy^ ^^^dy'^ d^dy ’ 

and compare the terms with those in the original expression; 
thus we obtain 

A . T> ^ dd dd 

A(sg)+Ay+0.a^3^=i.(6); 

4 |'#Y+b m- 

“ w) ^ “ [dyj ^ “ (7/3 sin'^ ^ . 

9/( ^#4.97? 4.r ('S'l 

^^'>(7j8 <7/3 dy dy U/3 dy'^ dy <7/37 

A|+Ag+Ag+A|^ + c.^ = o...(io). 

Now equations (5) give 

d4> _ 1 dd 

sin^t^y.^ 

_L-^ n9^ 

< 77 “ sin 0 <7/8. 

Multiply (7) by sin® 0, and subtract from (6): then by 
(11) and (12) we have 
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^ ({dex /dev) „ 

^0 ivc^isi [dy) J 


Also (8) may be written 

2K-A)3;83^-0.{y-y 

The last two equations give 

= (7, = 0 . 

From (6) we have now A, 


' 1 , SO that 


^0 bVsm‘0 

nr AC/.--V^)(5V-A^) _ 

c\bV-fiV) 

therefore Aq and JB^ each equal ^, 

We have still to find and ; the equations for this 
purpose are (9) and (10). 

Now from (5) we get 

sin e ^ = - cos 0 (b^ + c» - 2fd) - - F) ( 0 * - 

d sin e^= cos 9{d + d- 2d) - gd - d)id - d ); 

therefore d sin 6 = (jd — v^) cos 0. 

■ And from (11) and (12) we have ^ = 0. 

Hence equations (9) and (10) become 

. dO TB d6 . A d<S> , y. d(b « 

therefore A^=^0 and = 0, 

Thus‘the truth of (4) is established. 
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Anotlier iuyestigation of this process of transformation 
will be found in Liouville’s Journal de MatMmatiques for 
1846, pages 458...461. 

304. Another transformation of the equation (1) deserves 
notice. "We will express the equation in terms of a and r, 
where 

cos 0 = 0 -, sin 0 sin ^ = T. (13). 

From (13) we have 

d(T . » d^(T dr n • j • JL 

— = — sin 6, ^ = — cos ^ = cos^ sm^, = — sin^ysm^, 

d(T dr d\ d\ 

’ d(^ d0d^ ^ 

dY dYda dY dr dY . . dY „ . , 


d^-Y d^Yfda\^ , d^YfdrV dYd‘a , dY d\ 

- — - ' ' - - 1 + 7 2 jrs I “T JAi. "T - ' 


d& 


dd^ KdO) dr^ \de) da- d& 


dr d0^ 

d^Y da- dr 


+ 2 


da-dr d0 d0 


= - 7 -t sm 6 + cos 0 sm a> —?— cos a 
da- dr ^ da- 


• cPY 

- f- sin 0 sin if) — 2 sin 0 cos 0 sin 

dr ^ dadr 

d^Y d^Yfdr\ dY d^r d^Y . ■ a ■ ^ 

-df‘-d?W +-* = 

Thus (1) becomes 

d^Y . d^Y , dY 


dY 


sin® 0 + cos® 0 sin® (p — coa0 — sin 0 sin p 

2 ^-^sin^ cos ^ sin 1 ^ + cot 0 (— ^ sin^) 

d’‘Y j , dY ainp . „ 

+ —jj cos ®p — j —:—+ w('n. + l)F = 0; 
c?7^ ^ dr smd ^ ' 
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/JY 

that is sin^ 0 + (cos^ (f> + cos^ 6 siu^ (f>) — 2 cos 9 
/lY F 

— 2 sin 9 sin 0 — 2 ^ sin ^ cos 6 sin 0 4- ti (n +1) F= 0, 
that is + 




- 2rrT-“ ~ 


da dr 


- 2cr g"- 2r 7* (n +1) r= 0.(14). 


305- If now we transform (14) hy putting 


cos x=^ a, sin sin 'v/r = t, 


we shall obtain an equation like the original with % instead 
of 6, and 0' instead of 0, But as (14) is symmetrical with 
respect to a and t we shall obtain precisely the same result 
if we put 

cos % == T, sin % sin '0 =: a. 

Hence we arrive at the following conclusion : if we trans¬ 
form (1) by supposing 

cos 0 = sin % sin 0’, sin 0 sin 0 = cos %.(15), 

we shall obtain an equation like (1) with instead of and 
instead of 0. 

From (15) it follows that 

sin 0 cos 0 = sin % cos 0. 


806. From the two preceding Articles we may now draw 
the following inference : we shall obtain the same result from 
equation (1) if instead of equations (2) we take any other 
mode of associating the old and new variables dilSfering from 
(2) merely in order of arrangement. For instance, instead of 
(2) we might put 


^ = sin ^ sin 0, 
be 




= sin 6 cos 


cV(c‘-i‘) 


= cos 6. 
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CHAPTER XXV. 

PHYSICAL APPLICATIONS. 

307. Although in the present work we are concerned 
with pure mathematics, yet it must be remembered that 
much of the value of the formulae which are obtained depends 
upon their application to physics. As we have stated in the 
beginning, the researches of mathematicians in the theories 
of the Figure of the Earth and of Attraction first introduced 
the functions with which we have been occupied. The 
investigations of Lamd, which we are now more especially 
considering, were connected mainly with the theory of the 
propagation of heat, and accordingly we propose to devote 
a few pages to this subject in order to increase the interest 
of the subsequent Chapters. 

"We shall however treat the matter very briefly, as our 
object is rather to shew the meaning of the symbols employed 
than to furnish very elaborate demonstration. The reader 
will see that some of the processes resemble one with which 
he is probably familiar in the modern treatment of the 
Equation of Continuity in Hydrostatics. 

308. Suppose a homogeneous solid bounded by two 
parallel planes; let c denote the thickness of the solid. 
Suppose one face of the solid maintained at the fixed tem¬ 
perature a, and the other at the fixed lower temperature 
6. Suppose a plane section parallel to the faces, and on 
this section take an area S, The solid being supposed 
in a state of equilibrium of temperature there will be a 
constant transmission of heat from the face which has the 
higher temperature to that which has the lower. 

T. 


16 
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We take it as a result verified by experiment that the 
quantity of heat "which passes through the area in a time 

t is expressed by iStK -—where « is a constant depending 
c 

on the nature of the substance. If c is the unit of lengthy, 
S the unit of area, t the unit of time, and a — b the unit of 
temperature, the expression reduces to k ; and we have thus 
a definition of what is meant by the conductivity of the given 
substance. 


309. To form the equation for determining the variable 
state of tem'peratwre of a homogeneous body. 

Conceive an elementary rectangular parallelepiped having 
one corner at the point {x, y, z) and its edges parallel to the 
coordinate axes : denote the lengths of these edges by Sx, Sy, 
and Bz respectively. 

Let V be the temperature at {x, 3 /, z) : then the quantity 
of heat which passes through the face Sy Sz into the 
parallelepiped during the infinitesimal time Sr is by the 

preceding Article ultimately /cSySz -that is 

dv 

— KhyBz-^Bty where k is the constant which measures the 

conductivity of the substance. The quantity which passes 
out of the parallelepiped during the same time, through the 
opposite face, will therefore ultimately be 





Thus the augmentation of heat is k 8 a: hy Sz St 


d^v 

dx‘' 


Similarly we may proceed with respect to each of the 
other pairs of opposite faces. Thus on the whole the aug¬ 
mentation of heat is k 8 a: Sy 8 z St ^ + ~l. 

^ \dx‘^ df^ dz^y 

Now let T he the specific heat, cr the density of the body : 
then the mass of the element is a-SxSySz; and the quantity 
of heat acquired hy the element in the time St is 

iCTT ^ St Sx Sy Sz), 
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Thus finally 

dt aTXdoG^ dy^ da?") .^ '* 

310. If the body is in a state of equilibrium as to 
dv 

temperature, then = 0, and we obtain 


d% d^v d^v _ ^ 

doo^ dy'^ dz^ 


( 2 ). 


This important equation coincides with that which we 
obtain in treating the theory of the Potential Ficnction, and 
which we have already noticed in Art. 167. 


311. Besides the general equation (1) or (2) we may 
have to satisfy special conditions relative to the surface of 
the body considered. 

Thus, for example, the surface of the body may be 
maintained at a temperature which at any time is an as¬ 
signed function of the coordinates of that point; and then 
V must be so taken as to have the assigned value at the 
surface. 


Or the space external to the body may he maintained at 
a given temperature, say zero. Then let 88 denote an 
element of the surface of the body, 8n an element of the 
normal to 8S measured outwards. Let 'rj denote the con¬ 
ductivity of the surface of the body. Then the amount of 
heat which passes through the area 88 outwards in an 

dv 

element of time 8t is measured by — k -j^888t, and also 
hj Tiv 88 8t Thus 

dv 


7)V • 


dn 


.(3). 


Equation (3) may be developed. We have 
dv dv dx dv dy dv dz 
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Now ^ = the cosine of the angle between the normal 
an 

to* the surface at (co^ y, z) and the axis of a;; so that if 0 
be the equation to the surface, we have 

dx du {fdu\^ [dv>\ 

^\dzl 


__du {fdu^ 
dn • dco \\dxJ 


dy. 


Similar expressions hold for and ^, 
^ dn an 


312. The equations (1) and (3) of Arts. 309 and 311 
fake other forms in special cases, as we will shew in the 
next two Articles. 


313. Suppose we have a right circular cylinder in which 
the temperature remains unchanged as long as we keep 
to a straight line parallel to the axis. Take the axis of 

d^'v 

the cylinder for the axis of z] then ^ is zero, and the 
equation (1) becomes 

dt <iT\<h?^df) ..^ 

We may transform the variables x and y to the usual 
polar variables r and 6 : and thus (4) becomes, if we assume 
that V is independent of 

di^^W^rM .W* 

The equation (3) will become 

+ = 0 .( 6 ). 

This is to hold at the curved surface of the cylinder where 
r has its greatest value. 


,314. Again let the body be a sphere, and suppose the 
origin of coordinates at its centre. Assume that -y is a 
function of r. the distance from the centre alone; then 
(1) becomes 

dv K ld\ . 2 dv^ 
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Tkis may be written 


' dt 


. K K (vr) 

^ ^ ar dr 


The equation (3) will become coincident with (6) : it is 
to hold at the surface of the sphere, where r has its greatest 
value. 


315. Let /(pc, y, ^ denote any value of v which satisfies 
(2), and let c be any constant; then the surface determined 
by the equation 

f{cc,y,z)==c ' 

is called an isothermal surface, being a surface every point of 
which has the same temperature under the circumstances of 
the problem. 

The constant o is called the ihermometrical parameter of 
the surface. If different values are ascribed in succession to ’ 
c we obtain a family of isothermal surfaces, 

316. Suppose that the equation F(pCy y, 2 ?, A) = 0 re¬ 
presents a family of isothermal surfaces, by varying the 
parameter X. Suppose that two of the surfaces form the 
boundaries,of a solid shell, and that these two surfaces are in 
contact with constant sources of heat; then the temperature 
V, and the geometrical parameter X will have constant values 
in each individual surface of the family, and will vary from 
surface to surface. Thus these two quantities will be mutu¬ 
ally related; or we may say that v will be a function of X. 
Hence we shall be able to find the condition which must 
hold in order that an assigned family of surfaces may be 
isothermal. 

For we have 

dv dX 
dx dX dx* 

da ?"" ~dX dX^ \flx) ^ 
and similar equations hold with respect to y and z. 
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Thus equation (2) becomes 


dv 

' dy^ dz^] dX^ 



therefore 


d\ d^ ^ 

dx^ dy^ dz^ ^ dh? 

dXV Yd^\ , d^ 

(dx) \dy) \dz) dX 


But the right-hand member is a function of X only, and 
therefore the left-hand member must he a function of X only. 

This is the necessary condition in order that a family 
of surfaces in which X is the geometrical parameter may be 
isothermal 

It is also sufficient; for when it is satisfied we can de¬ 
termine as a function of X from (8), and v will satisfy (2). 


317. We shall now investigate by the aid of Art. 316 
whether the family of ellipsoids obtained by varying X in 
the following equation is isothermal: 





(9). 


We have, by difierentiating with respect to a;, 




' (X‘ 

^ dx T-r ^ 

“S’ 




+ - 


z* 1 _ ® 


.( 10 ); 


a?* 




•4X’ 


/^Y fa:* 

W X 


Q^-by ' (X* 




* I 4- ^ ^ 

’df) X* dx’^X^^ 
isXx dx ^ 1 . 








PHYSICAL APPLICATIONS. 247 


Similar formulas follow from (9) by differentiating with 
respect to y and z respectively. 

Square (10) and the two corresponding equations, and 
add; thus 

. 


Again; from (10) we have 

X dX 




.(13). 


From this and the two corresponding equations we obtain 
by addition 


'x dX 

X -Irj — + 7 ; 


y 


dX 




\X^dx ' (X^^bydy ’ {X--dfdz] 

From (11) and the two corresponding equations we obtain 


by addition and the aid of (12) and (14), 

^ (d^X d^X d^X 
\do(? dy^ dz^ 

From (12) and (15) we have 

d^X d^X d\ 
dx^ dy^ ^ dz^ 




.(15). 


/cZAV /dxy /( 

(d^j +(; 


f^y A' ~ V 

[dz 


+ 




....(16). 


The right-hand member is a function of X only, and 
thus the condition of Art. 316 is satisfied; hence by varying 
X in (9) we obtain a family of isothermal surfaces. 

318. If V denote the temperature in the case of the 
preceding Article, we have by equations (8) and (16) 

dyv 

dX^ _^ X 

dv A’* — X^ — * 

dX 
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Hence, by integration, 

log ^ = constant - ^ log (X” -V)-\ log (X* - c*); 

, ^ , f d\ 

therefore 

■where denotes a constant. 

319. In the manner of Arts. 317 and 318 we may shew 
that a family of hyperboloids of one sheet represented by the 
second equation of Art. 266 is isothermal; and that the 
temperature v is determined by 

,_jj, f _d/t_ 

where denotes a constant. 

Also a family of hyperboloids of two sheets represented 
by the third equation of Art. 266 is isothermal; and the 
temperature ^ is determined by 

where \ denotes a constant. 

820. We will now obtain by a direct process the equa¬ 
tion in polar coordinates which corresponds to (2); the 
result will agree with the well-known transformation of (2) : 
see Differential Calculus, Art. 207. 

Let r, 0, <f> be the usual polar coordinates; then the known 
expression for an element of volume is sin 6 dr dd d(j>. 

Put Q>^ for rdddr, cd^ for rsmddrd<l>, co^ for r®sin 9dddcf>. 

Then Wj, G)^, ci>g denote ultimately the areas of the faces* 
of the element of volume which meet at the point (r, 6, <j>). 

Let K denote the conductivity of the body, v the tem¬ 
perature at the point (r, 6, ^). 
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The quantity of heat which passes through the face 
into the element during the infinitesimal time Bt is 

, . , dv XT. X • KdrdO dv ^ 

ultimately —kco .-—that is- 

^sin^rd!^ sin 9 d^ 


The 


quantity of heat which passes out of the element during the 
same time through the opposite face will therefore he 

ultimately — Thus the augmenta- 

,. r. . . Kdrdd dS d^v 

tion of heat is- 

sin 9 d(j>^ 

Again the quantity of heat which passes through the face 
6)^ into the element during the infinitesimal time Bt is 

ultimately — jcco,^ St, that is k dr d<j)^ sin 9 St The 

quantity of heat which passes out of the element during the 
same tinie through the opposite face will therefore bo 

ultimately — jc dr dej) sin ^ 4* ^ sin 9^ d9^ Bt Thus 

d /dv "N 

the augmentation of heat is k dr d9 d(p — ( sin 9 ] St 


d9 \d9 


Finally the quantity of heat which passes through the 
face Wg into the clement during the infinitesimal time St is 

ultimately — kco^ Bt, that is — sin 6 d9 d^ St The 

quantity of heat which passes out of the clement during the 
same time through the opposite face will therefore be 

ultimately — a: sin ^ d9 d(p d" ^ Thus 

the augmentation of heat is k sin 9 dr d9 d^ ^ Bt 


Now the sum of the three augmentations must bo zero 
since the temperature is supposed stationary: thus 


1 d% 1 d (dv . ^ f % 
sih^ 9 dijf sin 9 dd \dd ) dr \ dr) "" 


a 
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321. We shall finally obtain the equation corresponding 
to (2) when Lamd’s elliptical coordinates are employed: see 
Art. 272. 

We suppose that we have a set of variables a, /9, 7 con¬ 
nected with X, fi, V respectively by the relations 

(ZX n_ /"'* dfJL 

_ 1^ _ dv _ 

It may be observed that these relations are not assumed 
arbitrarily, but are suggested by the process of Arts. 31H 
and 319. We may consider that these relations give, at 
least theoretically, a, y in terms of X, ya, v respectively ; 
and conversely that they give X, /a, v in terms of a, /3, y 
respectively. 

322. Let ds^ denote the length ’of the normal to 
intercepted between this surface and an adjacent surface 
of the. same family; so that by Arts. 266 and 276 we have 

then from the value of a in Art. 321 we obtain 

cds^ = da (X^ — (X^ — j/). 

Similarly let ds^ denote the length of the normal to 
intercepted between this surface and an adjacent surface of 
the same family; and let d$^ denote the length of the normal 
to intercepted between this surface and an adjacent 
surface of the same family. We shall have 

cds^ = d/3 a/ (X"* - ya"*) — 

cds^ = dy >/(X^ — j/®) (yL6* — I/*). 

The three normals are all supposed to be drawn from the 
point (X, ya, 2 /), 

Put ioxds^ds^, G)j for ds^ds^^, g)^ for ds^ds^. 
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Take an elementary solid which is ultimately a rect¬ 
angular parallelepiped having q)^, co^, and co^ for adjacent 
faces. 

The quantity of heat which passes through the face 
into the element during the infinitesimal time St is ulti- 

. 1 cs-ii I* 1 1 in n\ p« - rm 


mately 


St, that is - - cZ/3 dy {fji? - v^) ~ St. The 


quantity of heat which passes out of the element during the 
same time through the opposite face will therefore be ulti¬ 
mately — ~ d/3 (yx® — v^) 1 “ + ^ da| St. Thus the aug- 

• tc d^v 

mentation of heat is ~ da dy (/i,® — v^) ^ St. 

Proceed in the same way for the other pairs of opposite 
faces; and thus finally we obtain as the condition of station¬ 
ary temperature 
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lame’s functions. 


S23. We axe now about to introduce tlie student to 
certain functions which we shall call Lamp's Funciiom; their 
character will be seen more distinctly as we proceed, but 
in the mean time we may say that they are analogous to 
Laplace’s Functions, only that instead of the variables r, 6, (f> 
with which these functions are concerned, we now have 
Lamd’s variables X, fju, v involved directly or indirectly. 


324. Suppose an ellipsoid of which the semi-axes in 
descending order of magnitude are r, r, r". Put 
and c= — It is required to determine V so that 
for every point within the ellipsoid it shall satisfy the 
equation 








•( 1 ), 


and moreover shall have at the surface an assigned value 
which is fixed for any point but variable from point to point. 

The variables a, 7 are connected with X, ya, v respect¬ 
ively by the equations 


a = c I 

j f 


dX 


‘-(f) Jb> 


dfi 


J 0 V(X.* - b^) {X‘-(f)’ h ->*) ’ 

r- dv 

. 


( 2 ). 
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Tims V may be supposed tbeoretically to be a function 
of A, ft, V or of a, /?, 7 . The condition relative to the surface 
which we are to satisfy may be expressed by saying that 
F is to be equal to F(ccy j3), where F denotes a given function, 

= th.t i, = ■ 

325. We have in the preceding Article enunciated the 
problem in a purely mathematical form; but the student 
who has read Chapter xxv. will readily give to it the 
additional interest of a physical application, for it amounts 
to the following: the surface of an ellipsoid is retained at a. 
temperature which is fixed for each point but variable from 
point to poiiit, and it is required to determine the temperature 
at any point in the interior of the ellipsoid in the state 
of equilibriuln of temperature. 

326. Let us examine whether we can obtain a solution 
of (1) by taking V = LMN, where L involves a alone, M 
involves /3 alone, and N involves 7 alone. 

Substitute in ( 1 ), and divide by LMN ; thus we get 

^ . 

Now we have identically 

/a® -- + z/* --- - yui* == 0, 

(jj,^ ^ ^ X^) + (x^ ^ = 0 . 

Hence if g and h be any constants 

(v -») + (»’->■■) (j’-s) 

327. Thus "we see that equation (3) will be satisfied 
if we put 
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Now from (2), we have 

jsr _ d ( _- dL\ 

develope this, putting 6" + c°=jo, and Z)V = 2 ', and treat the 
other equations (4) in a similar way; thus we obtain 

+ g + (2V-y>X)g = (AV-^c^) i 

{y-py+ ?) ^ = (V’-^c») M - ...(5). 

These three equations it will be seen are identical in 
form. 

328. It will be seen from the commencement of Art. 326 
that we do not profess to investigate the most general solution 
of ( 1 ), but only to obtain a solution. Thus guided by the 
analogy of Laplace's Functions, we shall ascribe to the 
arbitrary constant h of equations (5) the value n(n+l), 
where n is a positive integer, and then we shall endeavour 
to find a solution of any one of the three equations (a), 
involving 2^1 + 1 terms; and we shall assume the solution 
to be of the degree n in the independent variable which 
occurs. 

329. Take then the first of equations (5), put n (n + V) 
for h, and jpz for gc^; thus we have 

g + (2X»-pX) ^ + {pz-«(n+l) Vji = 0...(0). 

"We shall now examine whether this equation has a solu¬ 
tion of the form 

i = X" + +... + (7). 

Substitute this value of L in ( 6 ); it will be found that 
the first term, which involves vanishes of itself; and by 
equating to zero the coefficient of we get 
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2s (2n +1 — 25) k^ = p{z — (n — 2s + 2)*} 

+ 2 (n - 25 + 4) (n ~ 25 + S)k^^ .(8). 

In this equation put for s in succession the values 
1 , 2 , 3 ,...; then observing that and that lc_,^y ... 

do not exist, we obtain 

2{2n—l)k^= p{z^n^)j 

4 {2n — S)k^=^p{z — {n— 2 )®] Jc^ -}-qn{n — 1 ), 

6(2n~5)^;g=p{^—(n — 4 )^}& 2 ‘f j(n~ 2 ) (n —3)^j, 

and so on. 


The first of these equations gives 7q, and it is of the first 
degree in z ; substitute the value of 7q in the second equation, 
and we obtain k^, which will be of the second degree in z; 
substitute the values of 7q and in the third equation, and 
we obtain k^y which will be of the third degree in z ; and so 
on. Thus the coefHcient k^ will be of the degree s in z. 


But we require the series (7) to be finitey and thus the 
coeflScients of which k^ is the type must vanish from and 
after some certain value of 5 . This will happen if we can 
make two consecutive coeiBScients k^^ and k^_^ vanish ; for 
then by means of ( 8 ) we have k^ = 0 , and also all the sub¬ 
sequent coefficients. Thus we have two conditions to satisfy; 
one may be satisfied by properly choosing the value of z, 
which is as yet undetermined; the other may be satisfied l>y 


taking 5 equal to - or — ^ 


for in this case the last 


term of ( 8 ) vanishes: the former or the latter value of a 
must be taken according as 7i is even or odd. 


Let then cr denote the value of 8 which causes the last 
term of ( 8 ) to vanish; then k^ is expressed as a multiple of 
k^^iy and therefore if we take z such that vanishes, then 
7.V will also vanish. 

The equation lv-i = 0 is of the degree <r — 1 in and so 
has cr —1 roots; any one of these roots may be taken; it 
will be shewn hereafter that thc^e roots are all real. 
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When n is eYen the expression (7) contains only eve7i 
powers of \ and the last term is the constant ka -2 ? when n 
is odd the expression contains only odd powers of Xy and the 
last term is 


330. We shall next examine whether the equation (6) 
has a solution of the form L = K— b^) where 

E = + ... + +. (9)- 

Suhstitiite E^J(y^’-If) for L in (6) ; thus we obtain 
Qf + q) (p + 2c^) X] ^ 


+ {pz — c^— (w —l)(7i + 2)A^}/r=0. 

Substitute in this the value of K from (9); it will be 
found that the first term, which involves vanishes of 
itself; and by equating to zero the coefficient of 
we get 


2s (2?i +1 - 2s) k^=: {jpz’-p{n-2s + l)^-- f (2n - 4a + 3)} 

"h ^ (p — 2s-jr S) (n — 2a 4” 2) 

We then proceed to ensure that the series in (9) sliall 
be finite, by a method like that of Art. 329. We take 

5 = ^ ig even, and if n is odd. Let a denote 


the value of s thus taken; and let 2 ; be found from the equa¬ 
tion ^ 0—1 = 0. Then all the coefficients in (9) from and after 
ka-^i will vanish. 

The equation k^^i = 0 is of the degree <7 — 1 in and so 
has < 7 -1 roots; any one of these roots may be taken : it will 
be shewn hereafter that these roots are all real. 

When n is even the expression (9) contains only odd 
powers of X, and the last term is ^0-2^; when n is odd the 
expression contains only even powers of X, and the last term 
is the constant 2 * 


331. In the manner of the precedingr Article we may 
also shew that the equation (6) has a solution of the form 
L = KaJQ f — c®), where K is of the same form as in (9). We 
have only to change If into in the investigation of the 
preceding Article. 
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332. Finally we shall examin e whether the eq uation (6) 
has a solution of the form L = jSV (V — If) (X" — where 

+ ... + +.( 10 )- 

Substitute Ks/(\^— (\^— c^) for L in (6); thus wo 

obtain 

(X*-pX^+q) (6X’ - SpX) ^ 

4 - {p( 2 ; — 1) — (?2 — 2) (n + 3)JT = 0. 

Substitute in this the value of from (10); it will be 
found that the first term, which involves X\ vanishes of 
itself; and by equating to zero the coefficient of we get 

25(2^4-1 —25)/j^=jp{^ — l - (n.-2s)(n-2s + 2)]/c^_^ 

-h ^ (n —2s-i- 2) (n — 2s+ 1) 


We then proceed to ensure that the series in (10) shall 

7 ?/ 4 " 2 

be finite, by the method already used. We take s = - 

JU 

if n is even, and if n is odd. Let cr denote the valxzc 

of 8 thus taken; and let z be found from the equation 
7^<r~i = 0. Then all the coefficients in (10) from and after 
kff-i will vanish. 


The equation Jc^^i = 0 is of the degree <t —1 in and so 
has <T —1 roots; any one of these roots may be taken: it 
will be shewn hereafter that these roots arc all real 


333. We may now sum up the results obtained in 
Arts. 329...332. 

First suppose n even, let it be denoted by 2m. Then L 
may have mq-1 values of the form diHcussed in Art. 329, and 
m values of each of the forms disctissed in Arts. 330, 331, 
and 332: thus on the whole there are 4m 4-1 values, that is 
2 n 4” 1 values. 


T. 


17 
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If ext suppose n odd, let it be denoted by 2m + 1. Then 
X may have m + 1 values of each of the forms discussed in 
Arts. 829, 330, and 331, and m values of the form discussed 
in Art. 332: thus on the whole there are 4m + 3 values, that 
is 2w +1 values. 

The values of M and If may be said to be determined by 
those of L ; for by Art. 327 the same form of differential 
equation applies to all three, and the value of z must bo 
simultaneous for the three. 

334. We have still to attend to the condition relative 
to the surface which is mentioned in Art. 324, and also to 
shew that the equation ka—i = 0 which we have used has all 
its roots real: these points will be considered in tbc next 
Chapter. 
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CHAPTER XXVIL 


SEPAEATION OF THE TEEMS. 

335. When a function is expanded in a series of sines or 
cosines of multiple angles, the coefficient of each term can be 
found separately; or at least can be expressed in the form of 
a definite integral: see Integral Calculus, Chapter xiii. In 
like manner when a function of one variable is expanded in 
a series of Legendre’s Coefficients, or a function of two 
variables is expanded in a series of Laplace’s Coefficients, 
the coefficient of each term can be separately expressed; see 
Arts. 138 and 204. The object of the present Chapter is to ob¬ 
tain similar results with respect to Lamd’s Functions. Lam^ 
does not attempt to give any evidence to. shew that an assign¬ 
ed function can be expanded in a series of his functions; but 
assuming that such expansion is possible he shews in fact 
-how to determine the coefficients. Admitting, however, that 
the possibility of expansion in a series of Laplace’s Functions 
has been established, we may by the aid of the transformations 
of Chapter xxiv. grant that a similar proposition holds with 
respect to Lamd’s Functions. 

336. In Art. 324 we have defined a, /3, y; we shall now 
introduce two new symbols connected with and y. Let 'ut 
denote the value of yS when = and a> the value of y when 
y == J; so that 

p dfjb p dv 

<CT = C — 7==rr-=rr-rr?-r-rr rrr— , a)=C - ... 

Jb — l> ) (c® — Jo V(6'' — (jf — v"") 

We shall now demonstrate two important propositions re¬ 
lating to the limiting values of ya and v. 


17—2, 
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337. At the limits 0 and -us for ^ we have either Jf = 0, 

m ^ 

The values of if may be inferred from those of L ; and by 
Arts. 329...332 there are four forms to be considered. 

I. See Art. 329. When ^ = 0 we have /^ == 5 ; and 

therefore -^ = 0 ] and since -75* = -j- -/k we have —/h =0. 

a/3 a/3 a/4 a/3 

Similarly when /3 = i 3 j we have /4 = c; and therefore 

dM 


and therefore 


d^' 


= 0 . 


II. See Art. 330. When /3 = 0 we have h; and 
therefore if = 0 . When /3 = -cr we have /4 = c; and therefore 

= 0 ; and therefore 0 . 
a/3 dp 

III. See Art. 331. Here when /3 = 0 we have 0, 

and when /S = tTr we have if = 0 . 

IV. See Art. 332. Here we have if= 0 , both when 
yS = 0 and when /3 = tTr. 

338. At the limits 0 and co for 7 we have either 0 

dN - 
or --y- = 0 . 

ay 

1 . See Art. 329. When 7 = 0 we have v = 0 ; and then 
If—0 if n be odd, and =0 if w be even: in the latter 
dl^r ^ , . dN 


case since ^- = 0 we have also = 0 . When 7 = o) we 


dy 


have V = 5 ; and therefore ^ = 0; and therefore 

«7 diy 


0 . 


II. See Art. 330. When 7 = 0 we have W= 0 if n be 

(iJy 

‘even, and -^ = 0 if« he odd. When 7 = 0 , we have 0 . 
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III. See Art. 331. When 7 = 0 we have ^^=0 if n be 

even, and = 0 if 71 be odd. When 7 = ft) we have = 0 . 

' dy * dy 

IV. See Art. 332. When 7 = 0 we have 3^= 0 if be 
dJV 

odd, and -r- = 0 if n be even. When y = co we have A^= 0 . 
dy ' 

339. Let M and M' denote two different expressions of 
the same form, out of the four forms considered in Art. 337; 

then M — M' vanishes both when /3 = 0 and when 

a/3 d/3 

/3 = -CT. This follows from Art. 337. 

340. Let W and N' denote two different expressions of 
the same form, out of the four forms considered in Art. 338; 
and let n and n be the corresponding exponents; then 

dN’ dN 

--vanishes both when 7=0 and when 7 = 0 ), 

dy ay 

provided n and n are both even or both odd. This follows 
from Art. 338. 

341. We can now establish the proposition that the roots 
of the equations in z obtained in Arts. 329...332 are all real. 

For take any one of the equations, and suppose if pos¬ 
sible that it has a root ^'d-^’V—l; then since the coefficients 
of the equation are all real, there must also exist the root 
We may suppose that in M we put the former 
root, and in M' the latter root. Suppose then that M tate 
the form Z-\-Z' then M* will take the form Z—Z'^ — 1 . 
Substitute these values of M and M' in the expression of 

Art. 339; then it reduces to hence 

Z'^-'Z must vanish both when y9 = 0 and when 
dp dp 

Now the value of M must verify the second of the dif¬ 
ferential equations (4) of Art. 327 when we put 7 i(n + l) for 

h, and that is fl •hK) for g. Thus we obtain 
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d^Z d^Z' 

=|(i+^) (r+rv^) - +1) (^+ z’j—1). 

Cliange the sign of and we obtain the equation 

which M' must satisfy. Then from the two equations by 
addition and subtraction we obtain 


d-^Z' 
djd^ '' 




Multiply the former by Z', and the latter by Z, and sub¬ 
tract; thus 


Multiply both members of this equation by c?/3, and inte¬ 
grate between the limits 0 and ot. Then the left-hand member 


vanishes, because the 
vanishes at both limits. 


indefinite integral 
Therefore 


Z' 


.,dZ „dZ' 


did ^djd 


-(l + ^j^J^(Z'^ + Z^)d^ = 0; 

this is impossible unless ^ = 0, because every element of the 
definite integral is positive. 


342. We shall now advert to the condition relative to 
the surface which is mentioned in Art. 324. 

The process which we have given leads us to express V 
by an aggregate of terms each of the type JOMJV; each term 
may also he furnished with an arbitrary constant as a multi¬ 
plier. Now at the surface the value of X is given, so that 
the term L becomes constant. Hence in fact we have to 
satisfy a condition which may be expressed thus 

i) = CMN-v CMN' + '+.(1), 
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wkere M, M\ N, ... are terms of the nature 

indicated in Art. 333; and (7, C', 0"', ... are arbitrary 
constants. On the ri^ht-hand side of (ly we haTe 2?z 1 
different terms for eyery value Of n. 

We shall shew how the values of the arbitrary constants 
may be determined. The essential part of the process is a 
proposition analogous to that of Art. 187, which we shall 
now give. 


343. Let M and W he two expressions of the nature 
indicated in Art. 333, and let tkem correspond to the values u 
and z ; similarly let M' and H* be two other expressions of 
the same form as M and If respectively, and let them cor¬ 
respond to the values ri and z; then will 


0 o 

91 and 9i' being supposed both odd or both even. 
We have (n+1)^ - 

df C* v'^ cv ^ ’ 


hence 

dr/ drf 

= (14^) {z-z)Nir'- {n (a 4 l) -n’(ri'4l)}^ W- 


Multiply by dry and integrate between the limits 0 and o ; 
the left-hand member vanishes because the indefinite integral 

N~-F’ ^ vanishes at loth limits by Art. 340. Thus 
ay ay 

the right-hand member vanishes; and therefore 


{n (?i + 1) — n' (nf + Jq 





(2). 
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In a similar manner we may shew that 
{m (n +^) — n' (w' +1)}J fj^MM'd^ 

= (b^ + d) {z — z') f MM' .(3). 

J 0 

If neither n (n ■hl) —n {n +1) nor z--z is , zero, we 
obtain by cross multiplication 

^ r = rrv^MM'JVN'd/Sdy; 

J 0 J 0 •'o*'o 

and therefore f f — v^) MM'NN'd^d^ = 0.(4}). 

J Q J 0 * 

If however n{n + T) —n in +1) is zero but z — z is not 
zero ; then we have from (2) and (3) 

^NN'dr^ = 0, r MM '= 0. 

•'0 *'0 

Hence 

r^M'dy rfdMM'd^ - ("^MM'd^ f = 0; 

J Q J Q J Q <! 0 

and thus we again arrive at (4). 

Finally, if z — z' is zero but w(m+ 1) — u* (»t'+1) is Rot 
zero, we have from (2) and (3) 

rvWN’dy = 0, r/dMM'd/S = 0; 

Jo J 0 

and as before we again arrive at (4). 

Thus (4) holds universally except in the case where we 
have simultaneously n = n, and z = z» 


344. It appears from Art. 337 that in two out of the 
four forms M vanishes when yS = 0, and in the other two forms 
dM ^ 

^ vanishes when /3 = 0: in the, first case M must be an odd 
function of yS, and in the second ah even function. 
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It appears also from Art. 338 that in two out of the four 
forms N vanishes when 7 = 0, and in the other two forms 
dN 

-y- vanishes when 7 = 0: in the first case N must be an odd 
dy 

function of 7, and in the second an even function. If n be 
odd the forms I. and IV. make N odd, and the forms II. and 
III. make it even. If n be even this is to be reversed. 

This leads us to break up our equation (1) into four parts. 

345. Let F (fi, 7) (A 7) +/j (/ 3 ,7) +/3 (/ 3 , 7) +f^ (A 7) 
where denotes an expression which is even with 

respect both to /3 and 7; 7) an expression which is even 

with respect to /3 and odd with respect to y\ e, func¬ 

tion which is odd with respect to /3 and even with respect 
to 7; and 7) a function which is odd with respect both 
to /3 and 7. 

Then the terms on the right-hand side of ( 1 ) must admit 
of a similar distinction; so that the equation resolves itself 
into four, of which the type will be 

f{i 3 yy)= CM]sr+ aMw+G"jrw+ .( 5 ), 

where /(/ 3 ,7) may denote any one of the four terms(^8,7), 
/a (A 7). /8(A7)>/4(A7); 2^nd the terms on the right-hand 
are all of the same kind as f{^,y ); thus N, N"y ... are 
all odd or all even functions of 7. 

Now to determine 0 ; multiply both sides of ( 5 ) by 
(/j?—v^)M]S‘d^dy, and integrate between the limits 0 and 
for and 0 and co for 7. Then by equation ( 4 ) all the terms 
on the right-hand side vanish except that involving G; and 
we obtain 

C rrMW^ 0 ^^^v^)d^dy= rjy(^,y)im(/M^^p^)dj 3 dy. 

J 0 J 0 J 0 0 , 

This theoretically determines C, In like manner C\ A",. • • 
may be determined. 

We proceed to discuss the value of 

0 
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346. "We have hy Art. 324, 


(C). 


Ey clifFerentiating these we get 


(V). 


IsTow, m being any positive integer, naiiltiply tlie first of 
equations (7) by and integrate between 0 and ct; 

thus 


r'^ /7^// r'®’ 

Ey integration by parts we have 

"When /3 = 0 we have /^=&, and when /8='cr we have 
ya = c; hence we see by (6) that “ vanishes at both limits, 
so that from (8) and (9) we get 

c ®( 2 m + l ) /‘”“(^)«^/3 = 


2 - (c‘ + j .( 10 ). 

Substitute for its value from (6); thus we get 
(2m + 3) J = (2m + 2) (c’ + T 
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Treat the second equation (7) in the same manner as we 

have treated the first; thus we get ii lc = - 

o 

(2m + 3) = (2m + 2) c“ (1 + F) 

*^0 0 

— (2m +1) cV f .(1^). 

Jo 

r'uy r" 

Put I fi^d/3 = I v^dy = v ; 

^0 J 0 

then if we take m = 0 in (11) and (12), we get 
j yU,*<fjS = |F(l+F)l4 — 

fddy = IF (1 + F) w -1 cTco. 

Then in (11) and (12) put for m in succession the values 
1, 2, 3, ...; thus we shall obtain 


== PF^-% + Qd-^-ar, 
J 0 

rv^'dy = + Qc^a ; 

J 0 


.(13), 


where P and Q are integral functions of F. 

Now if® is some function of and N® of 7®; and there¬ 
fore by the equation (13) we get 

f Gto + Jff'ur, 

J 0 


fOi 

J N^dri = 


Gv + H(c ; 




where G and E are integral functions of F and F and of the 
coefficients of if or If. 
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And in the same manner -we get 


!‘M^d/3 = 


v‘N’‘dy = G^v + 


From (14) and (15) we get 


f I 3PN'‘iJ.^dl3dy = {Gv+Sa!)(GjU+H^-s!-), 

J 0 0 

f f dy = (fiu + iZW)( G^ + H^ai ); 

J 0 0 

then r rMW^ d^dh = { G,H - GE^j (uco - vzx) 

•J 0 0 

f 'CT l'C*3 

I {/ju^ — v^) dl3 dy ; 


and by Art. 277 this = ^ * 

Thus finally 

{jj?-v‘)dl3dy = '^i G,H- GH;) 

where the multiplier of ^ is an integral function of 
and the coefficients of M or N. 
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SPECIAL CASES. 


347. It must be observed that the formulae which we 
gave in Chapter xxi. are not applicable to the case in which 
b = c, nor to the case in which 6=0. 

For since ij? is supposed to lie between 6® and c*, when 

i = c the values of y and z take the form ^ . And if 6 = 0 

then V also = 0, and the values of x and y take the form ^. 


Now the advantage of the formulae already used is that 
they enable us to solve problems in which the general 
enunciation is accompanied by some special condition which 
is to hold at the surface of an ellipsoid; but when that 
ellipsoid becomes one of revolution, we have either h = c, 
or 6 = 0; and hence the investigations hitherto given become 
inadmissible. 


Lamd accordingly supplies special investigations, which 
are applicable to the case in which the problems are modified 
by reference to an ellipsoid of revolution instead of a general 
ellipsoid: these special cases are also treated by Mathieu 
in the work cited in Art. 265; his method is not identical 
with Lamd’s. These special investigations however add 
nothing of importance to the analytical results already given ; 
and we shall accordingly confine ourselves to a few para¬ 
graphs giving the method of Mathieu. 
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348. In order to obtain formnlse which shall be uni¬ 
versally applicable, let us introduce two angles ^ and yjr, 
connected with Lamp’s variables by the relations 

fi = ^/{(? sin^ cos^ ^), v = h cos yfr; 

hence V -‘V^) = b sin sin 

/y/(c^ — fi^) = — V^) cos <p, — 3^^) = \/(c® — V cos® 1 ^). 


Thus we have for x, y, z by Art. 271 the expressions 

X = ^ ^(c® sin® ^ + &® cos® 

c 

y = — V) sin i/r sin (;£>, 

2 2\ — V cos® 'yfr) 

c 

These formulse are universally applicable. 

If 5 = c, they become 

x = \cofi'\lr, y = \l (A®— c®) sin-^ sin (f), sincos 

' If 5 = 0, they become 

a? = X cos sin y = A sin sin (f), z = /v/(A® — c®) cos (f>. 


349. It is easy to transform the differential equations 
- which are given in Art. 327 for M and N. 

The equation for M may be written 

^ + (V* - ' 7 «^) M=^ 0 . 

We have (c“- 6^ cos' <^j ; 

and thus we shall obtain the equation 

{c' — (c* — ¥) cos' + (c’ — V) sin (f> cos <p 

V) cos' ^-qi-g)e] If = 0. 
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I like manner tke equation for N may be transformed 


COS^ sin 'xjr cos-v^ — (M^cos^'ylr— g(?) iV"= 0. 

he simpler forms •which these equations assume when 
and when 6 = 0 , can now be readily obtained. 


50. We will give finally an investigation which in- 
bly establishes the transformation of Art. 303, though 
1 a very rigorous manner. 


Tq have by Art. 327 


d^M 



dW 

di^ 



Altiply the first equation by N, and the second by If, 
idd • then putting F for MN we have 


d'^F 


d F Jh f ^ 2 \ T7t r\ 


(!)• 


[ore ^ and 7 are kno-wn theoretically as functions of /t 
V respectively; we propose to transform ( 1 ) by the 
ons 

^ = cos ^ sin 01 




— = sin <f> sin d L 


.( 2 ). 


Vc" - 


= cosd 


nstead however of effecting the transformation directly 
Chapter XXIV. we will adopt an indirect process. 

jet us suppose that instead of the variables which occur 
L) we substitute a corresponding system in which ac- 
3 d letters are used to denote quantities analogous to 
3 in (1). Moreover, let us assume consistently with (2) 
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We have also 

Cdfi. __ JO — Ar^ 

cV _ ;iQ’ , _JA^ - 

Now suppose J' and c' proportional to I and c, so that 

V d 
b c* 

Denote this ratio by cr; then 

_b' 
h c 

Hence we shall get from (3) 


flV — -^IMV , 


and ii^ + v‘ = “2 {/*'* + v '^; 
<r 


therefore 


1 , 


1 , 

p=z- p • 

a 


di^dy. 

Hence (1) becomes 

d^F d^F h , '2\ rr A fA\ 

. 

Hence, without interfering with the final transformation 
by the aid of (2), we may change h and c respectively into 
h' and c, where V and c may be as small as we please, pro¬ 
vided only -7 = -. So that we may ultimately suppose h 
c c 

and c to vanish. 
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ne transformation of (1) by tbe aid of (2) 'will be 
ed. if we ascertain 'wbat (1) becomes consistently 
xen h and c are supposed ultimately to vanish. 

3 liave in general 

R = c r ___ • 

r 7.= ^ r __- • 

J Je Jt - b'^ J 6^-iJ?' 

— 7j, and i; is a constant, so that 
d^F^d^F 
dj3^ drj^ * 

is very small we may assume consistently with (2) 
v — b cos (f>, fjb = c sin 0; 




a ccos0d0 
a sin 6 cos 9 


p de 

IQ sin o' 


1 

sin 9' 


ry- C 


oJ¥^V^Jo^-V^ 




(PF . f . 

drf ~ 

•& when h is indefinitely small (1) becomes 

lation does not involve c, and therefore remmns 
len we suppose c = 0. Thus we have the required 
on. 


18 








CHAPTER XXIX. 


MISCELLANEOUS PEOPOSITIONS. 

351. In Art. 296 we introduced certain auxiliary varia¬ 
bles a, yS, % connected respectively witli tlie original variabli'.s 

fi, V. We may observe that these auxiliary variables can 
be made to depend upon elliptic functions. 

352. For begin with 7 ; we have 



Assume v = J sin -(/r; thus 

- 

- 

Jo a/I —Fsin^^lr ’ 

where fc = -. 

c 

Thus k is the modulus, and yjr the amplituth of % %v}iicli 
is an elliptic function of the first kind; see Integral Calculm, 
Chapter X. 

Let ct) have the meaning assigned in Art. ; so that m 
is the value of 7 when p has the value k Then, as is itip- 
posed to vary between — 5 and h, we have j varying between 

— 0 ) and (o. 
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353. In the notation of elliptic functions the relation 
z/ = & sin may be expressed thus 

1 / = J sin am (y, ^ , 

that is, ^ is the sine of the angle which is the amplitude 
of 7 corresponding to the modulus ~. 

Then = h cos am ^ 7 , ; and 


7c‘-i'"=cy l-^ = cy 1 -^- = 0^1- ^sin*i|r: 
the last result is usually expressed thus 

= am (7, • 

354. Next consider the equation 

B=c r 

Assume — /x^ = cr, J6^ — b‘ — h ; and then we shall have 
J (J?—If = J — cr\ /t = y c” — cr“ ; . 

therefore ^-^^^^- 7 = === = — /Tf— • 

fjjjy —h\lc — ih >Jk—(Tj& — a^ 

Hence, by integration, 

C "V -. „ + C f - -T—-. = CODStaUt. 

J s V«.“ — h ^c —ff J 0 VA'* — <7* Vc“ — <7'^ 


/■“’ (Zo- 


To determine the constant, we observe that for /t = c 
we have ( 7 = 0 ; so that the constant becomes the 'sr of 
Art 336. Hence from the preceding equation we have 

f<r d& 
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and then as in Arts. 352 and 353 we get 
cr = A sin am — /9, . 

Thus er may be co nsidere d known in terms of /3; and 

then 5*, and may also be considered known. 

For we have 

Vc" — A sin am jS, , 

— 6® = ^ cos ("tir *“ /9, -V 


c tHiam -/3, ~j . 
855. Finally, consider the equation 

5c 

Assume X = — ; then we shall have 


Vx" - 5 ^ = - . 

T ^ ? 


therefore _ ___ 

Vx^~-6Vx^-c^ VF^Vc 

Hence, by integration, 

Je Vx* —6® Vx"^— c® ^io v^ — T® 


Jo T 


.» */J5! _ _a 


5 - = constant. 


To detemme tlie constant put \ = c, then the first t'ti 
tegr^ vanishes and the second^ become oi so thaf th^ 
constant is equal to w. Hence ' 

a = « — c 

Jo Vi® — T® Vc® — T® * 

From this foimula we deduce 


T = 5 sin ( 
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A, = - jT y 

Sin am (co — a, k) 

V^ X~ ^ c A am (o) - g, k) 
sin am (ct) — a, k)^ 

^ c COS am (oi — a, k) 

y A C •“ • "7 j \ ^ > 

Sin am [a) —oCjk) 

7 . 6 

3 A; IS put for -, 
c 

56. The results of Art. 354 and 355 may be put in 
re convenient form by the aid of certain elementary 
ilae in elliptic integrals. Thus take the notation of 
355, and assume that the modulus is k throughout, 
i will save the trouble of repeating it. We have 


sin am (to — a) = 


A am a 


cos am (to — a) = Vl — • 

^frTF 

Aam(o,-cx)=^^ 


A am a, 


lus the results of Art. 355 may be written 
c A ant a 


vV- 6 " = 




■ sin am a 


7. To prove the formulae (1) we observe that by the 
nental property of Elliptic Functions explained in the 
al Galculm, Chap, x., if we have 


==r- 

in^Afr J<) ' 


Jo Vl — A^sin“'v|r J<) 
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tlien 0 , <f) and fju are connected in the manner which may be 
expressed by any one of the following equations, 

cos 0 cos ^ — sin 6sin^ Jl — Ic^ sin‘^ fju = cos/x,*) 

cos (f>cos/M + sin ^ sin ^ /s/l — F sin^ ^ = cos V.(3)» 

cos 0 cos ijb + sin 0 sin /Jbjl — Fsin'^ cp = cos<^.' 

The modulus being supposed to be Ic throughout, let 
9 = am Uy and ^ = am v ; 

then ( 2 ) gives 

/JL = am (u + ^). 

Thus equations (3) may be expressed as follows, 

cos am(u+v) = cosam u cos amv— sin amu sinam vLam(u-\‘V) 1 
cos ^772 = cos am v cos am {u+v) +sin am v sin am (u+v) Aamu > 
cos amv= cos amu cos am (u+v)+ sin am u sin am {u+v) A am v) 

.( 4 ). 

Suppose that ^ ~, then [ . becomes the 

^ 2 ’ JoVl-/cWf 

a> of Art. 336; also sin am (u + v) 1, and cos am (22 + 1 ;) = 0 . 
Thus the second of equations (4) gives 

cos am u = sin am v A am u .. (5). 

This coincides with the first of equations ( 1 ), for we may 
put a for u, and then ( 2 ) gives v = o) — a. 

Again, supposing still that iw- = 2 ? equations 

(4) gives 

cos am u cos amv=^ sin am u sin am 
divide this by (5); thus 

smamu\/l 


cos amv=^ 


Aamu 

This coincides with the second of equations ( 2 ). 


.(6). 
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Finally, square the first of equations (1), and multiply by 
1 — k^] then square the second of equations ( 1 ); add the two 
results and extract the square root, and we obtain the third 
of equations ( 1 ). 

358. In like manner the results of Art. 354 may be 
modified in form by the use of equations like (1) of Art. 356. 

359. In the results of Art. 353 we see that v is expressed 

in terms of a sine, and so may be regarded as an odd function 
of 7 ; while z^^and may be regarded as even 

functions of 7 . Again, in the results of Art. 354 when we 
u se eq uations like ( 1 ), we shall see in like manner that 

may be regarded as an odd function of /3; while 
\/c^— fju^ and fju may be regarded as even functions of yS. Finally 
in the result s of Art. 355, as modified in Art. 356, we see 
that W — may be regarded as an odd function of a, while 
\ and — may be regarded as even functions of a. 

360. As an example of the values of the auxiliary 
variables a, | 8 , 7 at special points, consider the ellipsoid 
represented by the first equation of Art. 266. At all points 
of the surface of the ellipsoid X has the same value, and so 
a will have the same numerical value. 

At the ends of the major axis we have / 3 =±' 5 j, and 
7 == + o); the upper signs belonging to one end and the lower 
to the other. At the ends of the mean axis we have /3 = ± ct, 
and 7 = 0 : the upper signs belonging to one end, and the 
lower to the other. At the ends of the least axis we have 
/3 = 0 and 7 = 0 . See Art. 267. 

361. We shall not enter here further into* the considera¬ 
tion of Elliptic Functions^ we may observe that the first of 
Lamd’s works, cited in Art. 26.6, is much concerned with this 
department of analysis, but by no means supersedes the 
necessity of studying the systematic treatises oa the subject. 

362. In Art. 326 we do not profess to obtain the most 
general solution of a certain differential equation, but only 
a solution. Also when we treated one of the differential 
equations of Art. 327 we did not seek the most general 
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solution, but only obtained a solution. In this latter case 
however it is easy to complete the process, at least theoreti¬ 
cally, and thus to obtain the most general solution. 

For let L denote one solution of the differential equation 


+ .(7), 


and let 8 denote a second solution; so that 
f , , V \ „ 


From (7) and (8) we obtain 




therefore, by integration. 


i — >Sf ^ = (7^^, a constant. 


Divide by i®, and integrate; thus 
S=C,L fp. 


Thus the solution of (7) may be given in the form 
fd'x 

GJjJ^ + CJL, -where is another constant; and as there 

are here two arbitrary constants this is the genei'al solution. 

368. Lam^ tacitly assumes that for the solution of hi^^i 
problem we must put = 0. Mathieu gives on his page 255 
a reason for this. We have 

{dcL _ f cdX 

. 

No-w corresponding to « = 0 -we have X = c; and then the 
first surface of Art. 266 degenerates from an ellipsoid to the 
area on the plane of (a;, g) bounded by the ellipse 


( 11 ). 
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The value of F ought to differ very little for two points 
which are very near the area bounded by the ellipse (11), 
one point being on one side of the plane {x, y), and the other 
on the other. But the formula in (10) changes sign with a, 
for it changes sign with —c‘"; and thus V would differ 
to a finite extent for two such points though indefinitely 
close. 

Hence for the. solution of Lamp's problem we must put 
^1 = ^- 


364. But for the solution of other problems it might 
happen that we must put = 0. Suppose for instance we 
want to find the potential of the ellipsoid defined by the 
first equation of Art. 266 for all external points. Then for 
all such points the equation (1) of Art. 324 must hold with 
respect to the potential F. Moreover for points at an in¬ 
definitely great distance from the ellipsoid the potential 
must vanish, Now when X is very great we find that the L 
of equation (9) or (10) varies approximately as and then 

will vary approximately as It is obvious there¬ 


fore that the potential cannot involve the term CJL, though 
it may involve the term CJL . 


365. In Art. 341 we have shewn that all the values of z 
are real; this result can also be deduced readily from equa'- 
tion (4) of Art. 343, as by Mathieu on his page 265. 

For if possible let ^-1 denote a value of z -, let 

V~ i denote the corresponding value of M, and 
Aj-hAg that of N, Then there must also be a value 
^ V— 1 of and we may take for JF the value V— 1, 

and for N' the value Thus (4) of Art. 343 

becomes 
rw 

+ N^) ^ F) d^dy = 0; 

Jo Jo 

but this is obviously impossible, for is greater than so 
that every element of the integral is positive. 
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366. If we compare equation (4) of Art. 343 with the 
corresponding equation respecting Laplace’s coefScients, 
which is given in Art. 187, we shall be led to anticipate 
that (/i/® — v^) djSdy is the variable part of the transformation 
of sin dddd(j>. This is easily verified. For we know by the 
Integral Calculus, Art. 246, that dddj> transforms to 

(dd dcf) dd dcfA . . 


Now by Art. 303 we have 


dYdl3 


dy rfyS dy 


sine {/dV -bV) “"c*sm(9’ 

so that sinOdedcp is equivalent to y — d^dy. 


367. It ought to be remarked that the notation of the 
present volume is not coincident with Lamp’s; for English 
readers would be displeased with his neglect of symmetry. 
The following table will exhibit the principal changes which 
have been made; the first column contains the symbols of 
the present volume, and the second column Lamp’s corre¬ 
sponding symbols, 

\ /4, p p, 1/ 

a, A 7 7. /3, a 

i, M, N B, if, N 


368. In Chapter xxvi. ^e have investigated Lamd’s re¬ 
sults independently as he does himself; they might however 
have been derived from Laplace’s results, by the aid of the 
transformation of Chapter xxiv. Heine pays some attention 
to this mode of derivation; I may remark that he states on 
his page 207 the result obtained in Chapter xxiv. without 
reference to a place where it is worked out, or any warning 
of the length of,the necessary process. 



MISCELLANEOUS PROPOSITIONS. 


283 


Lam^ says on his page 196 with respect to his indepen¬ 
dent treatment: Facilement applicable k tout autre systfeme 
de coordonn^es curvilignes, cette mdthode directe a T inap¬ 
preciable avantage d’dviter tout passage par Tantique systfeme 
des coordonn^es rectilignes : instrument ddsormais impuissant 
et sterile, dont I’emploi abusif sera plutot un obstacle 
qu’un secours pour les pi^ogr^s futurs des diverses branches 
de la physique mathematiqiie. It may however be doubted 
whether Lame’s opinion of his own methods as compared with 
those of his predecessors is not too favourable. 






CHAPTER XXX. 




DEFINITION' OF BESSEL’S FUNCTIONS. 


369. The functions we are now about to consider were 
formally introduced to the attention of mathematicians by 
the distinguished astronomer Bessel, in a memoir published 
in 1824 in the Transactions of the Berlin Academy. They 
have since been the subject of investigations^ in various 
memoirs, and have been discussed in two special treatises 
which have the following titles: Theorie der BesseVschm 
FuThctionen Carl Neumann, Leipzig 1867; Studien 

ilher die BesseVschen Functionen, von Dr Eugen Lommel, 
Leipzig 1868. These two treatises supply references to 
various memoirs on the subject. 

In the present and following Chapters we shall give all 
the most important theorems relating to these functions. 


370. If we seek for a series proceeding according to ascend¬ 
ing powers of x, which satisfies the differential equation 


we obtain 


d^u 1 ^ , 
dx^ CO dx 



( 1 ), 


u — Cx" 


I 2(2n + 2) 


+ 


_ sc* 

2.4 (2?i -1- 2] (2?z< -f- 4) 


2.4.6 (2« + 2) (2u + 4) (2w + 6; J ’ 
where G is an arbitrary constant. 
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If we suppose n a positive integer, and ascribe to C the 

value expression is called Bessel’s Function, and is 

denoted by so that 

_ a;” f. as* a;* 

T\n\ 2(2n + 2)'^ 2A{U + 2)(2n + 4>) 


2.4!.6(2n + 2) {2n + 4i) (2n +6) j 

The series witMii the brackets is always convergent; see 
Algebra, Art. 559. 

Or, taking a somewhat more general view, let ns ascribe 
to the constant C the value I agree with 

Z i (71 + Ij 

the former when w is a positive integer, and will be real and 
finite, whatever n may be, provided ti + 1 be positive. Thus 
we have 


^n(p^) ~~ 2"P” 


(n + 1) 


1_5_j_ _ _ 

2 ( 2/1 + 2) ^ 2.4 (2n H- 2) (2n + 4) 


2.4.6(2u, + 2) (2« + 4) (2n + 6) ‘"}. 

This then is the definition of BesseFs Function, n being 
any real quantity algebraically greater than — 1, and x any 
real quantity. 

The student is supposed to be acquainted with the pro¬ 
perties of the Oamma Function: see Integral Calculus, 
Chapter XII. 

371. We may also express BesseFs Function in the 
following manner by a definite integral for cmy value of n 

1 

which is algebraically greater than — ^: 

J^{x) . . ^.. f cos (x cos (f>) . 
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Cu Cu Oj 

For cos(aj cos^) = 1 — +|^cos^(jS — jg cos®^ +...; 

and thus the general term under the integral sign may be 
denoted by 

IL . f ^Qg2m J g*j^2n j ^ ^ 

Jo 

Put cos* (p = t; thus we get 

TT 

f COS**” (f> sin*” (f)d(f) = 2 f cos**" ^ sin*” cp dip 
Jo j 1) 

.1 s,»-i ^ r(m + i) r(ri + s) 

= I « “ (1-i) dt-= ^ ^ ^ 


r “h 7 ) 1 + 1 ) 
(2m-l)(2m-3)...irg)r(«+i) 

+ (ni-m —l)...(?i + l) r (7^ + l) ' 


Thus the general term on the right-hand side of (4) 
becomes 

a?” (-iraj**” 

2”2.4...2m ^ 2”‘(?i + w) (» + m- 1)...(w +1) T (w + 1) ’ 

and this coincides with the general term in (3). 


372. We may also express BesseFs Function in another 
manner by a definite integral, for any positive integral value 
of 72, thus: 

1 T” 

J^{x) = ~ j cos {nj)’-xsmcp) dip .(5). 


For this expression 

1 r^r ^ ... 

= — {cos n<p cos (x sin cp) + sin mp sin (x sin cp)} dcp; 
J Q 


it is necessary to treat separately the cases of n odd and n 
even. 
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First suppose n even; then I sin n(f> sin {x sin 0 ) d<j> van- 

0 

ishes. For by changing <j> into rr — cf)' we have 
I sin n(j> sin (x sin (f>) d<f)= f sin (tt — <p') sin (x sin (f>') d(l>' 

'J 0 •J 0 

= — cos TZTT j sin n(f)' sin (x sin ^') d(f>' 

•I 0 

= — f sin n<p sin (x sin dcp ; 

•J 0 

thus 2 f sin sin (x sin (p) d(f> = 0 . 

J 0 

Hence the proposed definite integral reduces to 

1 

“ I cos TKp cos (x sin dcp, 

;i ^ ^ f-i x^sm^S , ic^sin^d) 

and this =- cos7i<f>41--i- 

^ 2 4 


(-ir^in^”*^ 


— ... r d(f>. 


Now let the powers of sin <p be expressed in terms of 
cosines of multiples of (p by the formula 

22 m-i ^ ^ 2m(P - 2 m cos ( 2 m - 2 ) 0 

2 m( 2 m~-l) . . 

4 .--/ cos (2m-4) ; 

then if there be a term which involves cos n<p there will be a 
corresponding term in / cos ncp sin’’^* (p dcp^ and no other. In 

0 

this way we obtain the required result. . 

Next suppose n odd; then f cosncp cos (x sin <p) d(p van- 
ishes. For by chaDging ^ into tt—.<)!>' we have 
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COS ncj) cos (cc sin (f>)d<p== / cos (tt — ^') cos (x sin 


== cos WTT 


[ cos nj> cos {x sin (^') d(j> 

•J 0 


— / COS n(f> COS (xsm(f>)d^; 


is ’2 / cos n(j) cos (:j? sin <j[>) = 0. 

J 0 

Hence the proposed definite integral reduces to 

1 r® 

- I sin n<^ sin sin <jS) 

^ J A. 


and this — ~J sin mj) ja; sin <}> — 


sin* ^ 


Now let the powers of sin^ bo expressed in terms of 
sines of multiples of ^ by the formula 

2*“(-l)”*sin*“«<;6 = sin(2m+l) <f> - (2m+1 ) sin(2m--1 )^+.; 

then proceeding as before we obtain the required result. 

373. We may observe that for the case in which 7 t in n 
positive integer the formula of Art. 371 may bo deduced from 
that of Art. 372. 


First suppose n even; then by Art. 372 
1 [” 

(^) = ~ / cos n<f> cos (x sin <p) d6. 

TTy Q 

Change into ^ + thus we get 
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COS n^' cos (x cos cj>') 

I cos nj> cos {x cos (j>) d(f>'; 
0 


1 niT 


see Integral Calculus, Art. 42. 

But by Jacobi’s Formula, giv^en in Differential Oalcidm, 
Art. 370, if ^ = cos cj>', then 

f _-I \n--l Jn Qrtj^] 

Therefore if /(cos denote any function of cos we 
have 

J f(cos(j>') cos n<j)'d(f>' 

__ ^ ^ f(A . fl — clt" 

integrate by parts n times in succession, tod wo finally 
obtain 

J7(C0S <!>') cos d<l>' = 1)//"’(') 

Put /(cos = cos (a; cos </>'); then 
/^">(i^) = of cos Ta; cos (^' + cos cos (a; cos </>"). 


Thus J„{x) =~ 


a; 


V.1.3.5...(2^-1) 
wliich agrees with equation (4). 


co.s(;r cos <]£>') nhC'()>' 


Next suppose n odd; then by Art. 872 

1 r”". 

I,X^) = — I sin ncf) Bin (x sin 

TT J p 

TT 

Change <j!> into ; thus wo get 


T, 


19 
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(x) = ” sin I ^ cos n^' sin {x cos ^') dj> 


2 . nir f ^ 
== - sin 
IT 2 


1 . niT 

” T* 


I cos n(j>' s>m {x cos (^') 

J ^ 
rn 

cos n(f>^ sin (ic cos (^') e?<}[)'. 

•J n 


Then use Jacobi’s formnla as before, and we arrive at the 
same result. 


374 In equation (4) put ^ for cos ^; thus wc obtain 

[ cos (1 — cZ2:.. .(6). 


>4 (a:) = 


thus 


375. In the expression just obtained put 1 —-y for 2;; 




Vtt 


2"r 


now 


■jrJ cos{x(l-v)}{v(2-v)}“~idv; 

2 ) " 

f cos{£c(l—( 2-'Z))}““^cZ'y = 

0 

r2 r2 

QOBx I cos(a!Z^) [vdv+Bmxj Bm(xv) [v(2-v)]'^'~^ dv, 

•^0 *'0 

If we expand cos (^r^) and sin (cc-y) in powers of.^ry we 
obtain expressions to integrate of which the general type is 

fv^iv (2^v)}^^idv. 

0 

Put 2y for v, thus we get 2”'”” f 3/“'''””^ (1 — Jy, 

J 0 

2-«»r(m + 7i+i)r(n + ^) 

r(m+2ji + l) ' 


■that is 
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Thus (x) = - 7 -r- (Ceos a? + ^sin »), where 

^ 2 “r(»+|)r(»+i) ^, 2 -r( 2 +» + i)r(^ 
^ r (2m+1) [2 r(2 + 27j+i) 

^.2“r(4 + »+l)r(»+*) 

. r(4 + 2 « + i) 

^ 2 -r(i + „ + |)r(» + l) 

^ * r(n-2?i + i) 

^.2-r(3 + « + ?)r(»+J) 

[3 r(3 + 2w + l) 

,»-2“r(5 + « + l)r(. + |) 

r(5 + 2KH-l) 

We may change the expressions for C and 8, since 

r (m + n + l)T(n + l) 

r (m 4- 2?i +1) 

(m4-n-|)(m + n-|)...(^ + |)r(n + |)r(n + |) 

(m + 2a) (m + 2n. — 1)... (2?i +1) T (2/i + 1) ' 

and r (2n +1) = F ^j F (« +1), {Integral Calculus, 

Art. 267). 


19—2 
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Thus [x) = 


cos X 

2’T(w + l) 


2n + Sx^ 
2w. + 212 


(2m+5) (2^ + 7)*" (2n + 7) (2m+9)(2m+ll)a:« | 

■’■(2m + 2)(2m + 4)[^ (2m+2) (2m +4) (2«+6} j 


0)”' sin X f 

+ 2 "r(m+l) r 


2m+5a;’ (2m+7) (2n-4-9) 

2m+2 (2n,+2)(2m+4j |5 



The series within the brackets are always convergent. 
876. Suppose to be expanded in powers of z, 

£2 _X 

Since this is the same as we obtain 

^ a;V ^ If, X x^ _ 

2 ■^2'*|2'^2^|3‘^-"J f 22‘^2“|^0'* 

Multiply out and arrange in powers of z; and then ac¬ 
cording to the notation of Art. 370 we obtain 


— <7^ (^) + 2 (^) + 2 * (x) + tTg (x) + ... 

(^) , (x) j; (a;) . 

^ g> .. 


.( 8 ). 


Thus we see that for positive integral values of n wo 
have (x) equal to the coefScient of a" in the expansion 

of " in powers of z. 


877. It should he remarked that the definition of tho 
Functions has been slightly modified hy Hansen wlio is fol¬ 
lowed by Schlomilch; see Zeitschrift fur Mathenvatik, Vol. II. 
page 145 : according to these mathematicians we should 
have 2a; instead of x in the various expressions whicli wo 
have given for {x), so that for instance they put 

(*)=■“/ COS (m<^ — 2a5 sin d<f). 

We mention this in order that the student may he pre¬ 
pared for the diversity if it should occur in other works • 
hut we shall adhere to the definition we have formerly given! 
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378. As a simple example, we observe that by Art. 371 
Ave have 

{x)—~ / cos [x cos 0) sin® ^ dj >; 

WJ Q 
7T* 

by changing ^ into — <j> we obtain 


X 

(x) = — cos (x sin (f>) cos® <f) dcf). 

WJ Q 

By integrating the following expressions by parts, we see 
that each of them is also equal to (x)-, 

If". If". 

— I sin (x cos cp) cos (p d(p, - / sin (x sin sin (p d<p: 

Wj Q W J Q 

either of these may be obtained from the other by changing 

cp into ^ 

Again, by comparing the equation (3) with the known 
expressions for cos z and sin z, it is easy to see that 


when ^ = 2 ’ ” 


sinoj. 


and when ^ ^, we have {x) = sj — cos ^ . 
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CHAPTER XXXI. 

PEOPEETIES OF BESSEL’S FUNCTIONS. 

S79. Diffeeentiate both sides of equation (8) of 
Art. 376 with respect to z : thus 

+?) + - 
j^[x) 2j; {x) 3j;(cc) 

Hence if we multiply the series on the right hand of 

equation (8) of Art. 376 by result must be 

equal to the series on the right hand of the equation just 
given. Thus we obtain for any positive integral value of n, 

2 =wJ.(r).(1). 

380. The equation (8) of Art. 376 can be made in this 
manner to furnish various formulae, which may if we please 
be verified by the use of some of the other expressions given 
for j;(ar). Thus for instance we may obtain (1) by the aid of 
the expression of Art. 372. For let ■ylr = nf-x sin <f>, so that 
1 

«^»(*) = -l cos-fdij), 

1 f”’ 

‘L.i(^) = -j cos(f~^)d(f), 

1 

‘^n+ii^)=-J COS (f + <j))d<f>; 
therefore (x) = ? J'cos f cos </>d(f>. 
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Ni>w d k! 11-^ = C(>« =* cos («— x cos <f> d <^); 

inte<^ratc bctweiJii tlie lirints 0 aud tt for ^: thus 

0 = 1 cos — x cos (^) d<p 

=sn j COB '^cZ^ — X I cos cos ; 

J0 i 0 

tliercfore 0 = «/«(») - ^ 

Tliis iiivestigatiou, like tliat of Art *^79, applies to the 
case in which w is a positive integer; but we may vciriiy tlu^ 
ecjuation by moans cd’ ecpmtiori (S) of Art 570, and thus it 
will bo mm to Iiold for emrt/ poBitive value of n, 

381. DifFerentiaie both sides of ccpiation (8) of Art 37B 
with respcHjt to x; thus 

V, _ n ;(■ s. ''■'.w ^J,f) 

z\ zj ujo djo dx dx 

z dx z* dx s® dx 

Hence if wci rmiltiply the «erie»oathe right-hand side of 

ecpiatbii (H) of Art 37b liy \ (^z — tlio result must be csjua'l 

to the ieridi mi the rightdiaiid side of ilic^ eepnaiion just 
given. Tliui we obtain for any positive integral value oi' 

.(-)> 

and we liave also the K{iecial nifuili 

. 


The cqtmtioa (2) may ate be obtained by the aid of the 
expression of Art. 372. For an in Art. 380 we have 
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therefore == ^ [’'sin V- sin ; 

dx ax TTJo 

also (aj) - /„«(x) = i r {cos cos {-^ + <f>)}d<^ 

2 . 

= — sm'\tsm<pd<p; 
ttJo 

therefore ^ § I’^n-iC'^) ~ 

Sirailarly (3) may be obtained, observing that we have by 
Art. 372 

J (^) = 1 [ sin 6 sin {x sin <^) d<^. 

0 

We may also verify equation (2) by means of equation 
(3) of Art. 370, and then it will be seen to hold for every 
positive value of n. 

382. From (1) and (2) we obtain 

V I Rwr- (a..w)*-{a„.(*)r.0). 


383. We have by Art. 376 

= J,{x) + zJ,{x) + z^Ux) +... + - , 


Change the sign of z\ thus 
e' J,{x) - zJ,{x) + //Jx) + 


X / _ 1 \ 1 \ 

Hence since x e unity for the 

product of the two series just written; and this gives rise to 
various results by equating to zero the coefficients of various 
powers of z. By considering the terms independent of z we 
obtain 


1={j;(x)r+2 {/,(x)r+2{/,(x)r+2 [ j ,{ x ) y + .(s). 
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384. Multiply both sides of equation (4) by n ; thus 

Ascribe to n in succession all positive integral values 
1, 2, 3, ... and add; then the terms on the right-hand side 
reduce to the series which occurs in (5), and thus 

385. Differentiate (2) ; thus 

^ dx^ dx dx ’ 

substitute for the differential coefficients on the right-hand 
side their values from (2); thus 

Similaiay 2*^^^ = J'„_3(a;)-3/^,(a;)+ 3J;ja;)-7,+3(a:); 
and so on. 

These formulae must be understood with the conditions 
which follow from (2) ; thus in the last which is expressed n 
may be any positive quantity greater than 3. 

Thus the successive differential coefficients of any one of 
BesseFs Functions can be expressed in terms of Functions of 
higher and lower orders. 


386. From (1) and (2) we have 
J 






( 6 ), 


and 


( 7 ). 
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Then from (3) and (6) we obtain in succession 

r , 3 dJ,(x) ,Sd^J,{x) d^J.jx) 

^ 0 )^ dx X dx^ dx^ ^ 

and so on. 

Thus for a positive integral value of we can express 
(x) in terms of (x) and the differential coefficients of 
Jo (x). 

387. From (6) we have 

therefor. ”/.(«)+ 


dx dx 




by (6) and (7). 


_ {n{n-l) ] 1 


d^ I (t\ 

We may now differentiate again, and thus obtain 

CuJCT 

in terms of (x) and {x ); and so on. 

388. Let {x) stand for —• From (1) we have 
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therefore 


therefore 


Qn-l (X)'^ X X ’ 


therefore 

therefore 


Qn+iH-2(« + l) Q^(^roy 

a? 

^'‘("=)=2F+iF“0^)* 


Hence, continuing the process, we have 

Q.(P) = -^ 

+ -2{n + ^)-Q^,(xy 

and so on. 

Moreover we can shew that Qn+m (pc) vanishes when m is 
indefinitely great; for, by Art. 370, 

o ^ _ 4(n + m + 2)^ . 

; J^^{cc) 2(n + OT+l).. x‘ ’ 

4(n4-m + l) 

the first factor vanishes, while the second factor is finite 
when m is indefinitely great. 

" Hence our process develops (x) into an infinite con- • 
vergent fraction of the second class, in which the first com- 

ponent is , and the r*" component is 2(n:trT l ) ' 

see Algebra^ Art. 778. 


S89. Yarious interesting theorems have been obtained 
with respect to Bessehs Functions when the variable is not x 
but fslx\ with some of these we shall close the present 
Chapter. 
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390. To shew that 


dr . -f 




By Art. 371 we have 


■ V,(v/ic) =-?- •-7—7T fcos {Jxcosct>) 




= -;^-^ . - .-. ^ f sin (s/x COS sin"’* <j) cos (p dcp : 

2Vwa: 


but by integration by parts 

j sin {Jx cos j)) (p cos j> dp 

= sin {Jxcos p) -f jcos {\f xcob p) 8in^''’^pdp. 

Thus, taking the integrals between the limits wo have 

1 1 /■" _ 

= “ ^ 777 =.- 7 -771 cos C/x cos 6) 4> d4> 

2’*(2» + l)rr« + iy» 


— ~7^~r -7-n cos (VoscosA) sin*’*'6d6 

1 


0 
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Then differentiating again we have 
'dx‘ ° ^ “ 2 dn 

( 1 \ 2 n+2 _ 

-i) 

In this way we obtain the proposed theorem. 
891. To shew that 

n _ /T \ n^—m _ 

5^{^V„(Vx)}=(i) J_(Va:). 


We have ^ (Vx)} = ^ {a.’-a;-”/„(V^)} 

= »“^|a5 V„(7a:)|+a: ^ J^Ux)-^x'' 

= - 1 * “ {^) + wa;' (Vx> 


— XjIO _ _ 

But by (1) we have (Vx) (vx) - 

hence by substitution we get 

Then differentiating again, we have 


dx^ 


{x^J„{^x)] = 


1 J 

2 do? 


{x-»V,_,(V*)} 


^27 ('^)- 

In this way we obtain the proposed theorem. 

392. By Taylor’s Theorem we have 
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^ (V.'c + A) =£c ^ (Va?) 

1 di , —-f -j- ( f —L-, hr - , 

'*"'"'^[r ^ jr + 1 ■‘'4(V|^)}> 

■where f is put for x + BJi, and ^ denotes a proper fraction. 

The differential coefficients which occur on the right-hand 
side of this formula may be con'veniently expressed by the 
theorem of Art. 390. 

Similarly by Taylor’s Theorem we have 
{x + JiY (^^+1) = (Jx) 

and the differential coefficients which occur on the right-hand 
side of this formula may be conveniently expressed by the 
theorem of Art. 391. 

393. In the theorem of Art. 391, change n into n + m- 
thus ' 

yJw n+m 

x^J„ (Va;) = _ {* 2 

hj the theorem of Leibnitz, the right-hand member is equal to 

n+m ^ f —^ ^w-1 n+TO 


m(m —1) 


-)-i-fZ f^n-m) “■ 


( ”+>» 




+ ...; 
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and by Art. 890, this 

- 2) ^-2^^ (V«) + TO (m + n) a; ^ (V x) 

+ (m + n){m + n-l) (- 1 ) 

Thus 

j;. (V^) = (-1)- (7^) - ux) 

^ 2^m (m — 1) 

Then putting a? for we have 

(^) = (-1)” I j;„„„ (*) - { 0 =) 

[on — 1) (m -f n) [m + n — Vj j | 

^ j2~^^ '^2m+w-2 W ““ * • *j * 

In this theorem m may be any positive integer, and n 
any quantity which is algebraically greater than — 1. The 
demonstration, as it rests on Art. 371, would require n to 

be algebraically greater than — ~; but from the form of the 

result it is easily seen, by the aid of Art. 870, that n may 
be any quantity which is algebraically greater than —1. 

Lommel proposes to define (x) for negative values of x 
so as to make this theorem always hold. Thus, for example, 
suppose n a negative integer, and put it equal to — m; then 
we have by this theorem 
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CHAPTEE XXXII. 
foxjeier’s expression. 


394. Suppose n = 0 in the equation (2) of Art. 370 ; thus 

'^0 (^) = 1 — ^ + 2\^ ~ W7¥7W‘'^"“ 

This expression had heen studied hy Fourier before 
Eessel brought forward his general Functions: see Fourier’s 
Tkeorie de la Chaleur, Chapitre vi. We will reproduce 
Fourier’s results, and then shew that they may be extended 
to Bessel’s general Functions. 


395. Put 6 for ^ in the preceding series, and denote 
the expression then by f{9)', thus 

j \^) t tf ~v 2 * ^2 3^ 3^'4®”*~'**” 


We shall first shew that the equation/(0) = 0 has an 
infinite number of roots, all real and positive. 

In treating this proposition, and that of the next 
Article, it is really assumed that / (9) may be considered to 
be a finite algebraical expression; the justification of this 
assumption must be found in the fact that /((9) is a rapidly 
convergent series, and thus whatever may be tho value of 
6, and whatever may be the closeness of approximation wo 
desire, the terms in f{e) after some finite number of them 
may be neglected. 

It is easily seen by two differentiations that 


/(^)+/'W + r'W=0; 
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or this may be obtained from the general diJBferential equa¬ 
tion of Art. 370 by changing the independent variable. 

By successive differentiation we now obtain 
f[6) +2/'(0) +0/"(0) =0, 
r^e) +3/'"(0) +er\e) =o, 

/"' ( 6 ) + 4/"" ( 6 ) + { 6 ) = 0, 

and so on. 

These equations shew that when any one of the derived 
functions,y'(0), f"{6 ),... vanishes, the preceding and follow¬ 
ing functions have contrary signs, if 6 be positive. 

Now suppose we consider f(0) to be of the degree 
in 6, where m may be as large as we please. Take the series 
of functions 

/w. /m f"(6),...r{d)-, 

this series may be called Fourier s Functions, and the student 
may be assumed to be acquainted with their importance; 
see Theory of Equations, Chapter xv. 

No change of sign in the series can be lost by the passage 
of d through a value which makes any of the derived 
functions vanish; for as we have just seen when any de¬ 
rived function vanishes the preceding and following functions 
have contrary signs. Hence a change of sign in the series 
can be lost only when 6 passes through a value which makes 
f{6) vanish. But m changes of sign in the series are lost 
as 6 passes from 0 to + oo . Hence the equation y’(0) = 0 has 
m real positive roots; that is all its roots are real and 
positive. 

We may remark that it is obvious that f{6) cannot 
vanish when 6 is negative. 


396. If \ he any given positive quantity the following 
equation has an infinite number of roots, all real a/nd positive:. 

x+CW-o ri) 

m . ^ 


Let a and c denote two consecutive roots o{ f(d) = 0; by 
the Theory of Equations f'(6) = 0 has a root between a and 
c: denote it by &. 


T. 


20 
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foubier’s expression. 


Then as 0 changes from a to h the numerical value of 


ef'(oy 

fie) 


diminishes from oo to 0, while the sign remains .un¬ 
changed. As 6 changes from & to c the numerical value of 
increases from 0 to oo, while the sign remains un- 

J (F) 

changed^ but contrary to what it was before. Hence 

takes, once at least, any specified value as 6 changes from 
a to c. Therefore (1) has a root between a and c. In this 
way we see that there is a root of (1) between every two 
consecutive roots of f{6) = 0. And since X is positive there 
will be one root of (1) between 0 and the least root of 
f{6)=0. Thus all the roots of (1) are real and positive., 
Moreover only a single root can lie within each interval 
which we have considered. 


397. The equations of Art. 395 which connect the suc¬ 
cessive derived functions may be put in the form 


and so on. 
Thus 


fie) 

1 

fie) 

" ~rww)‘ 

^ fie) 

f"i&) 

1 

ne) 

" .ef"\e)^ 
^ ne) 

ne) 

1 

ne) 

“ .en(e)' 

^ me) 

m 

1 

fie) 

1- ^ ’ 

2 ^ 
3-... 


e 
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Thus X is exhibited as an infinite continued fraction of 

Q 

the second class in which the component is - ; see Algebra^ 
Art. 778. 

398. The results obtained by Fourier admit of easy 
extension to Bessel’s general Functions, as we shall now shew. 

We have by Art. 370, 

2”r(n + l) ^ , , . , 


- c7^ (^) — 1 — ^ 


(2/2 + 2) ‘ 2.4(2/2 + 2)(2/2 + 4) 


Put 6 for ^ in the preceding series, and denote the 
expression then by F (6) ; then 

F(e)=i _ — +_ _ _ — _h 

n+1^1.2(n+l)(n+2) 1.2.3(w-t-l)(TO+2)(n+3) 

It is easily shewn by two differentiations that 

F{6) + (ri+1) r{e) + 0r\e) = o; 

or this may be obtained from the general differential equa¬ 
tion of Art. 370 by first putting vo(f for u, and then changing 
the independent variable from os to 6. 

By successive differentiation we now obtain 

FXe) + {n + 2) r\d) + 0F’"i0)=O, 

F\e) + (n + 3) F'\d) + dF‘'\0) = 0, 

and so on. 

399. Th& equation jF (0) = 0 hae an infinite number of 
roots all real and positive. 

The demonstration is precisely like that of Art. 395. 

400. If X be any given positive quanfitity, the following 
equation has an infinite number of roots all real and positive : 

F{d) 

The demonstration is precisely like that of Art. 396. 

20—2 
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rOURIER’S EXPRESSION. 


401. From the preceding equation, by a process p 
like that of Art. 397, 'we deduce the following ex| 
for X as an infinite continued fraction: 


X=- 

714 * 1 


0 


72f -1- 2 


0 

71+3 — ... 
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LARGE ROOTS OF FOURIER’S EQUATION. 

402. Poisson lias sliewn liow to determine tte large 
roots of the equation {x) = 0: see Journal de VIJcole 
Poly technique, Oahier 19, pages 349...353. We will give his 
principal results though not altogether according to his 
method. 


Let 7/ stand for ttJ^ (x), so that 

7/ = j COS (x COS (j>) d(]> 
0 


we have 


dj(? X 


this may he written 

. 43 ). 

This suggests that when x is very great, so that ^ may 

be neglected in comparison with unity, we shall have very 
approximately 

y — .(4), 

where and are constants. 

403. Poisson assumes that the integral of (3) can be 
put in the form 

y + ^ + + ...) cosa; 

+ (b, + ^+^ + ^ + ...) sina;, 
where Aj^, A^,... B^, B ^,... are constants to be determined. 
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Substitute in (3) and equate the coefficients of distinct 
terms to zero; thus we obtain the following equations for 
expressing the constants ... ... in terms of 


Aq and Bq. 


2A+i^o=0, , 

2.2A^+ |l. 2 + Oj 


2r^^+ (r-l)r + 5|^,.=0. 


-2.25,+jl.2+ll^=0, 


-2rj?,+|(r-l)r+ 1 | 0, 


But the series we thus obtain are divergent for any 
assigned value of x. 

404. Let us however assume that (4) is admissible when 
X is very large; thus 

— + sin^ % _ .gQCOsa^ — J^QSm x 

^ ^ V X ^ 

approximately. 

A 

Therefore y vanishes when tanir= — ~ ; so that ic=n7r+a, 
Al 

where tana — —and n is any integer. In like manner 

vanishes when x—mir +y3, where yS is such that tan , 

and m is any integer. But m and n must be supposed very 
large integers, as we are concerned only with very large 
values of x. 

405. It is natural to conjecture that A^^B^ \ for then 
the large roots ^ = 0 midday between those of y = 0. 

This conjecture may be verified. We have 
— f cos f2x cos^ ^ ' 
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= cosccj cos ^2a!C03^ ^ d<f>-i‘Sm^oJ sin^2^ cos® d(p,,,(5). 

We shall investigate the value of y when x=^2rTri where 
r is a large integer. We have then from (5) 

2 / = J cos (^x cos® ^ j d<j). 

Pat 2x cos® ^ = t: thus 
2 ’ 

_ cos tdt ___ P cos tdt f®"' cos tdt 
^ Jo ^/'i^J{2x — t) JoVt^/(2x — t) Jx — 

In the second of the two integrals put ^ = 2^ — r; then 
observing that cos (2^— t) = cos r, it becomes f — , 

so that we have 


® cos t dt 


cos t dt 


r cos t _ 

This integral when x is very large may be replaced by 

2 f^cos tdt r ^ t T. X 7 -x 1 

, —- —; for 1 — may be taken as unity so long 


V2I0J0 VF ’ 2^ -- 

as t is not large, and when t is large the corresponding 
elements of the integral are of no account because then 

COS^ . IT 

—IS very small. 

Vt ^ 

Hence we may say that y= ~ ^ 

see Integral Oalculics, Art. 303. 

Comparing this result w^h the value given by (4) when 
X = 2r7r, we see that A—Jir. 

Similarly by finding the value of the right-hand member 

of (5) when x = ^2r -h tt, we shah, see that jB = Vtt. 
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406. The method of the preceding Article admits of 
extension to Bessel’s general Functions. 

Let M stand for Qx ); we know that 

(n --j V^= 0; 

and when x is very great, provided n be finite we have 
approximately 

d^{u^x) /- ^ 


SO that 


^slx — A. co^x-^B^ 


Now by Art. 371, adopting the same method as in 
Art. 405, we have 


IntTviri 


V7r2’‘r(n + 


“ J COS l^2x cos^ d(f> 


■—J sin ^ 2 a; cos’sin”* 


Suppose a; = 2r7r, where r is a large integer; then wo 
have from (7) 

u --— f cos f 2x cos’ sin”* 6 cto. 

v^ 2 -*r(«+|y“ ^ 

Put 2a! cos’ ^ = then proceeding as in Aid. 405, wo get 

“ = ~ _ ^, -j7/*cos t . r-4 ("l _ it .(8). 

v'27ra;rU + ij-'o V W w 
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The equation (8) is exact. If we continue as in Art. 405, 

/ ^ \n-J 

we should first suppose that f 1 — may be replaced by 
unity; and thus the integral reduces to f Then 

J 0 

replacing the upper limit by oo, and using Art. 302 of the 
Integral Calonlm, we obtain ^ ^ j cos ^ . 

finally 


Thus 


Z fnir 7r\ 

VU = ■ . cos + 7 

V ’^TTX \ ^ 


. ^J2 fmr . 7r\ 


Hence by comparison with (6) we have 

/WTT 7r\ 

Similarly by finding the value of the right-hand member 
of (7) when x = i^r +^ j vr, we get 

^ V2 • fnir , Tr\ 

Hence by (6), 

. 

407. The approximations which we employed after ob¬ 
taining the exact equation (8) are not very satisfactory for 
every value of n ; but at least they involve little difficulty 

so long as n is less than i . The formula of Art. 371 from 

which we started supposes n to be algebraically greater than 

— ~. Hence we may consider that (9) is fairly established 

for any value of n between — “ and |. Then we infer that 

it will hold generally by the aid of equation (6) of Art. 386 ; 
for when x is very great we obtain from that formula 
U 

^n+i (^) =- \ (9) we have approximately 
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du 1^2 . (mr TT /n + 1 tt 

S " IT + i - “j “ - ^(-T- ’^ + 4 

SO that if (9) holds for any value of n it holds when that 
value is increased by unity. Hence since it holds when n lies 

11 IS 

between — ^ and ^, it holds when n lies between ~ and ~ , 

Jj Ji ^ 

3 5 

then it holds when n lies between ^ and ^, and so on. 

408. Another method of obtaining the result in Art. 405 
has been given. We continue to use y for 

rr 

Thus y = I cos (x cos (p)d<j> = 2 | ^ cos (x cos (j>) d(f >; 

JO ./ 0 

put 1 —for cos< 5 !); then y=2 [ dz 

Jo Jz (2--z) 

/-r P cos (xz) dz . r sin (xz) dz 

^ J2cobx I —V2 sma? / — j~==~ = — 

ITIh:) 


■ r cos (xz) f- 1 Z 1.3 fz\ ( J 

“ J. “Tr +2 • 2 o (2)+-I-* 


-f- ^ sin a; f 

Jo V2 

As soon as the values of [ dz and [ 

J 0 ^ ^ J 0 y z 


1 z 1.2 fz'-^ 

2 • 2 2.4 I 2 , 


)\...}dz. 


dz 


are known we can obtain by differentiation with respect to x 
the values of the other integrals which occur in the expres¬ 
sion for y. Thus denote the former by P, and the latter by 
Q; then we have 


f^zco3(xz) - dQ [^zsiin(xz) ^ 


Jz 


dP 
dx ' 
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f^^cos{xz) ^ (fP [^^sin(xz) , d^Q 

L J~Z 


and so on. 

Thus we find that 


1.3 


3 / = V2|pcosa:+ Q sinas-(P" coscc + sina;)+... 

+ -^{Q' cos x — I^' sin x) — (Q'" cos x — P"'sin a:) +...| 

...( 10 ), 

where the accents denote differentiation with respect to cc. 

Now . 

Jq Vz Ji fs/z 


' Q ^Z 

Vtt 


— J dz, by Integral Calculus, Art. 303. 

By integration by parts we have 

foos^^_sta^ 1 fsmM^ 

J v« X^/z 2xJ 

_sin (xs) _cos {xz) 1.3 f cos(a:a) 


In this way we find that 

„ fl 1.3 , 1.3.5.7 

V2x V 2V 2V 

f1 1.3.5 , 1.3.5.7.9 

”2^ 2V 

we will denote this result thus, 

^77* 

p =1 -I- ^ sin ^ fe) cos (X). 

's/zx 

In the same manner we may shew that 


dz. 
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Q = — (j> (x) cos 0 ? — (x) sinx. 

sj%x 


Hence we find that 


P cos ^ -f ^ sin ^ ^ cos (a?). 


r + ^ (ii;) cosii7+^'(£i7) sin^+i^(^) sin x—'>^\x) cos x^ 


7+<f>{x) smx—(f>\x) cQsx--yjr (x) cos^z?—sin^r; 


therefore cosa;^ -sina; ^ ^ sin ^a: - - </>'(^) - ■^(a;). 

Therefore if we stop at this stage of approximation, we 
get from (10) 

Thus as far as we have gone we see two classes of terms 
in y; one class involves fractional powers of x with trigono¬ 
metrical functions, and the other class involves wliolo powers 
of X without trigonometrical functions. We shall show how¬ 
ever that the latter class of terms will disappear as tim pro¬ 
cess is continued. 

I. We sliall shew tliat ^ (a;) and f(a;) and their differ¬ 
ential coefficients will occur, as they do in (11), free from 
sin X and cos x as multipliers. For we have 

P cos a: -I- ^ sin a; = — (a;)) 


Psiniu—^cosi»= 4>{x)) .^ 

omitting the terms which are multiplied by for we 

V2^ ^ 

are not concerned with them here. 
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Then, hy differentiating, 

JP'cosaj+Q'sina;—Psinij;+ ^eosic= — fix), 

P'siniT —Q'cos^ + Pcosic-f Qsina?= 

From these and (12) we obtain 

P cos ii? + Q*sin X = --'\jr'(x) + 4>(jxi)^ 

P' Bin X — Q' cos x= <j)\x) I **••** 

In like manner from (13) and its derived equations we 
obtain 

P' cos X -f Q' sin x-=^^^ {x), 

P" sin X — Q'' cos ^ = %2 (^)» 

where (x) and Xn (^) involve only ^ (x) and ifr (x) and 
their derivatives. 

Then aofain we obtain 


P" cos ^ -f Q'" sin or = toTg (x), 
P" sin X — Q" cos a? = {x). 


and so on. 


Then substituting in (10), we see that in the value of y 
we shall have (f> (x) and -vlr (a?) and their derived functions 
free from sin x and cos x as multipliers. 

II. But on the whole the terms involving (f) (x) and 
ifr [x) and their derived functions must adjust themselves 
so as to cancel and disappear. For if they did not suppose 

~ the first term which remained in y; substitute in the 

differential equation ^ ^ ^ ^ ~ none of the 

terms involving fractional powers of x and trigonometrical 
functions can combine with this,- we see that the differential 
equation will not be satisfied unless A = 0. 

Thus omitting all the terms which depend on <j> (x) and 
(jx) we obtain finally 
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V'27r [ 



'T 

2x, 


4812.16 



V'27r . 
+ -^sm 
wx 


X 



IV1 


4 \2x, 


3*. 5" 
4.8.12 



This Tvill be found to agree with, the resuh obtained by 
Poisson, when in his result we take — The scries 

within the brackets are divergent; but we may in our 
process instead of infinite series use finite series with symbols 
for the remainders. Thus when we apply integration by 

parts to we may, as we have seen, denote the 


remainder by an integral after any number of terms we 

/ 1 

please. So in the expansion of ll — ■^zj which wc have 


used we may express the remainder after any number of 
terms in the method given by the modern investigations of 
Maclaurin’s Theorem. 


CHAPTER XKXIY. 


EXPAl^SIOKS m SERIES OF BESSEL’S FTOCnONS. 

409. We shall ia the present Chapter giye examples 
of the expansion of various functions in infinite series of 
Bessel’s Exinctions. 

41(>. We knoiv by the Integral Calculus that 
cos {x sin </>) == < 2 ^ cos cos 2<f )-f cos 3cf> 4 -. 

2 . 

where = — I cos (x sin <j>) cos ncpdcfi, 

'71' J 0 

except when ^ = 0 ^ and then we must take half this valxie. 

Hence, as we have shewn in Art. S72, we have a^=0 
when n is odd, and a^==2J^(x) when n is even ; except when 
n = 0^ and then [og). Therefore 

cos [x sin <f>) = (a?) + 2J'^ (x) cos 2<jf) + 2/^ {x) cos 4(^4-.... 

411. In the manner of the preceding Article we can 
shew that 

sin (p sin (p) = 2J^ (p) sin <j> 4- (p) sin 3^ 4 - 2(a;) sin 5^ 4-. 

412. As particular cases we have 

1 = e/^Ca?) 4' 2J^(ir)4- 2e7^(^)4*..., 

CB = 2.1 j; (a;) + 2 • 3/3 (x) + 2. 5 J, (^) 4-...; 

the former is obtained from Art. 410 hy putting ^ = 0 , and 
the latter is obtained from Art. 411 by dividing* hy (p and 
then putting <j> = 0» 
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413. In Art. 410 change 0 into ^ ; thus 

cos [x cos <^) = (x) — ipc) cos 2<f> + 2c7^ (x) cos 4i<p —.... 

Similarly from Art. 411 we get 
Bm{xcos<l)) = 2J^(x) cos(f>-2J^(x) cos3<^ + 2 c/,(^) cos5^-f.... 

Various particular cases may be deduced. Thus putting 
^ = 0 , we have 

cosiu = Jq (x) — 2J^ (x) + 2/4 (x) — . 

sin X = 2J^ (x) — 2J^ (x) + 27^ (x) — .. 

Again differentiate these two formulae twice with respect 
to and then put ^ = 0 ; thus we get 

fl?sinii? = 2 { 2^/3 (x) {x) + 6^Jg {x) — 

* X cosx = 2 { 1 ^/j (x) — {x) + 5 V 5 {x) — 

414. In Art. 410 we have shewn that 

cos(a?sin (f>) ==J^(x)+2J^(x) cos 20 -f 27^(a?)cos4(jS-f .... 

Now we know by Plane Trigonometry, Art. 287, that if 
n be even, 

COSW0 = 1- ^sm"04-—-^Sin^0~ 

_j f . - a?^sin *0 aj^sin^cf) 

and cos {xsincf)) =1 -j—i: -|-- -tlLr — 

Hence equating the coeflScients of the powers of sin 0 
we have the following results in which 2 denotes summation 
with respect to even values of n from 2 to infinity; 

1 =J^(a^)+2XJAx), 
x^=^2Xn\n^^2^)JJx), 

and so on. 
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415. In Art. 411 we have shewn that 
sin {x sin = 2 /^ (x) sin ^ + 2J^ (x) sin S(p 4 - 2(^) sin 5(^ -f... 

Now we know by Ploone Trigonometry^ Art. 287, that if 


n be oddj 
smn(j> = n sin^ — 


-s. ^ «(n»-r)(n^-30 . 




sin^^-f 


sin ...; 


T • / • jN • , x^sin^d) x^sin^S 

and sin [x sin 9) = ic sin ^-1^—^ -1- r—^ —_ 

B LI 

Hence equating the coefficients of the powers of sin cf> 
we have the following results in which 2 denotes summa¬ 
tion with respect to odd values of n from 1 to infinity, 

X = 2tnJ^ (x), 
x^=2Xn 

= 2tn {n^ ~ 1^} - 3^ {x), 

and so on. 


416. Suppose n an even number. If we combine two 
of the results obtained in Art. 414 we deduce the following: 

2Xn^J^ [x) = ic* 4 4a2^ 

In like manner we see that 2Xn^J^ {x) can. be expressed 
in terms of x^y x^, and 0 ^, Thus we are naturally led to 
conjecture that 2Xr^'^J,^{x) can be expressed in terms of 
^ ^ ^ ^4 ^ 2 ^ show thc tiuth of this conjecture 
take the expansion given in equation (2) of Art. 370, and 
substitute in every term of 2Xr^'^J^{x)\ then picking out 
the coefficient of a?" we shall find it to be 

{(2^r-2^(2r-2)™ + (2r-4)--...j, 

that is 

, 2 ^= 4 ^ - 2 r (r - 1 )-+ _ 2 )- _.. j ; 

the series within the brackets is to continue until 1 ^*" 
occurs, so that there will be r terms. When m is specified 

T. 21 
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the value of this expression can be calculated for any x’-aluo 
of r; and it will be found to vanish when r is greater than 
m, and to be equal to unity when r is equal to m. d'o shew 
the truth of these statements it is convenient to put the ex¬ 
pression in the form 


^|r=”-2r(r-l) 


, 2r(2r - 

‘ I A 


where the series within the brackets is now to bo continnf*d 
until it ends with — 2r (r — 2r 4-1)^”'H- {r—2ry''\ tliat is with 
— 2r r + 1)“”"+thus there are now 2r-f 1 tA*nns, 
of which the middle one is zero. With the notation of 

Finite Differences the expression becomes 

where we are to put —r for a; after the operation donof oil 
hj has been performed. Then it is known by the thiiorv 
of Finite Differences that the expression vanishes -whcfU r ni 
greater than m, and is equal to unity when r is equal to w/. 


417. Suppose n an odd number. If wo coTnl>ino two of 
the results obtained in Art. 415 we deduce the following: 

In like manner we see that can ho expros^^oii 

in terms of y and x. From this we are naturally Ic-tl to 

COTjecture that can be expressed in U-ntm i.f 

X ,...x,x. To shew the truth of this coiijerturi! 

take the expression given in equation (2) of Art tifi) and 
substitute in ever^term of then picking out 

the coefficient of we shall find it to be 

2 f 

2^'127+1 ~ + U (2r - 

the series within the brackets is to continue until I*™** 
^urs so that there will be r + 1 terms. wC J in 
^►ecified the value of this expression can he calculated fol 
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any value of r; and it will be found to vanisli when r is 
greater than m, and to be equal to unity when r is equal 
to m. To shew the truth of these statements it is con¬ 
venient to put the expression in the form 


22 r- 2 ;.. I 2r + 1 


r -h 


+ 


-(2r+l)(, + i-l) 

(2r -f 1) 2r 


1 \ 2m+l 

r^l-2] 




where the series within the brackets is now to be continued 

/ J\2m+1 . 

until it ends with + (2r-!-1) f — r -f 1 — ^ 

thus there are now 2r4-2 terms. With the notation of Finite 
Differences the expression becomes ^ 2 r- 2 m | - 


where we are to put — r — - for x after the operation denoted 

by ^ 2 r+i l)een performed. Then it is knovru hj the theory 
of Finite Differences that the expression varnslies when r is 
greater than m, and is equal to unity wiien r is e(][ual to m. 


418. Front Art. 376 we have 


e” = + zJ, {x) + {x) + ,7, (a.) -..- 

Expand the exponential functions; and then equate the 
coeificients of z '"; thus 

J„.w+(1/+ •■• 


Equate the coefficients of thus 





21—2 
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419. From the latter formula, by putting for r in suc-- 
cession the values 1, 2,... we obtain 

2 I + 2:4 rC + ^678 + - = I '^x C^} - ‘U-r) . 

and so on. 

420. From the two expressions just given, we obtain 

-^2 - 2(^) + 2:^ J, (^) + _ g ;-g j.,{x) + ... 

In like manner by proceeding to a third e.vprf‘.s.sion in 
Art. 419, and combining with the other two, we can (loclucc 
a formula for (x) j and so on. The general formula is 

established by induction. For a.s.sumc that 
)1< a-iid differentiate ; then by c(Juatioris 

(6) and (7j of Art. 386 we obtain IUx^hous 




2’-\r dx’^o iTTjTi ^^ 0 (•^) 


+— L(r+ ^ j (■) 

2*^ I r + 2 J2 

• a._^ »*(r + l) (r + 2) ^ . . 

2’"' 1 ^+3 Ja- (^} + 

Now by Art. 381 we have - - /M - = r *•. . 

''iW; substitute 

from Art. 419 ; thus 
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-c*) = - 1| j; (^) + ^ j; (x) + (^) +... | 

+ 2i=Hq7::fri ’’^o(*) + '^\r + 2 


X? r (r + 1) (r 4- 2) ^ ^ ^ , 

-iV-'^.(^)+- 


so that finally [x) = 
x'^ 

§’’■+1 fr^- ■*■ 2*^“ I r + 2 


^_ + T-) + 2) ^ .gi 

^2’^“|r + 3 [2 + 


Thus (2) is the same formula as we should get by 
changing r into r -h 1 in (1). But we have seen that (1) is 
true when r = 1, and when r = 2, hence it is true when 
r = 3, and when r = 4, and so on. 


421. In equation (8) of Art. 376 change x into hx'] 
thus 

-ij,(^-a) +J/,(/.a)...(3). 

13 a 

Again, in equation (8) of Art. 376 change 2: into hz ; 
thus 

e"^""^) = /„(a) + 7(;aJ,(a) +/cVJ',(a) + ... 

-E-".W + iV'’'.W-W- 

But so that the product of 

the right-hand side of (4) into e must be equal to 

the right-hand side of (3). Thus putting jjl for k — j, we have 

Aj 
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J, [kx] + zJ, {kx) + zV, (kx) + ■■■-] + P “ ■ - ■ 

= e”^’ [J,(f) + {x)-¥... 

Expand the exponential and equate the coefficients of.:'; 

thus 

27 ,. r+2 /,,\2 

1 r+X T I i f^\ r __ 


J^Jcx) = h"J^ ix) - xh '^'-1 J'r+X^) ■*" “ j 2 ~ ( 2 / ’ 

For a particular case 'we may suppose /j = 

, 1 
tiien fi = - 

422. Take equation (8) of Art. 876, and suppose both 
sides inte,2frated oii times witli respect to xi tli (3 inti‘^ra.tion 
cui be effected on the left-hand side, and may bo dtmototl 
by the symbol on the right-hand side. Thus wo have* 

2“ (z - = S'^J.ix^+zS’-'J.ix) + (x) + ... 


.ls-J,{x)+h,8-J.Ac^)- 


and therefore 


2’».-(l-i) \j,{x) + zJ^(x) + z‘J.Xx) + ...-\r,{.r)+ ...| 
= S-J,{x) + 2SV,(x) + z"-8^J,{x) + ... 

-ls-J,{x) + ^8’^J,ix)-. 

From (.5) we may deduce various formulae. Thii.s fur 
example equating the terms which are independent of z, 
we have 

s V.W - 2- {/»+“ +=(“+a (»)+,., 1 
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SO that 



Particular eases of (6) may be obtained by putting fur 
m in succession tlie values 1, 2, 3, ... 

In the same way as (6) is obtained we may by equating 
the coefficients of in (5) obtain a formula which differs 
from (0) in having the order of every Bessel’s Function 
advanced by r; so that 


\ m~l = 2^ 




+ 1 , ] 
+ Afr+lC*) + ••• I • 
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CHAPTEE XXXV. 


GEiiEBAL THEOEEMS WITH EESPECT TO EXPAKSIONS. 


423. In the preceding Chapter we have given various 
examples of the expansion of functions in infinite series^ of 
Bessels Functions; in the present Chapter we shall give 
some general theorems relating to the subject. 


424. We know that the function J^{x) satisfies the 
differential equation 


dx^ 




Let a be a constant^ and put u for thus 

1 du d\ 


a u - 


xdx"^ dx^ ^ ' 


.( 1 ). 


Let ^ be another constant, and put 'V for : 


1 dv dh ^ 


.( 2 ). 


Let f he any assigned quantity; then we shall shew that 

(/3^ — a^) f xuvdx=^ 

J 0 

where the square braclcets denote that for x we are to put ^ 
after the operations indicated have been performed; we shall 
employ square brackets throughout the Chapter in this sense. 


du dv 

V - U-Y~ 

dx dx 


.(3); 
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For Iby the aid of (1) we have 

f 7 If fdu d\\ j 

If d ( di[\ j 

If du f du dv T ) 

==- rAvX~y - -j-dx\ 

a [ ax J dx dx ) 

\ du dv f d / dv\ 7 ] 

Ct I (JjJLf Qjdu J (Afdj \ Ci/fcV/ J 

—I ("s - “ £)+? /*“”*'■ 

Thus if we integrate between limits 0 and we have 


(/3^ —a^) 1 XU 


^ ^ du dv 

mx = t v-n - u -T- . 

^ dx dx 


425. We shall next determine the value of f xi/dx. 

•J 0 

We have shewn that 


xuvdx^^ 


dv 

dx 




. Now let us suppose that ^ approaches a as a limit, then 
the expression on the right-hand side takes the form -; and 
hence its limit found in the usual way is 

^ r dv du ^ dh 1 
2a _5^ dx ^ d^dx\ ’ 
where /S is to be made equal to a ultimately. 

Now (/Sx); thus ^ | ^ > and 

d^v dv X d^v 
d/Sdx ^ dx'^ j3 dod ‘ 




gexeeal theokems avith 
dvdu , 

^dxdx i3\dx ax- 


■• by(2). ■ 

/3 dx dx 

When /3 is made equal to a this becomes - +a.r« ; 

SO that finally 

, . 

J 0 *— 

426 We ard about to particularise the values of a and 
Suppose p and g two roots of the equation (J) ol Art. dhh ; 
and let a and /3 be determined by 

-r „_/3T ,,, 




tlien will 


xuvdx = 0. 


' - pf'(p) ri 

For we liave X + 

N'ow/(i)) is th^ yalue .when we put ^ for . 7 ;; so that 

/(p)=[“]■ f (ip) ~dl 


^ for x; so that (p) = . 

^ pf(p) 

Therefore = ^^ 7 - 7 — = 

/(iJ) /(PJ 

. _ .i._. _ tri dnl 


Therefore ^ ’ 

Thereiore ^J > 

_ ^ ? fl 

so that , X = — - - ^ . 

In the same way we obtain X = — | i . 

Jj V (XX 

Hence the right-hand side of (3) vanishes, and therefo 
f xuvdx —^ .(G) 


0 
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427. With the value of a assigned in the preceding 
Article we shall have 




For, a’s we have just shewn, X = 


fore 


~du 
jlx_ 
tain "(7). 


2\ 


1 dll 
u dx 


.(7). 

; and there- 


Hence substituting in (4) we ob- 


428. Suppose now that any function, as ^ [x), can be 
expanded in the following form 

CP (x) =: AJ, (ax) + BJ, i^x) + CJ, (ryx) + .(8), . 

where a, y8, 7, ... are constants determined by (5) and other 
similar equations, and A, £, C, ... are constant coefficients, 
then the preceding theorems enable us to find the values of 
these constant coefficients. 

Suppose for instance we wish to find the value of A ; 
multiply both sides of (8) by xJ^{ax) and integrate between 
0 and then by (6) we have 

f xcp(x) Jq( ax) dx = Af x (ax)Y dx ; 

-Jo 0 

and by (7) the value of the right-hand side is . 

. ' ^-(^ + r)VoO?)r. 

thus A is known, or at least its value depends only on the 
single definite integral 

[ X 4>(x) (ax) dx. , ' ^ 

a 0 

Similarly B, (7,... can be found. 

429. It will be seen that in the preceding Article we 
do not undertake to shew that (p (x) can be always expanded 
in the assigned form, but assuming that it can be so 
expanded we find the values of the constant coefficients. 
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The faot is that the solutions of various physical problems 
lead to such processes as we have given, and the natui^c 
of the prohlems themselves may perhaps give some evidence 
of the possibility of the expansion: writers for the most 
part content themselves with finding the values of certain 
coefficients, as in Art. 428. Thus for instance ‘Fourier 
discusses in the Chapter cited in Art. 894 a problem re¬ 
specting the propagation of heat in a cylinder. He arrives 
at the general equation 


dv ^ . /"d^v 1 

dt ^ o) dx) 


( 9 ); 


this is to he satisfied consistently with the following special 
equation which is to hold when oc has its greatest value 

+ ^ = 0 .( 10 ) : 


t; is the temperature, t is the time, x is the distance from 
the axis of the cylinder. Assume v = ; then if we put 

Wh 

q for we obtain 


1 du cPu ^ 


( 11 ). 


The constant q will have various values to be found by 
the aid of ( 10 ). The general solution of ( 9 ) is taken to he 
V = where X refers to the different values of m. 

The mathematical investigations which Fourier gives are 
equivalent to those of Arts. 395...397 and 424...428. 


430. Suppose that a, y 8 , 7 ,... instead of being determined 
as in Art. 428 are such that 

«=o,., 

and that any function, as ^ {x), can be expanded in the form 

^ {x) = AJ^ (a^) 4 {I3x) + ( 7 ^) 4 .( 12 ); 

then we may find the values of the constant coefficients 
A, B, (7,... by a process like that applied in Art. 428. 
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For equation (8) holds as before; and then since in the 
present case [w] = 0, and [v] = 0, we should obtain equa¬ 
tion (6) as before. 


Also equation (4) holds as before; and then since in 
the present case [u] = 0, it reduces to 

fduY^ 


i 


xu^doo=^ 

2a" 


dx) 


,(13). 


Moreover M ^ 3 S 

dx dx d {ax) ^ ^ ^ 


Hence we may if we please put (13) in the form 

f^x[J,{acc)Ydx=\^[JM)T .( 14 ). 

Hence by (6) and (14) we have 

J^xcf>(x)J-,(cux)clx = ^^^J,(ai)r. 

Similarly JB, C, ... can be found. 


431. The process of Art. 430 may be regarded as an 
easy modification of Fourier’s, and by several German writers 
is stated to be given in the Ohapter of Fourier which we 
have cited: but what Fourier really gives is that which we 
have ascribed to him in Art. 429. 


432. The investigations of the present Chapter admit 
of obvious extension, as we will now briefly indicate. 

433. Let a and 13 be constants. Let J^iax) == (axyu and 

J^(fix) = We shall find from Art. 870 that 


o 3.71 + 1 du d^u ^ 

Q- q-—j_ _ 0. 

X dx dx 


2n+ldv dS ^ 


.(15), 

.(16). 
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434 . Let ^ be any assigned quantity; then shall have 




r' du du 
dx ^ dx 


...(17). 


The demonstration is precisely like that of Art. 424. 


435. Also 


/ 


X' u'l 


.p»+l 

' w 


. . O dll /dd 
xwcc + 2n.M d* ^ 


/dd 

\dx. 


..(18). 


The demonstration is like that of Art. 42.5. 

4.36. Let p and q be roots of the equation of Art. 400 ; 
and let a and ^ be determined by 

^ V ~~ > a ^2 .V * ‘V 5 

...( 20 ). 

d 0 

Tlie demoastration is like that of Art. 42C. 


then will 


437. With the value of a assigned in the preceding' 
Article we shall have 

l^x^''^Vdx =■ (a'f - 4a\ + 4X“) [«*].(21). 

J 0 

The demonstration is like that of Art. 427. 


438. Suppose then that any function, as <p (j?), can be 
expressed in the following form 

{xi “ Aw 4“ JBv + Gw -f-. - 

where m and v are as already stated, w is similarly ro.latod 
to /ATa;), where y is of the same nature as a and fS, ami so 
on; then the constant coefficients A, may bo found. 

For by (20) we have 


, rl -J 

(x) dx = Aj £c^"«itVa:, 
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439. Suppose now that a, /S, 7, ... instead of being 
determined as in Art. 436 are such that 

then if any function, as <j) (x), can be expanded in the form 
(p {x) = Au -h JBv + Cw + .. 

•we may find the value of the constant coefficients AjB, C,.., 
by a process like that applied in Art. 438. 

Tor equation (17) holds as before; and then since in th4 
present case [u] = 0 and [^)] == 0, we should obtain equation 
(20) as before. 

Also equation (18) holds as before ; and then since in the 
present case [u] = 0, it reduces to 

;©]. 

Thus as before we can find A, JB, G, ^ 


r 

o 


.-I: 


2ct" 


440. If in Art. 434,we put for u and v their values in 
terms of Bessel’s Functions we shall find that equation (17) 
becomes : 


0 


J.m I, ^ 


and by equation (6) of Art. 386 the right-hand member may 
be transformed into 


In like manner equation (22) becomes 

rf d 


d 


■2a* 


dx 


J^ax) 


-^b 
"2 r 


i > equation (6) of Art. 386. 
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441. We shall now give a remarkable theorem dur. 
Schlomilch by which any function is expressed in an infiit^ 
series of Bessel’s Functions. 

We know that F (z) denote any function of z, then 
any value of z which lies between 0 and h, we have 


F{^)=^A + A cosy + cosy- + ^3 cosy-- + ....(23), 


where 


2 r'‘ 


TITTU , 

cos - 7 an, 
h 


For ]i put ^ TT, and for z put \ix \ thus 


F{}ix) = ^ 4- cos 2/Aa: + cos 4/-6a; 4- cos 4.. 

4 

where A^=^~- F(u) cos 2nudu, 

J 0 

Multiply each side of this equation by ^ an<^ 

integrate between the limits 0 and 1; this gives, by Art. 374* 

I f = + +A/,(4^) +A,r,(6cc) + ... 

.(24), 

the relation holds for values of x between 0 and Itt, he* 

jU 

cause /a is never greater than unity. 

Now suppose that 

2 p F (x/u) dfj. 


A I 






.(25); 


differentiate with respect to a?, thus 
2 p /iF' (/Lix) dfji, 
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la this equation write iastead of cc, multiply hotli sides 
hy J integrate between the limits 0 and 1 for 

thus 


TT 


r_1 \r M . r f m 

JoV(i~r}Vo 


Hence by a theorem due to Abel, which will be estab¬ 
lished in the next Article, we shall have 




'o F"! 

When cc=0 we have jP(0)=/(0) from (25); 
hence 


■F(^)=/(0) + fc£- g ^^gg.(26). 


Equation (26) involves the solution of (25), when in (25) 
we regard /* as a given, and A as an unknown form. 

Substitute in (24) for F in terms off: thus 
/(x)= ~ A,+ (2x) -1- A^JIC4x) + A (6a;) +.. 


where 


for every value of n except zero tte last equation reduces to 


r /' d^] „ , 

I "t ^ i cos 2n%du : 

Jo 


A.^ = 


'TTJ^ Vo Vll-fj 




but in the case of ^ = 0 we must add 2/(0). 

Thus jfQF) is expanded in an infinite series of Bessefs 
Functions. 

442. It remains to establish the theorem due to Abel. 

It is immediately obvious that 

r* [ dziy W . p,. ,s rr 1 
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IT 

0 0 


Transform the definite double integral by the use of 
polar coordinates; then it becomes 

cos 0) r dr dO 
W) * 

Put cos 6 = and r — Jcfjb] then the definite doable integral 

becomes Hence we have 

this is the theorem which was to be established. 

443. Differentiate with respect to x the result obtained in 

Art. 441; and put (x) iov fix ); then since - = — (x), 

we have 

cf. = {2x) + n5/,(4x) + B,J,{6x) +.... 

where B =^ — ~n [ u cos 2nu I [ • d^l du. 

" ^ Jo VoVU'-f) i 

444. If we put h = 7r instead of A = ~ tt in equation (23) 

and proceed as in Art. 441, instead of the result of that 
Article we shall obtain the following: 

1 

/ (*) = 2 ’^0 '^0 '^0 + ’ 
where a^ = - u cos nu •{ du, 

0 (j 0 V (1 b jj 

for every value of n except zero, and when n is zero we must 
add 2/(0). The formula holds for values of x between 0 
and TT. 

By differentiating this, as in Art. 443, we obtain 
<f> {x) = (^) + ( 2 «) + (3a:) + ..., 

where b =-?^ru cos nu du f f| . 
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The formulae of the present Article might also be deduced 

tX) 

from those of Arts. 441 and 448 by putting in them x = ^ , 


445. In the first formula of the preceding Article change 
X into JX • thus 

/(>/*) = I j; (n Jx), 

where 2 denotes summation with respect to n from 1 to 
infinity. 

Differentiate both sides m times with respect to x ; then 
since by Art. 890 we have 


dT’JQ (n \Jx) 

we obtain 





dyyx) 

dx"" 




w^here has the value assigned in Art. 444. 
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CHAPTER XXXVI. 

MISCELLANEOUS PROPOSITIONS. 


446. In this Chapter we shall collect some miscellaneous 
propositions which involve the use of Bessel’s Functions. 


447. Having given y = z-^x sin y it is required to ex¬ 
press y in terms of z. 

This problem may be stated in Astronomical language 
thus; to express the eccentric anomaly in terms of the ni(‘an 
anomaly: see Hymers’s Astronomy, Art. 315, or Godfray’s 
Astronomy, Art. 179. 

When y = 0 we have z = 0, and when y — jr -wq liave 
r = 7r. Thus y — z vanishes both when z — i) and when ^= 7 r; 
and w’e may therefore expand y — z in the following series : 

y — z— C^sin-sr-f C^^m.2z sin 3;? 4-..., 


2 

where = ~ Cy dz 

rr J n 


0 

2 


y sin nzdz-\-~ cos n-rr. 


n 


By integration by parts we have 
Jysmwzc?s = -|cos nz + ^J cosnzdy 


therefore 


= - 2 ' 
n 


cos nz + -j cos n{y — x siny) dy ; 


£ y sin nz dz^-’^cosnn [%os n(^-!c sin y) dy. 
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2 2 

= — I cQ^n[y — x sin y)dy = - [nx), by Art. S 72 . 

TTflJ Q 7h 

Therefore 

y-z= sin z-j -1 /2(2ic)sm 2 z-h | Js(Sx) sin82:+.. . (1). 

448 . In like manner we may find expressions for cosLy 
and sin /cy, where /c is any integer. 

For we may put 

cos ^y = A^cosz -i-A ^cos 2 z + A^cosSz-j-... 

1 1 

Then = - cosl'ydz^- cos(1 — a? cos t/) cfy; 

w j 0 J 0 

so 

this vanishes if h is not unity, and is equal to - ^ ii h 

Ji 

is unity. 

2 

Moreover A„ = ~ cos/i:y cos nz dz 
TT J Q 

9/^ /*”’ 

= - - / sin ky sin nz dy, by integration by parts, 
ttuJq 

27 c f’’’ 

= — smkysmn(y—xsmy)dy 
TrnJ^ 


cos {ny — ky — nx sin y) dy 


cos {ny -{•ky'-nx sin y) dy 


In like manner we may put 

sin ky = sin z + sin 2^; + sin 82; +..., 

and proceeding as before we shall find that 

J?» = ^ (nx) H- (nx)]. 
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Suppose for example that h=l] then hy Art. 379 
^ = 1, / (jix^ =z — J (nx); 

therefore 

('ll 1 

Xdiny == 2 |sin 2 ? + ^ {2x) sin (Sx) sin 2z +... (2). 

Thus (2) agrees with (1). 

449. Let r denote the radius vector from the focus in 
the ellipse corresponding to the eccentric anomaly y, and 
suppose the semi-axis major to be unity; then r = l--aJCosy, 
and this can be expressed in terms of z, since the series for 
cos 2 / is known by Art. 448. 

Also we have ™ (1 — a? cos t/) = 1; therefore ^: a-nd 


dz' 

findin^c from (1), we have 


dz' 


dy 

dz 


; = 1-1- 2 [J^{x) co^z-\-J^{2x) cos 2z^J^{2x) cos 3^ + ...}. 


450. To shew that 

3 

[ax) dx = 

j 0 

We have 


therefore 


1 

[ax) = - cos [ax cos j>) d(j>; 
J n 


I Jq [ax) dx = - e ^""cos [ax cos dx dcj). 

J 0 0 */ 0 

Integrate with respect to x first; thus we get 

l r . and this^ - 

ttJ, 6‘^-l-a^cos^(^’^^ Trio “ VC«=^+6V 

Put 6 = 0 in the preceding result; thus 

^00 J 
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451. To shew that 




a;”-V„ (ax) dx = —-- 

Jo 273-^a’“ 

where m deaotes a positive proper fraction. 


27 . 

— sm?? 27 r, 


We have 

c7 (ail?) = - cos (ail? cos <^) d(j>; 

TT j 0 

hence the proposed definite integral 

= - I cos (aa? cos (f)) dx d(j>. 

-J 0*^0 
Cir 

But I cos (ax cos <p)d(f) = 2 cos (aa? cos dcj); thus the 
J 0 Jo 

proposed definite integral 


2 


cos (aa? cos (j!>) cZa? dcj). 


Integrate with respect to x first; then by Integral Cal¬ 
culus, Art. 302, we get 

. mTT 

2r (m) cos J. 

Tra”* Jo cos"^' 

Bt n d<f> p 2& r 22 cZz 

^ J, COS''‘(j>~j^z”{l-Z^^ Jo 

■ , . .. rrt==ir/'l'l 


- --= 2/ (1-2/)% =-T- 

•^“2/Mi-y)^ •'o r(i-|) 
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thus the definite integra.1 


r(m)r 




'm/TT . mir 
cos ~ sm 2 


r(»)r(l^)r(|) 


Sin mTT. 


452. We have, by Art. 371, 

J„(x+^) = - cos(xeos4> + 2 /cos(j>) 

J 0 

1 f"’ 

= — 1 COS (a; cos cj)) cos (y cos (f) d<f> 

'irj Q 

1 f"' 

-/ sin (x cos (;!)) sin (y cos <j>) (l<p, 

TT J 0 

But, by Art. 413, 

cos {wcos<}))=J^ {cc) cos 2^+ %T^[x) cos 495) —, 

cos {y cos (p) ^ J^(y) - 2J^(y) cos2(p+2J^ [y) cos ...; 


therefore 


cos (x cos (f) cos (y cos (p) dcf> 


= (a;) j; (y) + 2 J^ (x) (y) + 2 J,(x) J.(y) + ... 

Also, by Art. 413, 

sin (ajcos = 2 J^{x) cos ^ - 2/3(0;) cos S<f> +2/3(0;) cos 5^ - , 

sin(ycos4>)=2/fy)cos<p-2J^(y)cos2^+2J^{y)cos5<f >-...; 

therefore - J sin cos 9 !)) sin (y cos 9 ?)) dp 

= 2/,(^) (y) + 2j;(a;) j;(y) + 2 J^(x) J,{y) + ... 

Hence finally (x + y) = 

‘^.(2/) - 2/3(0;) /jC^) + 2/,(o;) J ^( y ) - 2/3(0;) /,(2^) + ... 
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453. Let P, Qy P, h be constants which satisfy the 
relations 

B cos lc = B, It sin k = Q\ 
so that = P'^ 

By Art. 372 we have 


1 

Jq (P) = - cos (P sin cj>) dj>. 

J Q 


Now obviously 

rrr ^ rn-k 

I cos (P sin ^)d<p= I cos {P sin + h )} d(j>; 

‘J 0 ~fc 

and by differentiating the last expression with respect to 7c 
so far as depends on the limits of the integration we obtain 
zero for the result, so that the value is independent of the 
value which we ascribe to Ic in the limits and we may con- 
secpiently put zero for Jc in the limit. Thus 


Jq (P) = “ j cos {P sin {(p + k)] d(j> 


= “ I cos P {sin ^ cos 7c 4- cos (p sin 7c} d<p 

J n 


COS (Psin ^4- Q cos <}>) dcp . 


In precisely the same manner we may shew that 


/q (P) = ~ • cos (P sin ^ Q cos p) d(p 


From (3) and (4) by addition and subtraction 
2 f’*’ 

. - I cos(Psin p) cos (Qcosp)dp .(5), 

"Tr j 0 

0 = - /* sin (P sin p) sin (Q cos p) dp .(G). 

“TT J Q 
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Now let R denote the distance of two points determined 
by polar coordinates, so that we may put 
^2 _ ^2 _|_ _ 2rr^ cos 6, 

cos 0)’ + sin* 6. 

Tlien by (4) we have 

JJ^E) = - rcos {(r - cos 0) sin j>-r, sin 9 cos (f>] dj,, 
that is 

J{E)=- [’"cos{rsin^-riSin(^ + ^)}# .(7j. 

® TT Jo 

But by Arts. 410 and 411, 

cos (r sin (r) 4 - 2e7^ [r) cos 2cf) 4 - 2e7^(r) cos 4<5f> + -.. , 

, sin (r sin (f)) = (r) sin <5?) 4- (^) sin 3^ + (r) sin 5<5f> 4”... 

and two other formulae may be expressed by changing r into 
r^, and cj> into <p + 6, 

Thus we obtain 

f cos (r sin cos {r^ sin (<^ 4 - 0)} dcj) 

0 

= TT {/, (r) J, (rJ+2j; (r) (rJ cos 2i94-2/, (r) J, (rJ cos 4^4-...], 
and j sin (r sin sin [r ^sin {<}> + 6)} d(f> 

= 27r{j;(j-)/j(rj)cosd+/3(r)J3(rJcosS^+J'5(r)//rj)coso5+. 


Add the last two results, and thus we obtain from (7) 

= /o (f) Jo W + 2S (r) J^{r^) cos n 6 .(8), 

where S denotes summation with respect to n from 1 to 
infinity. 

_ If we suppose 0 = w the result agrees with that obtained 
m Art 452 for {x + y). 
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454. As a particular case of (8) suppose = r, so that 

0 

i2 = 2r sin ^ ; then 

j; (2r sin I] = (r)}= + 22 (r)}= cos nO .(9). 

But by Arb. 372 we have 

(2r sin | j ^ j* cos ^2r sin | sin dcj), 
and; by Art. 410, 

cos ^2r sin (j> sin (2r sin <p) + 2/^ (2r sin <j>) cos ^ 

+ 2t7^ {2r sin cos 20 4-, 

therefore ^2r sin = 

1 

- {Jq (2r sin 0) + 2/^ (2r sin <f>) cos 0 

"TT j Q 

4- 2/^(2r sincos 26 d<j> (10). 
Hence comparing (9) and (10) we have 

{^nWr = ifV,„(2rsin<^)#. 

^ J 0 


455. The equation of Art. 376, as we have seen in the 
preceding Chapters, easily leads to various theorems respect¬ 
ing Bessel’s Functions when the number expressing the order 
of the function is a positive integer. And, as we have seen 
in Arts. 380 and 381, it is sometimes easy to extend these 
theorems to the case in which the number expressing the 
order is not restricted to be a positive integer. As another 
example of such extension we may take the last formula of 
Art. 422, which has been established on the supposition 
that r is a positive integer, and shew that this restriction 
may be removed. 
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The first term in J^{x) is ~ 


2"r (r + 1) 


cc**; and when this 


is integrated m times we obtain - tt and 

® z^i (m + r -h 1) 

thus we easily see that the lowest term on the left-hand side 
is identical with the lowest on the right-hand side. 


In like-manner the other terms will be identical. For 
multiply both sides by r(r + l), and then when the appro¬ 
priate reductions are made which the properties of the 
Gamma functions allow, we shall obtain for the coeflScients of 
any assigned power of Xy definite algebraical functions of r; 
and as we know already that they coincide for every integral 
value of r it follows that they are identically equal. 


456. Both Neumann and Lommel have introduced func¬ 
tions to which they give the name of Bessel’s Functions 
of the second order; the two functions are not the same, 
but for them the reader is referred to the original works. 

We may observe that equation (1) of Art. 370 remains 
unchanged when the sign of n is changed; this suggests 
that a second integral of the equation will be given by the 
following series when n is not a positive integer: 

T> -n f-j 

\ 

*^2.4.6 (2/z - 2) {2n - 4) (2?i - 6") *"]' 

and this may be easily verified. 

In Lommels work will also be found tables of the 
numerical values of Jfx) and Jj^{x) and of some others of 
the functions. 
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